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PREFACE 


Aeroacoustics is concerned with sound generated by aerodynamic forces or 
motions originating in a flow rather than by the externally applied forces or 
motions of classical acoustics. Thus, the sounds generated by vibrating 
violin strings and loudspeakers fall into the category of classical acoustics, 
whereas sounds generated by the unsteady aerodynamic forces on propellers 
or by turbulent flows fall into the domain of aeroacoustics. The term “aero- 
dynamic sound” introduced by Lighthill (who developed the foundations of 
this field) is also frequently used. 

Although there has undoubtedly been much interest in the field of 
aerodynamically generated sound, up to now no systematic text has been 
devoted specifically to this subject. However, a few aspects of aeroacoustics 
are discussed briefly in Morse and Ingard’s book Theoretical Acoustics 
(McGraw-Hill (1968)). ; 

After teaching the subject of aeroacoustics to a group of engineers and 
scientists working on aircraft noise at Lewis Research Center, I concluded 
that there was a definite need for both a text and reference work in this field. 
I felt that the book should be moderately advanced and aimed at the reader 


xi 
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with a knowledge of fluid mechanics and applied mathematics at the master’s 
degree level. Moreover, I tried to make it complete enough to serve as a 
reference work not only for researchers just starting out in the field but 
also for those with considerable experience. In fact, by limiting the scope of 
the work specifically to aeroacoustics and by developing related subjects 
(such as acoustic propagation in ducts, unsteady aerodynamics, etc.) only as 
much as needed for this topic, I was able to include most of the important 
ideas which have been developed in this field. 

The emphasis is on imparting basic understanding of the physical 
mechanisms involved in aerodynamic sound generation. Experimental 
results are presented to verify the basic theory and to augment it whenever 


~ it is incomplete. Thus, the book has a fairly mathematical flavor. However, 


certain applications of the theory to important engineering devices such as 
fans and compressors are definitely not neglected. 
There is sometimes a tendency in the literature to try to separate 


‘aeroacoustic problems into an acoustic part and an aerodynamic part and 


to treat each one separately. In this book, I-have not.attempted to make this 
distinction and have combined all the acoustics and aerodynamics needed 


_to relate the sound field to the basic parameters of the problem. 


The first chapter is concerned with certain aspects of the acoustics of 
moving media which are required in the remaining chapters. It also serves 
to familiarize the reader with some basic concepts of classical acoustics and 
to develop some mathematical techniques that are needed in the remaining 
chapters. The second chapter introduces Lighthill’s acoustic analogy and 
applies it to the case where the solid boundaries do not directly influence 
the sound field. This is the situation in jet noise. A detailed analysis of sub- 
sonic jet noise and a qualitative discussion of supersonic jet noise are given. 
The third chapter develops the acoustic analogy to include the effect of solid 
boundaries. The results are applied to the discussion of the sound generated 
by struts, splitters, propellers, helicopter rotors, and so. forth, The effects of a 
uniform mean flow are included in the fourth chapter, and the concepts are 
used to obtain detailed analyses of the. various fan and compressor noise 
mechanisms. In Chapter 5 the acoustic analogy approach is abandoned, 
anda direct calculation procedure is developed. It is applied to the prediction 
ofcompressibility and cascade effects on the sound generated by a blade row. 
Finally, in the last chapter the effects of a nonuniform mean flow are 
included, and equations are developed which are intermediate between 
Lighthill’s acoustic analogy and the direct calculational approach. These 
results are used to predict the effects of the mean flow field on jet noise. 

Credit is given to the original source of an idea whenever possible. 
Although some of the analyses: and formulations developed are somewhat 
original or extensions of analyses in the literature, the omission of a reference 
is not meant to imply originality on my part. In fact, I wish to apologize 
in advance if I have inadvertently not given credit to the originators of any 
of the ideas which appear in this text. 
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There are a number of people who have helped with the text. I am 
especially grateful to Sir James Lighthill (Cambridge University) for his 
encouragement as well as for his extremely helpful suggestions. Sincere 
thanks are due to Professors J. E. Ffowcs Williams (Cambridge University), 
H.S. Ribner (University of Toronto), C. K. W. Tam (Florida State University), 
and H. Atassi (University of Notre Dame) for suggesting improvements in 
the manuscript. I am also indebted to several of my co-workers at Lewis 
Research Center: W. A. Olsen, C. E. Feiler, A. M. Karchmer, W. L. Howes, 
and W. H. Braun; for supplying experimental data and/or taking the time 
to read and comment on the typescript. Dr. Thomas Balsa (General Electric 
Research and Development Center) provided particularly valuable assistance 
by reading the manuscript and making detailed comments. Last, but certainly 
not least, my thanks are also extended to the members of Margaret Appleby’s 
editorial branch and Ruth Bert’s report typing section who helped in 
preparing the manuscript—especially to Florence Sprosty for being so 
conscientious in her typing. 
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number of propeller or fan blades 

convective amplification factor, 1 — M cos 0 

chord length; local speed of sound 

speed of sound at steady background state 

viscous stress tensor 

total force exerted on solid boundaries 

frequency; | f|; arbitrary function 
force per unit area exerted by solid boundaries on fluid 
force per unit volume of fluid 

fundamental solution of wave equation 

free-space Green’s function 

fundamental solution of Fourier transformed wave equation 
Fourier transform of T 

magnitude of I 

acoustic energy flux 

intensity vector 

unit vector in x,- or y,-direction 
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xvi Commonly Used Notation and Special Terminology 


i or a 


PRPS 


~“ 


unit vector in x2- or y2-direction 

/Co 

wave number 

wave number vector 

unit vector in x3- or y3-dire¢tion. ' 

Mach number, U/co . 

unit normal vector to solid surface (drawn outward from region 
containing the fluid); unit vector 

acoustic power . 

pressure : 

pressure of steady background flow; or constant reference pressure 

eg 

x — y vector between observation point and source point 

[R. | 

vector between observation point and center of moving source 
point or region 

radial coordinate of observation point in cylindrical coordinate 
system 

radial coordinate of source point in cylindrical coordinate system 

entropy; Sears’ function ; fixed surface 

moving surface 

large time interval (eventually put equal to infinity) 

Lighthill’s stress tensor 

period, f~! 

Lighthill’s stress based on relative velocity v’ 

time associated with the arrival of sound wave at observation point 

mean flow velocity ; 

unsteady velocity 

number of stator vanes 

surface velocity 

complete fluid velocity 

velocity of fluid in moving frame, vj = vj — 64,U 

coordinates associated with observation point 

coordinates associated with source point 

normalized pressure autocorrelation function, p(t)p(t + t)/poco; 
Fourier transform of y » 

source term wy 

Dirac delta function 

Kronecker delta (1 ifi = j; 0ifi #j)° 

moving coordinates attached to source 

temperature 

polar coordinate (polar angle) or direction between line connecting 
source and observation points and direction of motion of source 

eigenvalue 

wavelength 
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v(t) volume of fluid exterior or interior to solid surfaces 

p density 

Po density of steady background flow; or constant reference density 
p' fluctuating density, p — po 


o reduced frequency ; interblade phase angle in Chapter 5 
t time associated with emission of sound wave; time delay 
(0) phase; velocity potential 

Q polar coordinate (azimuthal angle) 

Q angular velocity 

Q |Q|; or source frequency = w(1 — M, cos 8) 

@ angular frequency = 2xf 

S 


ubscripts : 
D drag component 
T thrust component 
0 sa reference value; or value of quantity in steady background 
ow 


We write f(x) = O(g(x)) as x > xo to indicate that the ratio f(x)/g(x) 
remains finite as x — Xo. It shows that f(x) approaches its limiting value at 
Xo at least as fast as g(x) does. If lim f(x)/g(x) =1 as x xo, we write 


f(x) ~ g). 


PRESENTATION OF DATA 


Experimental data are presented as pressure or power levels in decibels, 
dB. This means that the ordinate of the plot is either 20 log1o (p/p,), where 
p, is some reference pressure (usually 2 x 10°-* dynes/cm?), or 10 logy 
(P/P,), where , is some reference power (usually 107 13 W), 

The unit of frequency is the hertz (1 Hz = 1 cycle/s). Sound pressure 
or power measurements will either include signals of all frequencies and be 
referred to as “overall” measurements or they will include only the signals in 
a certain band of frequencies. The widths of these bands are usually taken 
to be either independent of frequency—in which case the bands are usually 
quite narrow—or to be proportional to the center frequency of the band. The 
former are called narrow bands, while the latter are called proportional bands. 
The most commonly used proportional band is known as the one-third- 
octave band. A plot of narrow or proportional band sound pressure (power) 
as a function of frequency is known as a sound pressure (power) spectrum. 


1 EMEW oF acousTes oF 
MOVING HEDIA 


1.1 INTRODUCTION 


Many of the concepts and techniques used in aeroacoustics have been taken 
directly from classical acoustics or, more recently, from the acoustics of 
moving media. Therefore, in order to make the material in this book 
available to as broad an audience as possible, portions of the first chapter 
are devoted to a review of those aspects of these subjects that are necessary 
for understanding the theory of aerodynamic sound. The remainder of the 
chapter is used to develop certain more or less mathematical ideas that are 
needed in the succeeding chapters on aerodynamic sound theory. It is 
assumed that the reader is already familiar with basic fluid mechanics. 
Boldface type (A) is used to denote a vector while the same letter (A) in 
italic type is used to denote its magnitude. Its components, A; with i equal 
to 1, 2, or 3, are denoted by placing subscripts on this letter. An asterisk (*) 
is used to denote the conjugate of a complex quantity and, whenever possible, 
the capital and lowercase of the same letter are used to denote Fourier 
transform pairs with respect to the time variable. Overbars ( ) denote time 
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e space averages. The letter T (without 


averages, and brackets <> denot 
erval. Other commonly used symbols are 


subscripts) denotes a large time int 
defined in the notation list. 


1.2. DERIVATION OF BASIC EQUATIONS 


nertia. Elasticity causes the fluid 


All real fluids possess both elasticity and i 
“overshoot” whenever it is 


to resist compression while inertia causes it to 
displaced. Because of these two properties, pressure (or density) fluctuations 
occurring anywhere in a fluid are communicated to the surrounding medium 
and propagate outward from their source. When such disturbances travel 
through the air and arrive at the ear, they cause vibrations of the ear- 
drum that are transmitted via the auditory nerve to the brain. At this point 
they are recognized as sound. 

Aeroacoustics is almost exclusively concerned with sound propagation 
through fluids such as air and water that have only very small viscosity and 
thermal conductivity ; while in this book we are for the most part interested 
in disturbances which are so weak that their spatial gradients are never 
much larger than the disturbances themselves—as, for example, they would 
be in shock waves. Then as long as the disturbances are not allowed to 
propagate over excessively large distances the effects of viscosity and heat 
conduction can be neglected and the fluid motion can be determined by 
solving Euler’s equation (ie., the momentum equation for an inviscid flow) 


év 
(t+) = —Vp +f (1.1) 


the continuity equation 


a 
arty Vp + pV -¥ = pa (1.2) 


and the entropy (or energy) equation 


os 
ah ee (1.3) 


where V is the vector operator 


eer hae a 
Oy1 Oy2 dys 


v= {v1 v2, v3} is the velocity of the fluid, p is its density, p is its pressure, 
and Ss is its entropy. The time is denoted by 1, {y1, ya y3} are Cartesian 
spatial coordinates, q denotes an external volume flow source within the 
fluid, and f denotes an externally applied volume force. It is assumed 
that these source terms cause no entropy production. 


, 
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We shall assume that the fluid is homocompositional and that it 
maintains itself in a state of local thermodynamic equilibrium (i.e. that 
relaxation effects can be neglected). Then, since any thermodynamic property 


can be expressed as a function of any two others, we can always suppose 
that 


p = p(p,S) 
and, as a result, that 
1 0p 
d =— d — 
pas p+ (3) as (1.4) 


where we have put 


a af @ (1.5) 
eG, | 
op/s 


since it can be shown that (dp/dp)s is always positive. Hence it follows 
from Eq. (1.3) that 


op _ 1 (op 


For a steady flow with velocity vo, pressure po, density po, entropy 
So = S(Po, Po), and co = C(Po, Po), Eqs. (1.1) to (1.3) and (1.6) become 
Poo * V¥o = —VPo 
V-poVo =0 
Vo* VSo = 0 


Vo’ VPo = cbV0* Vpo 


(1.7) 


provided there are no external forces or mass addition. 

Since, as we have indicated, sound is simply our perception of pressure 
disturbances passing through the atmosphere, it is appropriate to consider 
an unsteady disturbance with characteristic length 4 traveling at a propaga- 
tion speed whose typical value is C through a fluid in which the velocity, 
pressure, and density are otherwise determined by Eqs. (1.7). Such a distur- 
bance, shown schematically in Fig. 1.1, will introduce changes in velocity, 
pressure, density, entropy, and c? (u=V— Vo, p’)=P— Po. Pp’ =P — Po» 
S'=S— Spo, c? = c? — c, respectively) as it passes by a fixed observer.t 
These changes will all occur on the time scale T, = 1/f, where f= C/A is 
the characteristic frequency of the disturbance. 

The amplitude of the disturbance is measured by the magnitude of the 


+ The flow velocity u induced by the passage of the disturbance is called the acoustic 
particle velocity. It is entirely distinct from the propagation speed € of the disturbance. 
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jul, p’,p’, S', orc? 


ar 


Fig. 1.1 Propagating disturbance. 


fluctuations u, p’, p’, S’, and c”’. But these fluctuations are usually so weak, 
even for the loudest sounds, that we need only consider those flows which 
not only satisfy the inequality 


jul «C =A/T, (1.8) 
but alsot the inequalities p’ «<po>, p’ «<po», S’ « So», and c” « ¢cG). 


Then the amplitude of the disturbance can be characterized by a dimension- 
less variable ¢ such that 


O<e«l (1.9) 
and 
-|ul/E=0@) 
PK po = O(e) 
pK po» = O(8) (1.10) 


S'/KSo) = O(e) 
c”’Kc3> = O(e) 


Inequality (1.8) rests on the assumption (to be verified subsequently for 
specific cases) that the propagation speed C of a sufficiently small disturbance 
is independent of its amplitude, so that C will not approach zero as ¢— 0. 
We allow | ¥o| to be of the same order as C and suppose that ¢ and q 
are of order ¢. Then since the time and length scales associated with the 
disturbance are T, and 4, respectively, while for most common fluids 
<po> < <po>< cd), it is reasonable to introduce the nondimensional variables 


+ The first inequality requires that the velocity induced by the disturbance be small 
compared with its propagation speed. The remaining inequalities ensure that the fluctuations 
in thermodynamic properties are small relative to their mean background values. 
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t=1/T, =ft Po = Po/<po> 
Ji = yi/h So = So/<So> 
Vo = vo/C %% = c3/<cd) 
= (Po — <Po>)/(<po> <cd>) in = u/Ce 
B= p'/<po><coe 5’ = S'KSode 
B= p'K pode oe = 6" Kops 


Substituting these quantities into Eqs. (1.1) to (1.3) and (1.6), and subtracting 
out Eqs. (1.7) yields 


(po + ep [2 +%¥o: Vat a: Vi% + a | + p'vo + Wwo 


- Boy, _f 
~~ * Fp 
Foe [(Go + ep D+ pr] = Pee 


ati 05 +a°V5, + ci: VS’ =0 


op’ aie. Os 

e+ e9[ E+ H0- Wo! 4 a-VUP0 + 07) | + 20TH 
| On ee eee 
= aa M0 VB + 8° V (po + ep’) 


Then since the nondimensionalization has been specifically chosen to_insure 
that the dimensionless variables are all of order 1, the inequality (1.9) shows 
that we can neglect the terms multiplied by ¢ to obtain, upon reverting to 


dimensional quantities, 


po( 2+ vo-Va-+ 0-Vvo) + p%0°F¥0= — VP +f 
T 

0 

e + V+ (pou + p'Vo) = Pod 


S + ¥" VS' +u-VSo =0 


(1.11) 


op’ op’ 
cE + vo Wo! + 0-Vpo) + 2%0° Veo = + 0° VP + 0° Yoo 


These results are frequently referred to as linearized gas-dynamic equations. 
We have shown that they govern the propagation of small disturbances 
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Fig. 1.2 Cylindrical coordinate surfaces. 


through a steady flow. They will not apply to any region of the flow where 
the disturbances and their gradients do not remain small. 

Perhaps the simplest nontrivial solution to Eqs. (1.7) is provided by 
a unidirectional, transversely sheared mean flow wherein 


Vo =iU(t(y2, y3)), Po =Constant, po = constant, So=constant (1.12) 


j denotes the unit vector in the y-direction, and the transverse coordinate 
variable r(y2, y3) is an arbitrary function of the rectangular coordinates y2 
and ys in the crossflow direction. The surfaces on which r, and as a conse- 
quence the mean velocity U, remain constant can be thought of as coordinate 
surfaces in a cylindrical coordinate system, such as the one depicted in 
Fig. 1.2. Changes in U occur only in the direction Vr normal to these 


surfaces. Thus, when 
r=r=/y3+y3 (1.13) 


the coordinate surfaces become circular cylinders and, as a result, r = ro 
becomes the radial coordinate in a standard cylindrical coordinate system 
with polar axis in the y-direction. In this case the velocity profiles are 
purely radial. On the other hand, when 


t=y2 (1.14) 


the coordinate surfaces become parallel planes and the corresponding mean 
flow a parallel shear flow such as the one illustrated in Fig. 1.3. 

For several reasons the main emphasis in this book will be on cases 
where the background flows are of the type (1.12).t The first is the relative 


+ A treatment of the acoustics of moving media from an entirely different point of 
view can be found in Blokhintsev.! 
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Fig. 1.3 Parallel sheared, mean flow. 


simplicity of such flows. Since the equations governing the propagation of 
sound in a moving medium are, in general, quite complex, it is helpful to 
consider one of the simplest cases. The second reason results from the fact 
that in the following chapters it is mainly the effects of velocity gradients 
on aerodynamic sound generation that are considered and not the effects 
of gradients in thermodynamic variables. Since the flow field given by 
Eq. (1.12) has only velocity gradients and no pressure or density gradients, 
it is particularly suitable for illustrating the effect of the former. Finally, it 
turns out that many of the flows that are of interest in aeroacoustics are 
actually fairly well described by Eq. (1. 12). 

Inserting Eq. (1.12) into Eqs. (1.11) and eliminating p’ between the 
second and last equations yields 


Py u=q (1.15) 


where 


Do _ 2 a 
Dt ot Oty, 


g(y2, Ys) = | Vr | 
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and since Vr/| Vr | is the unit normal to ther = Constant coordinate surfaces, 


_.. Vr 
aa | Vr| 
is the disturbance velocity in the direction perpendicular to these surfaces, 
When r is determined by Eq. (1.13), u, becomes the radial velocity. The 
geometric weighting factor g is equal to unity in both of the transverse 
coordinate systems introduced above. Finally it should be noted that we 
have dropped the prime on the p so that this symbol now denotes the 
fluctuating pressure. This will be done whenever no confusion is likely to 
result. 

The operator Do/Dt represents the time rate of change seen by an 
observer moving along with the mean flow. The third Eq. (1.15) therefore 
states that the entropy does not change with time for such an observer. 
Thus, the entropy will be constant everywhere in the flow whenever it is 
uniform and steady far upstream. Equation (1.4) then shows that 


while the fifth Eq. (1.10) implies 
c? = cg + O(e) 


But, since, c3 is constant, integrating the previous equation from the back- 
ground state yields 


5 = =? for S = Constant (1.16) 
Pod Po p 


The quantity on the right is called the condensation. 
Since 


taking the divergence of the first Eq. (1.15), operating with Do/Dzt on the 
second, and subtracting the result yields 


1 D2 dU Oy Dog 
= Ay 2 =V- 1.17 
ape 0g aa ee Po, et) 


V2p 


Because this equation has two dependent variables, it cannot by itself be 
solved to determine the disturbance field. However, in the special case where 
the mean velocity U is constant, the last term on the left side drops out 
and the equation becomes 
1 DB Doq 
v2 - = =o. = “~ — ee oe 1.18 
P ca Dt? p=V-/- po Dt ? (1.18) 
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which (together with suitable initial and boundary conditions) can be solved 
to uniquely determine the fluctuating pressure p. Once this quantity is found 
the acoustic particle velocity u can be determined from the first Eq. (1.15). 
Equation (1.18) isan inhomogeneous wave equation for a uniformly moving 
medium. The reason for this terminology will be clear subsequently. 

Equations (1.16) and (1.18) show that, if the entropy is everywhere 
constant, the density fluctuation also satisfies an inhomogeneous wave 
equation 


27! 1 Ds ro 1 Doq 
V'e'— DP = IY F— Po) — for S= Constant (1.19) 
Finally, when U = 0, Eq. (1.18) reduces to the inhomogeneous wave equation 
for a stationary medium or simply the inhomogeneous wave equation 
1 0?p F, 
Vv? ——T ap . — oq a 
PO a OY (1.20) 


which forms the basis of the field of classical acoustics. 

We now return to the general Eq. (1.17). This result closely resembles 
the wave Eq. (1.18) but the additional term on the left side involves the 
velocity and must be eliminated in order to obtain a single differential 
equation for the pressure. To this end, we form the dot product of the 
momentum Eq. (1.15) with the unit vector Vr/|Vr| and differentiate the 
result with respect to y; to obtain 


Do Ou, a*p Gx 
= + 1.21 
-ODt ay, dr dys ON ee 

where /,, of course, denotes the component, / Vr /| Vr |, off in the direction 
perpendicular to the constant r coordinate surfaces and 

ao. Vr 

ae [VeP? 
denotes a derivative in this direction.t Then operating on Eq. (1.17) with 
Do/Dt and substituting Eq. (1.21) into the result yields 


Pe(y2 Li) 5 2 ep 


Dt De?) a? & Oy 
i dU Of, Dé 
= 5 = 1.22 
aes 2 By, °° De? y (1.22) 


+ Suppose that s(y2, y3) = constant defines a family of coordinate surfaces which are 
orthogonal to the surfaces r(y2, y3) = constant. Then 0/dr will be the partial derivatives with 
Tespect to r with s held constant. Notice that the coordinates s and r can always be used as 
independent variables in place of y2 and y3. The function g will then in general depend on 
both these quantities. 
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Thus, in the general case of a transversely sheared unidirectional mean flow 
the wave equation is of higher order (in two of the variables) than it is fora 
uniformly moving medium. We shall show subsequently that the terms on the 
right will, in certain cases, behave like sound sources. The first two of these 
can then be associated with the sound generation by the volume force / while 
the last term can be associated with the sound generated by the volume 
flow of fluid q. 

The solution (1.12) to the steady-flow Eqs. (1.7) can be generalized to 
include the effects of transverse density and entropy gradients. Thus, it is 
easy to verify that 


Up = 1U(t(y2, ys), po = polt(y2,¥3)), So = So(t(y2,¥3)), Po = Constant 
(1.23) 


is indeed a solution to Eqs. (1.7). A procedure almost identical to that used 
in deriving Eq. (1.22) now shows that the generalization of that equation to 
include transverse density and entropy gradients is 
Do 1 1 Dg dU ,.0p 
BO pNP nck Win weep l= Ba Ge 
Dt (+. Po P~ 2 De? P dx 7 oe oy1 

Do f dU Of, D3 

5 (r0 ) & " 3y, pon 34 y (1.24) 
Notice, however, that this result does not actually depend on the mean 
entropy So(r). 

Since po is constant, cp can be expressed in terms of po (or vice versa) 
once an equation of state for the fluid is given. Thus, the pressure and 
density in an ideal gas are related (through a gas constant #) to the 
absolute temperature © by p = p#O, and, whenever the entropy is held 
constant, are related to each other by dp/p = x dp/p, where x is the specific 
heat ratio. Hence, it follows from Eq. (1.5) that 


oo = Ke = VxBOr (1.25) 
0 


This relation can be used to eliminate the density in the first term in 
parentheses on the left side of Eq. (1.24) to obtain 


Dolo. 2 Dop\_424U , ps 
ae(¥ aVe— 5a) 20 a aay, OO 


1.3 WAVE-LIKE SOLUTIONS OF ACOUSTIC 
EQUATIONS 


In principle, all acoustic phenomena that occur in a transversely sheared 
flow can be analyzed simply by solving the wave equation (1.24). In this 
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section we study some of the wave-like solutions that are pertinent to the 
aerodynamic sound generation process. We shall, for simplicity, restrict our 
attention to the case where both the mean gradients in thermodynamic 
properties and the source distributions that comprise the right side of 
Eqs. (1.22) and (1.24) are zero. 

First suppose that p is either stationary in time or vanishes as t > +. 
Then taking the Fourier transform of Eq. (1.22) and using the first entry in 
Table 1.1 of Appendix 1.A.2 yields 


a 2 2 
- i(k + iM i)| vp + (i + iM x ) P| Ps g? of =0 (1.26) 
Vi 


éy1 dt” ot dy 


where M = U/co is the mean-flow Mach number, ko = @/co, and P denotes 
the Fourier transform of p. This result also applies when p is periodic in 
time provided, of course, that P is interpreted as its nth Fourier coefficient 
and w as the nth harmonic of its fundamental frequency. We shall henceforth 
refer to quantities such as P, which can represent either Fourier coefficients 
or Fourier transforms, simply as Fourier components. 

Solutions to Eq. (1.22) (with zero right-hand side) are obtained by 
inserting the solutions to Eq. (1.26) into the appropriate Fourier inversion 
formula. (See Appendix 1.A.) Of course, when p is a simple harmonic 
function of time the solutions to these two equations are related by 


—iwt 


p=Pe 


1.3.1. Simple Waves ina Stationary Medium 


Many of the wave-like properties of the solutions to Eq. (1.22) are exhibited 
even in the case of a stationary medium, and such properties are probably 
most easily understood in this context. Thus, when the Mach number M 
of the medium is zero, Eq. (1.26) reduces to the Helmholtz equation 


(V7 + kj)P =9 (1.27) 
which, of course, could also have been obtained simply by taking the 


Fourier transform of Eq. (1.20). Suppose, for simplicity, that @ > 0. Then 
Eq. (1.27) possesses a solution of the form 


P=A eko¥ 
where 
@ 
[ko | = ko = — 
Co 


and A is a constant. Hence, whenever its source term 7 is zero, Eq. (1.20) 
possesses a solution of the formt 


+ When solutions to the wave equation are given in complex form, the solution to the 
physical problem is generally understood to be the real part. 
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<— Position of wave at time ¢ 


Fig. 1.4 Plane wave propagation ¢ period after time f¢. 


p =A gikoy—on) [ko] == (1.28) 
0 


called a plane wave. The constant A is called the complex amplitude of the 
wave, D>) = arg A= tan™! (%m A/Be A)is called the phase constant, and 


@=kp:y— @t + Do (1.29) 


is called the instantaneous phase or simply the phase. 

When the solution is given by this relation, the pressure must be a 
simple harmonic function of time at each fixed point y. The angular 
frequency of this motion is @; its frequency f is w/2n and its period Tp is 
1/f. The vector kg is called the wave number vector. 

Although the pressure oscillations have the same frequency and the 
same amplitude | A| at every point, the oscillations at different points will 
usually not be in phase. In fact, the difference in phase between any two 
points, say y; and yo, is given by ko*(y; — y2) and as a result remains 
constant in time. This also shows that the phase is constant on any plane 
perpendicular to the ko-direction. Since the trigonometric functions are 
periodic, with period 27, the pressure fluctuations at any two points will be 
in phase whenever (ko/ko) * (y1 — y2), the component in the ko-direction of 
the distance between these points, is equal to 


2n _ 2nCo _ ¢o 

k o f- 
This length, which we denote by 4, is called the wavelength. Thus, at any 
time ft = to, the pressure will vary along the ko-direction in the manner 
shown by the solid curve in Fig. 1.4 and will remain constant along any 
plane perpendicular to this direction. At a time $ period later, the wave 
will be in the position indicated by the dotted curve. Hence, the pressure 
oscillations at each point are passed on to adjacent points with a phase 
relation that causes them to propagate as a wave with unchanging shape. 
Every surface of constant phase ® (given by Eq. (1.29)), called a phase surface, 


T,Co 
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Phase surface 


Fig. 1.5 Motion of phase surfaces for plane wave. 


must be perpendicular to the ko-direction and move along with the wave as 
shown schematically in Fig. 1.5. Similar behavior will occur when @ is less 
than zero but |ko| will then equal minus @/co, and the wave will propagate 


in the minus Ko direction. 
It can be seen from Eq. (1.29) that the common velocity of the phase 


surface and the disturbance is equal to co—which is usually called the speed 
of sound.t Thus, we have shown that, at least in this special case, the initial 
assumption.used in deriving the basic wave equations (i.e., that the propaga- 
tion speed of a small disturbance is independent of the amplitude of that 
disturbance) is indeed justified. This will not be the case for disturbances 
that are too large to be governed by linearized equations. Moreover, such 
nonlinear behavior will even occur for weak disturbances when they are 
allowed to propagate over sufficiently long distances. 

Since Eq. (1.20) is linear, it is easy to see that, when y = 0, any linear 
combination of the plane wave solutions (Eq. (1.28) ) must also be a solution. 
Hence, this equation possesses a solution of the form 


p= | | A(Ko) eitko'¥- ©) dy dw (1.30) 


___ t For an ideal gas, it is given by Eq. (1.25) and is equal to about 335 m/s (1100 ft/s) 
in air at standard conditions. 
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where 
o=c oko 


and ko denotes the unit vector ko/| ko |. If the regions under consideration 
were all of space, this would, in fact, be the most general solution to this 
equation. However, solid boundaries usually play a role in most physically 
interesting problems that do not involve source distributions, 


1.3.2 Waves ina Moving Medium 


Properties of wave-like solutions in the general case. The plane wave solution 
(1.30) only satisfies the stationary medium wave Eq. (1.20) (with y = 0) and 
even for that equation does not apply to the usual case where the sound 
field has external boundaries. Indeed, the general solution to Eq. (1.22) (with 
y = 0) will not be a superposition of plane waves but rather a superposition 
of a number of “eigenfunctions”, say P,, which are determined by Eq. (1.26) 
as well as by the region under consideration and are usually called modes 
(see Sec. 1.C.2 of Appendix 1.C). Thus, the solution to Eq. (1.22) will usually 
be represented by a sum or integral (or perhaps both) of a number of simple 
harmonic solutions P,(y) e~‘°* which, upon expressing P, in complex polar 
form, can be written as 


A(y) eilkoS@)—o*] 


where ko = w/co and S and A are real. 

We may regard the quantity ® = ko[S(y) — cot] as the analogue of 
the instantaneous phase that appears in the plane wave solutions discussed 
in the previous section. At any given instant of time, ® will be constant on 
any surface where S(y) = Constant. These surfaces of constant phase are 
called wave fronts or wave surfaces, and the function S(y) is called the eikonal. 
But, the amplitude of the wave A(y) is not necessarily constant on the wave 
fronts as it is for plane waves. More importantly, however, A can decay with 
distance in such a way that the solutions need not even represent propagating 
waves or indeed propagating disturbances of any type. 

Now the wave surface 


ko[S(y) — cot] = © = Constant = Cy 


will, in general, move with time. Thus, a point y on © = C, at time ¢ will 
move to a point y + dy at time t + dt so that 


ko[S(y) — cot] = ko[Sly + dy) — co(t +-61)] 
= ko[S(y) + VS + dy — co(t + 5t)] + O(|dy|?) 
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This shows that, to first order in dz, 
VS + dy = codt 


Hence, in the limit as dt — 0, 


dy 
VS - (2) =¢ 1.31) 
dt ® = Constant ° ( 


Since VS/|VS| is a unit normal to the wave front ® = C; (see Fig. 1.6) 
and (dy/dt)p— constant i8 the time rate of change of position of a point that 


moves with this surface, 
yew (Y 
Pp [VS| dt) gc, 


is the normal velocity of this wave front. It is called the phase speed, and 
since Eq. (1.31) shows that it is related to | VS| by 


Co 
= oe 
V, [vs]? ° (1.32) 


the phase surface will always move in the positive VS-direction. 


Uniformly moving media, Now suppose that the velocity U of the 
medium is constant so that the wave motion is governed by Eq. (1.18). 
This formula closely resembles the stationary-medium wave Eq. (1.20). In 
fact, suppose the analysis is carried out in a reference frame that moves with 
the velocity U. Then the medium ought to appear at rest, and the sound 
propagation ought to be governed by the stationary-medium wave Eq. (1.20). 


The 


® = C, at time rt + or 


® = C, attimer 


Fig. 1.6 Wave fronts. 
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Indeed, it is easy to see that the change in variable 


y=y-iUr, v=t (1.33) 
transforms Eq. (1.18) into the stationary-medium wave equation 
i oq 
v2 ee ee a Vem pati |S 
( Fe za)p Vf — Pox (1.34) 


where V’ denotes the operator 


9 zy i +k oO 
dy, "Oy, Oy’ 
Solutions to the moving-medium wave Eq. (1.18) can therefore frequently 
be obtained simply by transforming solutions to the stationary-medium 
wave Eq. (1.34) back to the laboratory frame. Thus, transforming the plane 
wave solution 


p=elr-o") = for k=|k|=—>0 
0 


to the wave Eq. (1.34) (with the source term omitted) back into the fixed 
frame by means of Eq. (1.33), we obtain 


p= eilk-y—(' +k Ur] 


where U = Ui. This result represents a plane wave in the fixed (or laboratory) 
frame with frequency 


o=o'+k-U=a'(1 + Mcos 8) 


where M = U/cy is the mean-flow Mach number and, when M cos @> —1, 
@ is the angle between the propagation direction k/k and the mean flow 
direction i (see Fig. 1.7). (When Mcos@< —1 the wave will actually 
propagate in the minus k/k direction relative to the laboratory frame. Notice 
that this can only occur when M > 1, i.e., at supersonic flow speeds.) 
The phase speed of the signal is 
|| 


Vy =i =| + M cos B|co =|¢o + U cos | 


Fig. 1.7 Plane wave propagation in a 


constant-velocity medium. \ 
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Atellkiyy + kiy2 — oD) 


ik, + ks 


9, 


k = ik, + jk, 


eitky —art) 


6; 


Fig. 1.8 Plane wave incident on velocity-adjustment interface. 


This shows that the wave travels with a speed that is equal to the sum 
of its propagation speed co relative to the medium and the velocity 
U cos @ of the medium in its direction of propagation (or minus its direction 
of propagation if — U cos 0 > co). At subsonic flow speeds, the frequency in 
the laboratory frame is increased if the medium has a component of its 
velocity in the direction of wave motion and is decreased if it has a com- 
ponent in the opposite direction. However, the wave has the same wave- 
length, 2 = 2n/k, in both reference frames. This is simply a consequence of 
the fact that the moving wave pattern must appear the same to both 
stationary and moving observers. 


Propagation of waves across a region of velocity adjustment. Consider a 
plane wave 


at'1-09, wy >0 


propagating through a region v~ of uniform subsonic velocity iU,, and 
impinging on an interface across which the velocity iU(y2) goes to zero 
(see Fig. 1.8). The results of the previous section show that the frequency w 
and wave number k = |k| of this wave must be related by 


ko = < = k(1 + Mz cos 0) (1.35) 
0 
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where M, = U,,/co < 1 is the Mach number of the mean flow in v and 


k 
6; = cos™! — (1.36) 

k 
is the angle between the propagation direction and the y,-axis. The amplitude 
P= pe (1.37) 


of the acoustic pressure is determined by Eq. (1.26) with r = y2 and g = 1. 
Inspection of this result reveals that the solution to the present problem 
must be of the form 


P = ei F(y2) (1.38) 


Part of the incident wave will be transmitted through the interface, 
and once it has traveled a sufficiently large distance will again behave like a 
plane wave. Consequently 


F(y2) ~ At eikiyn as y27 0 (1.39) 


where, in order to ensure that this satisfies the stationary-medium wave 
equation, we must take 


kt = J+ EP = = ko 
Co 
Hence, it follows from Eqs. (1.35) and (1.36) that the angle 6, which the 
transmitted wave propagation direction makes with the mean flow is 
determined by 


ky ky _ cos 6; 
k*  k(1+M,cos6;)) 1+M,,cos 6; 


This angle is plotted against 0; in Fig. 1.9. Since this plot shows that 0, is 
always greater than the incident angle we can conclude that the incident 
wave will be turned outward upon passing through the interface whenever it 
initially has a component of its motion in the mean flow direction; while 
the transmitted wave will always be bent toward the interface whenever the 
incident wave opposes the mean flow. This behavior is called refraction. 

Notice that there is a smallest angle 0, which the transmitted wave can 
make with the y,-axis. It occurs when the incident wave is just tangent 
to the interface and is called the critical angle 0,. Since cos 0; is then equal 
to unity, it follows from Eq. (1.40) that 


cos 0, = 


(1.40) 


1 . 
6, = cos! T+ Me (1.41) 
The region 0 < 6, < 0, (shown in Fig, 1.10) is inaccessible to plane waves 


originating in v- and can be thought of as an acoustic “shadow region”, 
often called the “zone of silence”. 
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Angle of transmitted wave, 0,. deg 


0 30 60 90 120 150 180 
Angle of incident wave, 0;, deg 


Fig. 1.9 Angle of transmitted wave for Mach numbers at infinity M,, of 0, 0.5, and 1.0. 


The results obtained so far are purely kinematic. In order to acquire 
more information, it is necessary to return to the. differential Eq. (1.26). 
Thus, inserting Eq. (1.38) into Eq. (1.26) with g = 1 and r = y2 shows that 
F is determined by the equation 


(ix any | ag | +k[(1-Mx)?-x?]F=0 (1.42) 


Interface 


Ee 


Fig. 1.10 Zone of silence. 


where the primes denote differentiation with respect to y2 and, in view of 
Eqs. (1.35) and (1.40), « = ky/ko = cos 0. While it is usually necessary to 
solve this equation numerically, it is still possible to obtain a certain amount 
of useful information analytically by considering the case where the distance 
5 over which the change in mean velocity occurs is very much less than the 
wavelength 2z/k of the incident wave. But in view of Eq. (1.35), this implies 
that 

kod «1 (1.43) 


The first term in Eq, (1.42) will have order of magnitude | F'|/5? in the 
vicinity of the interface, while the second term will have order of magnitude 
k3| F |. The inequality (1.43) therefore shows that the contribution of the latter 
term can be neglected in this region and as a result that 


1 a 
E = a | 7m 


This equation can be integrated immediately to show that 
F' 


(— MnP = Constant = O(1) (1.44) 


while a second integration yields 


5 5 aa 
#($.«) -F(-}.+) = Constant | (1 — Mx)? dy2 
2 2 6/2 


Hence it follows from the mean value theorem that the change in F across 
the interface is of the order of 6 and is, as a consequence, negligible on the 
scale of wavelength. Equations (1.37) and (1.38) therefore show that 
p(y1.6/2,t) = p(v1, —4/2,t). Or since the pressure outside the interface 
changes on the scale of a wavelength, we can neglect the difference between 
y2 = +6/2 and y2 = 0 to write 


p+ =p- (1.45) 


‘ where p, is the limiting value of p(y1,y2,7) as y2 goes to zero through 
positive values and a similar definition holds for p-. Moreover, since 
M =Oabove the interface and M = M,, below, Eqs. (1.37), (1.38), and (1.44) 
imply that 

os oe 


(1 — M,,x)? — = 
Oy2 Oa 


which, in view of the functional dependence of p on t and y; exhibited by 
Eqs. (1.37) and (1.38), can also be written as 


a d\? dps _ 0? dp- (1.46) 


smile: Ug tem | ents 
($+ #4) dy. dt? dy2 
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Vortex sheet, 


“y= h(y,.7) 


—+U,, 


Fig. 1.11 Equivalent vortex sheet for mean velocity interface. 


Equations (1.45) and (1.46) provide a set of “jump” conditions that 
must be satisfied by the acoustic pressure across any region where the velocity 
changes very rapidly on the scale of a wavelength. Although they have been 
derived for plane waves, they apply to any acoustic signal incident on such a 
region. When combined with the results already obtained, they are just 
sufficient to determine the amplitude A* of the transmitted wave (1.39) and, 
as a consequence, the complete solution in the region v*. In order to under- 
stand the significance of these conditions, consider an undulating surface 
separating two fluid regions, in the manner indicated in Fig. 1.11. We suppose 
that the mean velocity is equal to U., below this surface and equal to zero 
above it. The equation of this interface can be written as 


f (v1. 2, 7) = 2 — AV, 1) = 9 


so that the chain rule implies 


whenever y is on the interface. But, since (see page 15) dy/dt- Vf/|Vf | 
represents the velocity of the surface normal to itself, we must, in order to 
insure that no holes will open up in the fluid, set this equal to the 
component of the fluid velocity v normal to the interface. The preceding 
two equations therefore imply that 

oh Oh _ 

ha eo oy; - 
where v now represents the fluid velocity either immediately above or 
immediately below the interface. 

We shall only consider the case where the unsteady motions are small. 
Then if we write vy = u* above the interface and v=iU,, + ua below, we 
can suppose that u*,u~ as well as the vertical displacement h of the surface 
all represent small quantities. Inserting these results into Eq. (1.47) and 


v2 (1.47) 
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neglecting the squares of small quantities therefore yields 


immediately above the surface and 


6 é 7 
(5+ Unga \hans 


immediately below the surface. Since the displacement of the surface must 
be the same on either side, h can be eliminated between these two equations 


to obtain 
0 a\, uz 
(F Bl mae a: 


But using the y2-component of the first Eq. (1.15) (with /, dU/d =0) to 
eliminate uz yields an equation that is identical to Eq. (1.46). On the other 
hand, it is clear that we can recover Eq. (1.45) merely by requiring that the 
pressure be continuous across the surface y2 = h(y1,7). These results imply 
that the region of velocity adjustment shown in Fig. 1.8 can, in so far as 
its acoustics are concerned, be replaced by a fictitious velocity discontinuity 
or “vortex sheet” which (1) sustains no transverse force and (2) follows the 
local fluid motions. 


1.4 SOLUTIONS OF ACOUSTIC EQUATIONS 
BY SUPERPOSITION OF ELEMENTARY 
SOURCES 


In Sec. 1.3.1 we showed how arbitrary solutions to the homogeneous 
moving-medium wave equation could be constructed by superposing a 
number of its elementary wave-like solutions. In this section we show how 
general solutions to the corresponding inhomogeneous equation can be 
constructed by superposing the acoustic fields due to certain types of 
elementary concentrated sources. In doing this, we shall arrive at a certain 
integral formula which will, in subsequent chapters, allow us to develop a 
unified approach to the aerodynamic noise problem. In order to obtain this 
result, which is a generalization of Green’s formula for the classical wave 
equation, it is necessary to extend the usual Green’s function methods beyond 
what is usually done in classical acoustics. The development will therefore 
be somewhat more complicated. 

Before proceeding, however, it is necessary first to understand the 
acoustics of certain simple types of concentrated sound sources. 
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1.4.1. Radiation from a Small 
Pulsating Sphere 


Consider a small uniformly pulsating sphere of radius a(t) centred at a 
point x in a stationary medium. We suppose, as indicated in Fig. 1.12, that 


a(t) « T,Co (1.48a) 


where T, is a characteristic period of the pulsation, and that the amplitude 
da(t) of the oscillation is so small compared with a(t) that 


= «l (1.48b) 


Then the pressure disturbances induced by the oscillations will be small 
enough so that they can be determined from the classical wave Eq. (1.20) 
(with » = 0). The solution to the present problem is most easily obtained by 
expressing this equation in terms of a spherical polar coordinate system 
with its origin at the source point x. Then because of the symmetry in the 
boundary conditions the acoustic field will depend only on the radial co- 
ordinate R = |y — x| and the time t so that Eq. (1.20) becomes 


2 
: o( Re) agen 


R?0R dR} car? 
The general solution to this equation can be written as 
p=p++p- (1.49) 
where 
1 _R 
Ps =gi(et2) (1.50) 


and f, denote arbitrary functions of their arguments. In order to interpret 
this result, notice that Rp, is constant everywhere along each line 


i= Q(t)/4na*(t) = surface velocity 


Fig. 1.12 Pulsating sphere. 
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cot — R = Constant in the R-t plane shown in Fig. 1.13. It therefore 
represents an arbitrary pulse propagating outward in the radial direction with 
no change in shape. The propagation speed is again equal to the speed of 
sound co. Hence, p, represents an outward propagating pressure pulse 
whose amplitude is diminished by the factor 1/R while its shape remains 
unchanged. Similarly, p_ represents an inward-traveling wave. Since it is 
assumed that there are no solid surfaces to reflect the sound generated by the 
sphere and that there are no other acoustic sources, all the waves should 
ultimately travel outward toward infinity. Consequently, we must put f- = 0. 
This amounts to imposing a boundary condition at R = 00 called a radiation 
condition. We could alternatively solve the problem by imposing the initial 
condition that the sound field be identically zero before some prescribed 
instant when the sphere begins to oscillate. But this would again lead to the 
requirement that f_ = 0. On the other hand, we could impose the more 
general restriction that the sound field be confined to some finite region of 
space at the instant when the sphere begins to pulsate. Then the effects of 
this initial condition will eventually die out and, provided that the sphere 
continues to oscillate, the acoustic field will again contain only the outgoing 
wave f+. 

The functional form of f, is determined by conditions at the boundary 
of the sphere. Thus the first Eq. (1.15) (with U = f/ =0) shows that the 
pressure is related to the radial fluid particle velocity up by 


OUR _ op 
jie (1.51) 


~~ Lines of constant 
Cot — R 


t>0 


Fig. 1.13 Propagation of spherical waves. 
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But at the surface of the sphere where R = a(t), ug must be equal to the 
velocity of the surface which in turn is equal to Q(t)/4a?(t) where Q denotes 
the net volume flow crossing any small spherical surface of fixed radius 
that surrounds the sphere. Hence, inserting Eqs. (1.49) and (1.50) into Eq. (1.51) 
(with p- = 0) yields 


Po (4Q_,dal,.\_ 1 a 1 of; a 
(Pe) -2e(-ea (8 


Now, the inequality (1.48b) shows that the second of the two terms on the 
left side of this equation is negligible compared to the first while, since 
changes in time are of the order of T,, the inequality (1.48a) shows that the 
second of the two terms on the right side is likewise small compared to the 
first. Then, since inequality (1.48a) also insures that the argument of f+ will 
not differ appreciably from t, we find that it is sufficient to put 


fi) = a a (1.52) 


in order to satisfy the boundary condition on the surface of the sphere. 
We have therefore shown that the acoustic pressure at a distance R 
froma small pulsating sphere is related to the associated volume flow Q(t) by 


p(R,t) = 7° : a(: =) (1.53) 


Since the radius a(t) is small the sphere is, in effect, concentrated at a single 
point. It can therefore be thought of as a “point source” of sound. On the 
other hand, we also used the word source in connection with the inhomo- 
geneous terms that appear on the right-hand sides of the acoustic wave 
equations. In order to understand the relations between these two entities, 
notice that Eq. (1.49) (with p. given by Eq. (1.50)) satisfies the acoustic 
wave Eq. (1.20) with the source term y equal to zero at every point except 
y =x, where it becomes infinite and is therefore undefined in the usual 
sense. Its behavior at this point can be interpreted with the aid of the 


divergence theorem which states that 


[ v-Ady=[a-aas (1.54) 
y s 


for any vector A defined on an arbitrary volume v bounded by the surface 
S with outward-drawn normal fi. Thus, if v is taken to be a sphere of fixed 
radius Ro centered about the point y =x and if dQ denotes an element 
of solid angle (so that dS = R§ dQ), this result shows that 


| dy-rz( (%2) g-L@[ [> Rar a0 
ue alles 4n\ OR R=R, cB at? 4n JO sa 


26 Aeroacoustics 
a ig ee 


where 
=V2 Eo Ops 
‘zt ce er? 
But since Eq. (1.50) implies that 
6 0 
sil = Pe R 
Ot pe = ¥ ta aR 


the second term can be integrated by parts and combined with the first to 
obtain 


| y+ dy = —4n lim Rps = —4afi(t) 
v R70 


Consequently, y, =0 whenever y x, while its integral over any region 
containing x is 4zf,(c). However, the Dirac delta function 6(x — y) is also 
zero when x # y, while its integral over any region containing x is equal to 
unity. Hence, p, actually satisfies the inhomogeneous wave equation 


2 l Ops 


V7ps. a wg = ys. = —4nfz(1)0(x — y) (1.55) 


whose source term is concentrated at the point x = y. It therefore follows 
from Eq. (1.52) that the solution (1.53) actually satisfies 


2 
Vp — 4 55H Pos (06K -¥) 

Upon comparing this result with Eq. (1.20) we find that the pulsating 
sphere has precisely the same effect acoustically as a source of volume flow 
q that has become concentrated at the point y =x in such a way that its 
total volume flow Q(t) = f q(y, t) dy remains finite (Fig. 1.14). This justifies 
our use of the term source to refer to the inhomogeneous terms on the 
right sides of the acoustic equations. 

More generally, we can think of the solution p,, given by Eq. (1.50), 
as an outward traveling pulse emitted from an acoustic source located at 
the point x. Since this pulse traverses the distances R in the time R/co, 
the altered time variable t — (R/co) that appears in Eq. (1.50) must represent 
the time at which the signal arriving at the point y was emitted from the 
point x; it is called the retarded time. 

The solution p_ is somewhat less susceptible to physical interpretation. 
Nevertheless, it is, at least for two special choices of the arbitrary function 
j-, even more useful than p+. The first of these is the delta function 
(1/4)5(z — t)and the second is the harmonic function (1/47) e'*. For reasons 
that will become clear subsequently, the resulting expressions for p_ are 
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q(y, T) 


Fig. 1.14 Limiting process for concentrated source. Q(t) is the total volume flow emitted by 
the source and equals the area under the curve. 


called free-space Green’s functions} and because of their importance in the 
remainder of the text, we assign them the special notations G° and 


G° e~'*". Thus, 


1 R 
0 —_ = —— 
G(y,t|x,t) = ae a(« t+ *) (1.56) 


dt 
Galy|x)=ZR ei@RIeo (1.57) 


and Eq. (1.55) shows that G° is determined by 
gai =, G° = —6(t —t)d(y — x) (1.58) 
ca Ot? ~ y , 
These quantities are nearly Fourier transform pairs. In fact, it is easy to see 
that they are related by 
Lee 
Go= x | ef") GO dw (1.59) 
2H | ie 
Moreover, since G° possesses the symmetry 
G°(x, —t|y, —t) = G°(y,t|x, t) (1.60) 


it must also satisfy an equation of the form (1.58) with y replaced by x 
and t by t. But in these variables it represents an outgoing wave. Finally, 
notice that since R is always positive, G° (and all its derivatives) will vanish 
identically whenever t < Tt. 


+ In order to distinguish them, the latter is sometimes referred to as the reduced 
free-space Green’s function. 
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1.4.2 The Generalized Green’s 
Formula 


We now show how certain generalizations of the point-source solutions 
developed in the preceding section can be superposed to obtain a general 
formula that relates the solution to the inhomogeneous, uniformly moving 
medium wave equation 


vip - 1 Dé = —y(y,1) (1.61) 
P a Dr p= ys , 
to the source distribution y and the boundary values of p. This result is a 
generalization of the usual Green’s formula used in classical acoustics. 
Thus, let G(y,t|x,t) be a solution to the inhomogeneous uniformly 
moving medium-wave equation 


a, Gm Sip= deKe— i (1.62) 


in some region of space v(z) that is bounded (internally or externally) by the 
surface S(t) (which is generally moving). The function G is called a funda- 
mental solution to the wave equation. We further require that G satisfy the 
causality condition 


Do 
a ia for t<t (1.63) 


This quantity is clearly a generalization of the incoming-wave, free-space 
Green’s function defined by Eq. (1.56). If the region v(t) is not all of space, 
there are many functions which satisfy these conditions. However, if the 
region v is all of space there is only one such function, which in the 
case of a stationary medium is determined by Eq. (1.56). 

In aerodynamic sound problems we are, for the most part, interested 
only in time-stationary processes (Appendix 1.A, Sec. 1.4.3). We therefore 
restrict the discussion in this case. Thus, let T be some very large but finite 
interval of time, V, and fi be the velocity and unit normal (drawn outward 
from v) of the surface S(t) surrounding the region v(t), and 


Vi =(V,—iU)*a . (1.64) 


the velocity of this surface normal to itself relative to a reference frame 
moving with the velocity iU. Then it is shown in Appendix 1.B that the 
acoustic pressure at an arbitrary point x and time ¢ is related to the 
distribution y of sources within v and the distribution of the pressure and 
its derivatives on the boundary of v by the generalized Green’s formula 
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[" ix| rly, t)G(y, t | x, t) ay+ |" dt G(y,t| x,t) £3 Yn Do p(y, 2) 
Tr Jve) -r Jse meeen"N\ an cB Dt)” 


= 9 Va Do p(x,t) if x is in v(t) 
a 5; ™ oc pe) Ganels | an ‘ if x is not in v(t) 


(1.65) 


The region v(t) in this equation can be either interior or exterior to the 
closed surface (or surfaces) S(t). However, in the latter case we must require 
that the surface integral vanish when carried out over a large sphere whose 
boundary moves out to infinity. This will occur whenever p(y, t) behaves 
like an outgoing wave at large distances from the source. When applying 
Eq. (1.65), it is necessary to be sure that the direction of the outward-drawn 
normal fi to S is always taken to be from the region v to the region on the 
opposite side of S. 

The argument used to derive this result applies even when the surface 
S(z) is absent. Hence, Eq. (1.65), with the surface integral omitted, will apply 
whenever the region v is all of space. However, as indicated above, there is 
then only one possible solution to Eq. (1.62) that satisfies condition (1.63) 
and vanishes at infinity. When U =0, it is the function G° defined by 
Eq. (1.56). Equation (1.65) therefore becomes 


T 
p(x, t) = | e fro. 1)Gy, t| x,t) dy dz (1.66) 


This formula can be used to compute the acoustic pressure due to any 
localized source distribution y whose radiation field is uninfluenced by solid 


boundaries. 
On the other hand, suppose that the bounding surface S is stationary 


and the velocity U of the medium is zero or tangent to this surface (so that 
f-i = 0). Then the normal relative surface velocity V, becomes the normal 
surface velocity 

V,= Vs (1.67) 


and Eq. (1.65) reduces to the classical Green’s formula 


7 . 7 p(x,t) ifxisinv 
d = po) aS 
[74 [6 r+[ | (oF pe) as ‘0 if x is not in v 
(1.68) 


Of course, when U = 0, pand G must satisfy the inhomogeneous stationary- 
medium wave equations 
1 0?p 
Vp-saG=- 1.69 
P— 3a r(y, 7) (1.69) 


2 
VG-—— = ~d— a= y) (1.70) 
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1.4.3 Boundary Conditions: 
Green’s Function 


Up to this point we have not explicitly taken into account the effects of 
solid boundaries which, in practice, impose certain restrictions (that is 
boundary conditions) on the allowable solutions to the wave equation. 

For the small amplitude motions consistent with the acoustic approxi- 
mation the boundary conditions are usually linear; that is, they consist of 
linear relations between p and its derivatives (or perhaps integrals) which are 
specified on the boundary of the region wherein the solution is being sought. 
Such conditions will arise, for example, from the requirement that when 
U = Othe normal acoustic velocity u- i must vanish at any stationary surface 
that is impermeable to the flow, in which case it follows from the first 
Eq. (1.15) (with¥ = 0) that 


P _a-vp=0 for y ona fixed surface 

n 

This provides a condition that the solution p to the wave equation must 
satisfy on the boundary. 


Since the pressure and its normal derivative cannot be independently 
specified in the surface integral of Eq. (1.65) and since the correct relation 
between them is not known a priori, this result cannot be used by itself to 
compute solutions of the inhomogeneous wave Eq. (1.61). However, whenever 
the solutions of Eq. (1.61) satisfy linear boundary conditions, this difficulty 
can, in principle, be eliminated by imposing additional restrictions on the 
fundamental solution G. The resulting function is then called a Green's 
function. 

We shall restrict our attention to the case where the boundary surfaces 
are stationaryt and the mean flow, if it exists, is nearly tangent to these 
surfaces. Then Eq. (1.65) reduces to Eq. (1.68). A Green’s function for a 
region v is defined to be a solution G(y,t|x,t) to the inhomogeneous, 
uniformly moving medium, wave Eq. (1.62) that satisfies linear homogeneous 
time-independent boundary conditions on the surface of S as well as the 
causality condition (1.63). If the region v is exterior to S, we require, in 
addition, that G vanish like y~' as y > oo, Then the function G° defined by 
Eq. (1.56) is the Green’s function for the case where the region v is all of 
space and the mean flow is zero—which justifies calling it the free-space 
Green's function. 

When the mean flow is zero, the Green’s function satisfies the reciprocity 
relation} 


G(y,t|x, t) = G(x, —tly, —t) 


+ We can treat a surface undergoing small amplitude motion as if it were stationary 
and take account of its movement through boundary conditions imposed at its mean position. 
as : We omit the proof of this important result. The interested reader is referred to Ref. 2, 
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which generalizes the result (1.60). Inserting this into Eq. (1.70), we find 


1 0?G(y,t|x, 0) x 


ViG(y, |x, t) — a ge ate) 


where 


0? o2 eo 
2 ee 
Ve =a tag t od 
Thus, Gy, t| x, t) also satisfies the wave equation in the variables x and t. 
But since condition (1.63) shows that G vanishes for t < t, we can now 
think of this entity as representing the pressure at the point x and the 
time ¢ caused by an impulsive source located at the point y and triggered 
at the time t. The causality condition (1.63) then ensures that events will 
propagate forward in time. The moving-medium Green’s function can be 
interpreted in a similar fashion. 
Suppose that it is desired to find a solution to the inhomogeneous 
wave Eq. (1.61) subject to either of the linear boundary conditions 


Case A: e + b(y)p = aly, t) | 
fe for yon S (1.71) 
Case B: p =aly,t) | 


where b can be any function of y and a can be any function of y and t. 
And suppose that we can find a Green’s function that satisfies the homo- 
geneous boundary conditions 


aG(y, t| x,t) 
on 


Case A: + b(y)G(y,t|x,t) =0 


foryonS (1.72) 
Case B: Gy, t|x,t) =0 


Then inserting the corresponding pairs of boundary conditions from 
Eqs. (1.71) and (1.72) into the surface integral in Eq. (1.68) shows that for 
xiny 


r 
Case A: p(x,t) = | ic| Gly, t| x, t)y(y, 1) dy 
=—T v 


n | ° te | Gty,t|x, daly, 2) dSty) 
-r Js (1.73) 


rid 
Case B: p(x, t) = | dt | Gly, |x, t)y(y, 1) dy 
=a v 


r dG(y, t | x, t) 
_ | , dt [age a(y, t) dS(y) 
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Thus, once the appropriate Green's function has been found, any solution to 
the wave Eq. (1.61) satisfying one of the linear boundary conditions (1.71) 
can be calculated from its volume source distribution y and its prescribed 
boundary values a(y,t) by using Eqs. (1.73). When no solid boundaries 
are present, this can be accomplished by using Eq, (1.66). 

Since a Green’s function represents the sound field due to an impulsive 
point source located at the point y at the time t, Eq. (1.73) shows that 
any acoustic field can be thought of as the superposition of the fields due 
to a distribution y(y,t) of volume sources and a distribution a(y,z) of 
boundary sources. ’ 

There are two fairly general methods for finding Green’s functions 
called the method of images and the method of eigenfunctions. They are 
described in Appendix 1.C, where the general procedures are illustrated by 
working out certain examples—the results of which are used in Chaps. 3 
and 4. 


1.5 SOURCE DISTRIBUTION IN 
UNBOUNDED REGIONS 


1.5.1 Interpretation of Solution: 
Kirchhoff’s Theorem 


The results of the preceding section are especially simple when the mean 
flow is zero and no solid boundaries are present. The sound field due to a 
localized source distribution y is then given by Eq. (1.66). But inserting the 
expression (1.56) for the free-space Green’s function into this result and 
carrying out the integration with respect to t yields 


P(x, t) = z| rt = Rite) dy (1.74) 


where as usual 
R=|x-y| 


We, of course, assume that » vanishes fast enough as | y| > oo to insure that 
the integral converges. Comparing Eq. (1.74) with Eqs. (1.50) and (1.55) shows 
that the volume element dy emits an elementary wave 


a yy, t ~~ R/co) (1.75) 
4n R 


which is exactly the same as that emitted from an acoustic point source of 
strength y and that the resultant acoustic pressure field is just the super- 
position of these waves. 

In the more general case where there are, in addition to the acoustic 
sources, solid boundaries which reflect, absorb, or even emit sound, it is 
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x 


Fig. 1.15 Emission from bounded 
source region, 


‘F — Sources, reflecting surfaces, etc. 


still possible to represent the resulting acoustic pressure field by a distribution 
of sources of this type. Thus, consider that case where all the sources 
producing the sound field and all solid boundaries that interact with the 
sound are confined to a finite region of space, as indicated in Fig. 1.15, and 
let S be an imaginary surface enclosing these sources and surfaces. Then 
upon choosing G to be the free-space Green’s function G°, Eq. (1.68) shows 


that 
? op aG° 
= 0 — pp — 
Be! an an? =) 


whenever the observation point x is exterior to S. 
Now let po denote a solution to the homogeneous wave equation 


1 0? 
("- gza}m=° 


in the region vo interior to S which takes on the same values on the surface 
S as the exterior solution p. This fictitious pressure can be calculated 
mathematically by solving the boundary value problem described previously; 
but since there are solid surfaces and sources within S, it need not coincide 
with the actual pressure in this region. Setting G equal to G° in Eq. (1.68) 
and applying the result to this solution yields 


? OPo 0G° 
0 ae ae —_— —4 
[@| (6 ae =) as 0 


whenever the observation point x is exterior to S (Le., outside vo). 

We must realize that the direction of the normal in the first formula is 
opposite to that in the second and, as a result, that the normal derivative 
d/én in the former expression corresponds to the negative of d/dn in the 
latter. Subtracting these two equations therefore shows that 


Tt 
pos. = | az | ola.9) 48) 
T Ss 


where 


6p Opo 
22a f 
y(y, 7) an 5 or yon S$ 
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Inserting Eq. (1.56) into this result and carrying out the integration with 
respect to t now yields 


I l R 
4 = — -—- KY ‘ 
p(X, t) = |, i(v. "a (y) (1.76) 


This result, which is known as Kirchhoff's theorem, shows that whenever the 
initial conditions can be neglected the acoustic pressure due to any system 
of sources and interacting surfaces can be represented by a suitable distri- 
bution of surface sources of the type (1.75). However, unlike the previous 
case where only prescribed sources are present, the strength of the surface 
sources will generally be unknown and will have to be found by solving 
the appropriate acoustic problem. Equation (1.76) is therefore mainly im- 
portant because of its implication about the qualitative behavior of sound 
fields. Thus, since it shows that the external pressure field produced by 
any system of sources and interacting surfaces can be duplicated by suitable 
distribution of fictitious surface sources, it enables us to conclude that 
it is impossible to deduce from information obtained from the acoustic field 
outside of the source region the precise nature of the source distribution that 
actually produced the sound. 


1.5.2 Multipole Expansion 


Expanding the integrand of Eq. (1.74) in a Taylor series (with respect to the 
variable R = x — y) about the point R = x, while treating the variable y as a 
constant, yields 


rly,t — R/co) _ ) (Ri — x1)(R2 — x2)M(Ra — x3)! 


4nR jaTho JiR! 
‘ giver! — y(y,t — Rico) 
OR ORS’ ARS 4nR R=x 
. ith! (— yi (= y2)"(— ys)! yy, t — x/co) 


~ to Ax} x's Ox4 IRL! Anx 


Hence Eq. (1.74) becomes 
oo Qitkel _yyitktl 
p(xt= > sa maa( a =) (1.77) 
10) 


jk.l=0 Ox} ax 6x 4rx 


where 


is called the instantaneous multipole moment and the j,k,Ith term of the 
expansion (1.77) is called a multipole of order 2/***'. Of course, it is assumed 
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that the source distribution vanishes rapidly enough at infinity to ensure 
convergence. Since, as shown in Sec. 1.4.1, each term 


£ x 
dx eo 


is a solution to the homogeneous wave equation whenever x is nonzero and 
since, as can be easily verified, the derivative of a solution is also a solution, 
each member of the multipole expansion (1.77) must itself be a solution of 
this equation. 

It is easy to showy by partial integration that 


mjx(t)=0 forall ;+k+1<N 


whenever there exist 3" functions y;, i,,...,;, which satisfy the relation 


(y, t) ; cal ine (1.78) 
y(y, 7 — tot2s-eestn é 
Lig ppecnets iy=1 OYi, OYVizs +++ 1 Yin 
and which, together with their first N partial derivatives, vanish sufficiently 
fast as y > 00. The lowest order pole that appears in the multipole expansion 
will then be of order 2%. Thus, we have seen, for example, that the source 
term due to an applied volume force / will always be of the form (see 
Eq. (1.20)) 
Vv 
v= De . 


The lowest order poles appearing in its multipole expansion of the solution 


will therefore be of order 2. 
The multipole source structure exhibited by Eq. (1.77) becomes parti- 
cularly simple for small source regions that are located at large distances 


from the observation point. Thus, since 


= -=O(x-*) as xo 


0 x\ Xi @ le x 
ax; a" ~  e9x Ot Co 


for any function f of (t — x/co), expanding Eq. (1.77) for large values of x 
yields 


oe . (x1/x)(x2/x)* wht (e en ini(t- =) asx 0 


jik=0 4nx Co Ot 0 


and 


(1.79) 


+ An example of how this assertion can be proved for the case where N = 2 is given 
in Sec. 2.3. 
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Now suppose that the source distribution y is essentially confined to a 
region whose size is of order L. Then 


Mj kil _ O(Ky> tet" 3) 


where <y> denotes the average value of y over the source region. The 
j,k, Ith term in Eq. (1.79) will therefore be of the order of 


B @( EV" -2 (Eye 


x \T,co x \A 


where T, is a typical period of oscillation of the source (so that 4 = coT, 
is a typical wavelength of the sound field). 

This result shows that only the lowest order poles in the multipole 
expansion will contribute to the distant sound field emanating from a source 
region that is very small relative to its wavelength. A source distribution 
satisfying this condition is said to be compact. Only poles of order 2, where 
N is the largest integer for which a compact source distribution y can be 
expressed in the form (1.78), will contribute to the distant sound field. Conse- 
quently, any source region that can be expressed in the form (1.78) is called 
a multipole source of order 2". Nevertheless it is only when the source is 
compact that its multipole order is of any real significance. The entity com- 
prised of the 3% functions W;,,i,,...,i, which enter Eq. (1.78) is often referred 
to as the source strength. It is important to bear in mind that the lower 
order multipole moments will not vanish or, for that matter, may not even 
exist unless the ;,,:,,...,i, vanish sufficiently fast as y > oo. 

Compact, higher order multipole sources are clearly much less efficient 
emitters of sound than those of lower order. However, Eq. (1.77) shows that 
the amount of energy contained in the region near the source (often called 
the near field) will be roughly the same for all equal strength sources, 
regardless of their order. Consequently, some sort of “phase cancellation” 
must occur at large distances from the higher order sources in order to 
prevent this energy from being radiated away as sound. 

If N = 0 (ie, if y cannot be expressed as a derivative which vanishes 
at infinity or on the boundary of the source region), the source is called a 
monopole, or a simple source. When N = 1 the source is called a dipole, and 
when N = 2 it is called a quadrupole. Notice that each multipole source 
has its own characteristic radiation pattern. 

Equations (1.50) and (1.55) show that the monopole term 
Mo,0,0(t — X/co)/4ax in Eq. (1.79) produces the same sound field as a con- 
centrated point source with strength mo,o,0(t) = J y(y, t) dy. Thus a compact 
source of monopole order acts as if its entire strength were concentrated at a 
single point (which we have for convenience taken to be the origin). This 
result could also have been obtained by neglecting retarded time variations 
over the source region in the far field (large x) expansion of Eq. (1.76) (see 
Sec. 1.6 below). If, however, the monopole moment f y(y, t) dy were to vanish, 
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sucha procedure would lead to a gross overestimate of the sound field and an 
incorrect picture of its radiation pattern unless the vanishing of this term 
were explicitly accounted for. Notice that it should nevertheless be possible 
to neglect the source region retarded time variations in Eq. (1.74) whenever 
Tp > L/co, i.€., whenever the source is compact. However, the preceding 
remarks show that it is essential to first represent the solution in a form 
that will allow its true multipole structure to be exhibited once retarded 
times variations are neglected. 

Since the mean value theorem implies that 
3 OW: 
y 6,t)—y = 

rly + ) — yy, t) Pa ay; 
where wW; = y6;, we can always think of a dipole source as being composed 
of two equal-strength monopoles that have been brought together while 
holding the product y6; of their strengths times the distance between them 
constant. Similarly, we can always think of a quadrupole source as composed 
of two dipoles that are of equal strength but have opposite sign. 

Now we have seen that an unsteady volume force behaves acoustically 
like a dipole sound source. Consequently, an unsteady stress, which can be 
synthesized by bringing together two equal and opposite volume forces, 
ought to act like a quadrupole source. 


+ O(\5|?y) as |6| +0 


1.6 RADIATION FIELD 


Since the coefficients of mj,,,,/x in Eq. (1.79) depend only on the orientation 
of the vector x and not on its magnitude and since this orientation can be 


characterized by the two polar coordinates 0 and g shown in Fig. 1.16, it is 


xy 
Fig. 1.16 Polar coordinates of observation point. 


38 Aeroacoustics 


easy to see that the pressure fluctuations occurring at large distances from 
any distribution of volume sources must behave like 


4nx 


1 : 
na ~ g(t =. 00) (1.80) 
Co 
It is not especially surprising (in view of the resemblance between Eqs. (1.74) 
and (1.76)) that this behavior is also exhibited at large distances from any 


region containing both sources and interacting solid surfaces. In fact, when 
|x| is much larger than the largest dimension of the surface S, 


. 2 ’ 2 
R= JPR ye yea ft - > TT as <Y 4 o(2l) 


x x 


as x0 


whenever y is confined to S. But since x + y/x depends only on the orientation 
of x and not on its magnitude, we can insert this expansion into Eqs. (1.76) 
to show, upon neglecting higher order terms in x~', that the fluctuating 
pressure at large distances from any region containing both sources and 
interacting surfaces is indeed a function of the form (1.80). 

The radiation field, or far field, is defined to be that region of space 
which is far enough away from the sources and interacting objects (in terms 
of both wavelength and the size of the source) to insure that the pressure 
fluctuations will be characterized by Eq. (1.80). 

Ideally, a source system can have a radiation field only when it is 
embedded in a uniform medium of infinite extent. In practice, especially in 
aeronautical applications, there is usually a region at some distance from the 
source system in which there is no appreciable radiation from reflecting 
objects lying even further from the source system and hence in which 
radiation field behavior is approximately achieved. 

Let V, denote the gradient operator i(0/0x1) + j(@/Ax2) + k(@/dx3) in 
the variable x. Then since g = tan” ' x2/x, and @ = cos"! X3/Xx, it is easy to 
see that V,@ and V,@ go to zero like x~' as x > 00. Hence, it follows 
from Eq. (1.80) that 


where fi = V,x is the unit vector in the x-direction shown in Fig. 1.16. 
Inserting this result into the momentum Eq. (1.15) (written in terms of the 


variables x and t in place of y and 1) and using the fact that 
0g/0x = —(0g/dt)/co yields 


ot poco x? 


which implies that 


1 
u(x, t) ~ —— fip(x, 
ie fAp(x, t) (1.81) 


This equation shows that the velocity u = fv is purely radial, and that its 
magnitude up is related to the pressure by 


UR = (1.82) 


The highest pressures in the radiation field will therefore be found in 
those regions where the fluid is moving its fastest. In fact, the far field 
pressure and velocity will always be in phase when the sound field has 
harmonic time dependence. 

The ratio poco of pressure to velocity in the radiation field is called 
the characteristic acoustic impedance of the medium. It is equal to 429 newton- 
seconds per cubic meter for air at 0° C and 1-atmosphere pressure. 


1.7 ENERGY RELATIONS 
1.7.1. Basic Definitions 


In this section we shall define an acoustic energy density E and a corre- 
sponding acoustic energy flux vector I for certain types of flows that are 
governed by the linearized gas-dynamic Eqs. (1.11). Perhaps the most obvious 
procedure that comes to mind when attempting to introduce suitable 
definitions for these quantities is to simply subtract out the energy density 
and energy flux vectors for the mean background flow from the corresponding 
total quantities for the actual flow. However, this approach has certain 
failings. Thus we are, for the most part, concerned with the time average 
acoustic energy flux I (or acoustic intensity) rather than J itself. But when the 
energy flux associated with the steady background flow is subtracted from 
this quantity the remaining terms will generally be of second order.t More- 
over, some of these will not simply be products of two first-order terms 
and consequently will not be calculable from the solutions to the linear gas- 
dynamic Eqs. (1.11). In order to obtain useful definitions for E and I, we 
must require that these quantities be completely determined by the solutions 
to Eqs. (1.11). 


+ The process used in the derivation of the Eqs. (1.11) can be thought of as the first 
step in obtaining an asymptotic expansion of the flow variables in powers of the (small) 
amplitude ¢ of the acoustic disturbance. Since the variables which satisfy Eqs. (1.11) are of the 
same order as this amplitude, they can be termed first-order quantities. The next smallest terms 
in the expansion will be of the order of the amplitude squared and can be called second- 
order terms. Clearly, the product of two first-order terms is also a second-order term. 
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On the other hand, once we abandon this procedure the acoustic 
intensity will generally not be a true measure of the mean energy flux 
carried by the acoustic disturbance. Nevertheless (for reasons which we 
shall indicate subsequently) the concept of acoustic energy still retains its 
utility in flows where it is conserved, ie. in flows where the net flux of 
acoustic energy across any surface S enclosing a source-free region v is equal 
to the time rate of change of energy within v. We will therefore insist that 


~ | Baya | r8as (1.83) 
dt v Ss 


However, after using the divergence theorem (1.54) to eliminate the surface 

integral we can conclude from the fact that this relation must hold in any 

source-free volume v that E and I must also satisfy the conservation law (or 

energy equation) 

© avid (1.84) 
Ot 

in any such region. 

Consequently, any acceptable definitions for acoustic energy and 
acoustic energy flux must at least satisfy the following conditions: 

(1) They must be consistent with the conservation law (1.84) in any 
source-free region of space. 

(2) They must be expressible as sums of terms each of which is the 
product of at most two first-order quantities with a quantity which depends 
only on the mean flow. 

(3) They must reduce to the corresponding classical acoustics definitions 
whenever the steady flow is zero and the mean thermodynamic properties 
are constant. Such entities, if they can be found, will certainly satisfy 
Eq. (1.83) in any source-free region v. But averaging this equation over the 
time interval T, — T; yields 


6(T)- 6(T) _ (73 ac. 
7 -|t a dS (1.85) 


where, in view of condition (2), 
&(t) =| Ely, t) dy 
v 
must be a sum of terms each of which involves a product of at most two 
acoustic quantities. This function will therefore be periodic in time whenever 


the unsteady flow is periodic. Consequently, setting the time interval in 
Eq. (1.85) equal to the corresponding period yields 


| T-ads =0 (1.86) 
s 


for any surface S enclosing a source-free region of space. 
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Since, on the other hand, &(t) remains bounded as t > © when the 
acoustic quantities are stationary random functions of time, we can, in this 
case, let the interval T, — T, become infinite so that the left side of Eq. (1.85) 
will again vanish and Eq. (1.86) will again hold. 

The acoustic power crossing a surface § (closed or opened) is defined 
as 


a= | Tas 
s 


Hence the total acoustic power crossing any surface that completely encloses 
the acoustic sources will be equal to the total acoustic power crossing 
any other such surface. Then when the source region is localized in space 
we can always assume that one of these surfaces is in the radiation field. 
Consequently, the total acoustic power radiated by the sources can, in this 
case, be deduced solely from measurements taken in the far field. It is these 
properties from which the concepts of acoustic power and acoustic intensity 
derive their utility. 


1.7.2. Construction of Acoustic 
Intensity for lsentropic 
Irrotational Flows 


We now show how the quantities E and I can be constructed. Thus, taking 
the dot product of the first Eq. (1.11) with J=u+ (p'/po)Vo, multiplying 
the second by. #’ = (p'/po) + w* Yo, adding the results, and finally using the 
vector identity U-VV+V:-VU+UxVxV+Vx Vx U=V(U-V) 
(which holds for any two vectors U and V) in conjunction with the first 
Eq. (1.7) to simplify the result yields 


0E J f , 1 a Op 
Es yt [ ip vp0— v'VH0) + 95, (¢ a OE & 


Ot 
+u+[Vo x (pow! — p'wo)] + (S°f + poX'g) — (1.87) 


where we have put 


rae 2 
pa Zl, (Po + tu ¥0) (1.88) 
0 2 
l= & +u° vo) Pom + p'Vo) (1.89) 
0 


and w’ = V x wand ao = V X Vo denote the perturbation and steady-state 
vorticity vectors. 

When w’ = a = 0, the flow is said to be irrotational. The second term 
on the right side of Eq. (1.87) clearly vanishes for such flows. On the other 
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hand, Eq. (1.4) shows that Vo = Vpo/cé in any isentropic flow and as a result 
Eq. (1.16) shows that the first term in brackets on the right side of 
Eq. (1.87) vanishes for flows of this type. Consequently, the definitions (1.88) 
and (1.89) satisfy the conservation law (1.84) in any source-free region of an 
isentropic irrotational flow. It is also easy to see that they satisfy condition (2) 
and that whenever vo = 0, they reduce to 


I=p'u (1.90) 
12 2 
p Pou 
fa, i 1.91 
2pocd 2 ( ) 


which are the definitions of I and E that are used in classical acoustics. 
We have therefore shown that Eqs. (1.88) and (1.89) will provide acceptable 
definitions of E and I for any isentropic irrotational flow. These relations 
were first applied to such flows by Chernov.® However, Blokhintsev’ had 
previously shown that a special case of definition (1.89) will lead to an 
appropriate average energy equation whenever the acoustic wavelength is 
short compared with the scale on which the mean velocity changes. 

In order to interpret the first term in Eq. (1.88), notice that, in an 
isentropic flow, the work per unit mass done against the surroundings by the 
acoustic pressure p’ is 


p-} 1 p id , 72: : 
| pd-= | P Hs =— a 5 + Third-order terms 
po) p o P Co 2P0Cd 


Hence, the work done per unit volume is 
42 


Pp 


>——3 + Third-order terms 


° 2P0Cd 

The first term, p'p'/2P0 = p’*/2pocé, in E can therefore be interpreted as the 
potential energy per unit volume associated with the acoustic field. 

On the other hand, the kinetic energy per unit volume is one-half the 


absolute value of the momentum density squared divided by the density. 
Then since the momentum density in the acoustic wave is 


PY — PoYo = Pou + p'Vo + Second-order terms 
the kinetic energy per unit volume is 


|pou+ p'vo|? — pou? pv 
= S$ parvo + 
2p 7 eee aa, 


+ Third-order terms 


Consequently, the second term in Eq. (1.88) represents a portion of the 
kinetic energy per unit volume carried by the wave. 
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1.7.3. Relations for the Radiation 
Field 


It is generally possible to assume that Eqs. (1.90) and (1.91) will hold in the 
radiation field. Then since the velocity and pressure are related by Eq. (1.81) 
in this region, it follows from Eq. (1.90) that the energy flux is in the radial 
direction f and is given by 


where 


fut 
Polo 


Taking the appropriate time average yields 
= 
f= (1.92) 
Poo 


Thus, the acoustic intensity in the radiation field is proportional to the 
mean square acoustic pressure. Now most microphones in most cases 
measure root-mean-square (rms) sound pressure, while the rms fluctuating 
pressure at the ear is believed to be the quantity most closely related to the 
sensation of loudness. But since Eq. (1.92) only holds under special circum- 
stances, the acoustic intensity does not always provide a measure of the 
signal sensed by the ear or a microphone. Moreover, an ear, and usually a 
microphone, which is basically a diaphragm encased on a reflecting object 
(head or microphone housing) will not sense the pressure that would exist 
if it were not present unless its housing is small compared with the wave- 
length— primarily because of the pressure increase caused by the reflected 


sound. 
Equations (1.80) and (1.92) imply that 


= 1 2 x 
=a tt - 8, 
: 16727x7 poco g ( Co °) 
Then, since the results of Appendix 1.A show that the average is independent 


of time translations for both periodic or time-stationary processes, this 
becomes 


= 1 — 
T=—— 5 9'tt.0. 
1627 poCoXx? g(t. 8.9) 
which shows that the average intensity is proportional to x7? in the 
radiation field. 
When the sound field is periodic so that 


P(x, t) a Y P,,(x) e7 tent 


n=-@ 
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Eqs. (1.92) and (1.A.7) imply that 


[= 
P0l0 n=-@ 
The quantity 
7 Pal? 
I,= 
Polo 


can therefore be interpreted as the average acoustic energy flux carried by 
the nth harmonic of the sound field and is accordingly called the intensity 
spectrum. Equation (1.A.6) shows that it is related to the normalized pressure 
autocorrelation function I(t) by 


P()p(t+t) =< 
Polo 7 wee 


When the sound field is time stationary, Eqs. (1.92) and (1.4.22) imply 
that 


I(t) = 1,e 2 (1.93) 


where S,;(w) is the Fourier transform of the pressure autocorrelation function 
p(t)p(t + t). Hence, the quantity I, = S11(@)/poco can be interpreted as the 
average acoustic energy flux per unit frequency and is therefore called the 
intensity spectrum. Equation (1.4.21) shows thatit is related to the normalized 
pressure autocorrelation function I(t) by 


_ Pl)plt + 2) _ | . 


T(t) 
Polo 


T,, e-'@ dw (1.94) 
—-o 

These relations have only been shown to hold in the radiation field and will 
not, in general, apply at points near the source region. 


1.7.4 Definitions of Intensity and 
Energy in General Inviscid 
Non-heat-conducting Flows 


It is impossible to find expressions for E and I that satisfy the requirements 
given in Sec. 1.7.1 and at the same time depend only on the physical variables 
u, p, p’, etc., if the flow is not isentropic and irrotational. However, Méhring* 
has shown that such quantities can always be constructed by introducing an 
auxiliary set of variables called Clebsch potentials. The resulting expressions 
for the energy and intensity reduce to those given previously when the flow 
is irrotational and isentropic and in the general case contain additional terms 
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that account for the energy associated with the angular momentum of the 
flow and entropy fluxes. However, these results are quite complicated and 
will not be pursued further. For our purposes it is enough to note that 
the resulting expression for E depends on both the entropy and vortical 
motions which, as we shall see in Chap. 5, are generally not considered to 
be part of the acoustic field. 


1.8 MOVING SOUND SOURCES 


The sound emission from any real moving source is generally complicated by 
such effects as the interaction of the acoustic field with the (usually turbulent) 
flow about the body or even a back reaction of the flow on the sound 
source. Nevertheless it is possible to illustrate the essential features of this 
process, by considering the acoustic radiation from an ideal point source 
moving through a stationary medium in which no such flow reactions are 
possible. We shall also limit the discussion to the case where the source is 
moving uniformly. (Acceleration effects will be discussed in Chap. 2.) 


1.8.1 Solutions to Equations 


Consider a point volume flow source moving with velocity Vo through an 
infinite medium that is otherwise at rest.t The volume source density is then 
given by q(y,t) = qo(t)6(y — Vot) and the wave Eq. (1.20) for the sound 
pressure therefore becomes 


i 


Sh aie eee 
xe cB Or? 


0 
— Pow [go(t)5(y — Vor)] 


It is convenient to introduce a velocity potential y by 


ow 
_ ow 1.95 
p= (1.95) 
Then 
1 aw 
Vy — a = pogo(t)5(y — Vot) 


+ A source of this type could result, for example, from the heating and subsequent 
expansion caused by a modulated beam of radiation focused on a point moving through the 
fluid but not (as in Sec. 1.4.1) from a pulsating sphere. 
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so that, upon comparing this result with Eq. (1.69), we can conclude from 
Eqs. (1.56) and (1.66) that 


_ Po |” | qolt) R 7 
vis = [* [ R a(t T “Yat Vot) dy dt 


-2" tea a(t) a (1.96) 


4n -o |x — Vot| Co 


The last integral can be evaluated by using the identity (which holds for any 
function f of t and any function g of t which has at most simple zeros) 


\. f(o)s[g(0)] dt = Y | # (1.97) 
dt. 

where ti is the ith real root of 

g(te) = 0 (1.98) 
Thus since 

ft — Vo°x 

6 = ae +1 

when 


ek eet 


Co 


Eq. (1.97) implies that Eq. (1.96) can be written as 


Te 
W(x, t) = pas 7 oo, ae | ash (1.99) 
© [pend ioe Wiis 
0 


where i} is the ith real solution of 


= Vote +1.—-t=0 (1.100) 
Co 

The latter equation being quadratic in t,, will have at most two roots 

which we shall denote by t7. Correspondingly, there will be two terms in 

the solution (1.99), which we shall denote by w*. Then, the source Mach 

number 


V 
My =— (1.101) 
Co 
and the separation vector 
Ri =x — Voti (1.102) 


es nee 
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can be introduced into Eq. (1.99) to obtain 


1 + 
vt(x,!) = : Podolte ) 
4n Re |1— Mo cos 6* | (1.103) 
where 
+ _Mo Re 
cos 0* =a, Re (1.104) 


is the cosine of the angle between the vectors RZ and Mo. Moreover, 
Eq. (1.100), which determines t,, can be written as 


Re 
Co 


(1.105) 


t= 


1.8.2 Interpretation of Solution 


Equation (1.102) shows that R- is simply the vector between the observation 
point x and the position of the source at the time t, (see Fig. 1.17). But 
Eq. (1.105) implies that the length Re of this vector is exactly equal to the 
distance co(t — te) that a sound wave must travel in the time interval t — Te 
in order to reach the point x at the time t. A sound pulse emitted by 
the source at timer, will therefore just reach the observation point x at time t. 
Hence, R, is the distance between the observation point and the source point 
at the time of emission of the sound wave, and t, is the time at which the 
sound wave reaching the point x at time ¢ was emitted—i.e., the retarded 
time. 
Inserting Eq. (1.105) into Eq. (1.102) and squaring the result yields 
2 2 
- aver pete Vot)(t — te) (1 - tee sey =O 
CO CO Co 


Vot 


Fig. 1.17 Orientation of source and observer. 
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which can readily be solved to obtain 


Mo: (x—Vot)+ [Mo * (x — Vot)]? +(1 —M6)|x— Vor |? 
Ri =c((t-—té) = 1- M3 


(1.106) 

When Mo is less than unity the radical will always be greater than the 

remaining term in the numerator of this equation and only the + sign 

can be used if R, is to remain positive. There will therefore be a unique 

emission point for the acoustic pulse reaching any fixed point of space at any 
given instant of time. 

On the other hand, R? and R; will both be positive when M9 is greater 

than unity. But the radical will then be imaginary (i.¢., no solutions for R, 


will exist) unless 
~ 7 
./(Mo — 1) |x — Vot| a 


Mo —_|Mo/Mo- (x — Vot)| 


This condition is equivalent to requiring that the Mach angle 
1 1 


M3-1 ‘ 
-1VMb-1_ ys 1 on 
Mo My 2 


a% = COS 


be greater than the angle 


1 Mo/Mo* (x — Vot) 
|x a Vot| 


6 =cos~ 


shown in Fig. 1.18. Thus no solutions will exist unless the observation point 
lies within a cone having its vertex at the source and a semivertex angle 
equal to the Mach angle. It is called the Mach cone. 


Observation 
point ~. 


_7~ Source location 
at time ¢ 


Fig. 1.18 Orientation of observation point relative to Mach cone. 
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X Source position at time of 
emission of wave front 


Sound emitted 
att = tn, 


~Sound emitted 
atr = 0 


Fig. 1.19 Subsonic source motion (at time ft). Source Mach number, Mo.3. 


In order to interpret these results, consider the circles shown in Figs. 
1.19 and 1.20. They correspond to the surfaces which “contain” the sound 
emitted by the source at certain fixed instants of time, say t = 0, fy, t2, and 
so forth. Figure 1.19 represents the case where source speed is less than the 
speed of sound. It shows that only one of these surfaces can pass through 
any given observation point. Thus, for example, the sound on the surface 


passing through the point O was emitted by the source at the time t = tz 
when it was located at x, = Vsf2. 

Notice that the surfaces are closer together in the forward direction (and 
farther apart in the backward direction) than they would be if the source 
were stationary. Thus, in any given interval of time; more of these surfaces 
will pass an observer who is in front of the source than will pass one who is 
behind the source. Since all the energy emitted during this time is carried 
between the first and last of these surfaces, we anticipate that the intensity 
of the sound (energy flow per unit time) received by the forward observer 
will be larger than the intensity received by the trailing observer. 

The situation is quite different when the source is moving faster than 
the speed of sound (i.e., supersonic source motion). In this case the source 
overtakes the sound it emits, and the surfaces “containing” the sound take 
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X Source position at time of 
emission of wave front 


-~ Mach cone 


r Mach 
‘ angle, « 


\ 


\ 
e ~ Sound emitted 
© Sound emitted 
att= ty 
, Observation 
' point O 


“ Sound emitted at ¢ = 1 
“Sound emitted at r = 0 


Fig. 1.20 Supersonic source motion (at time t). 


ona configuration such as that shown in Fig. 1.20. They are now all tangent 
to the Mach cone and there will be at any time ¢ two such surfaces passing 
any fixed observation point O that lies within the Mach cone. The sound 
reaching these surfaces will have been emitted by the source when it was at 
two different positions. (In this figure the sound was emitted at the times 
t, and ft, when the source was at the positions x; = Vot, and x, = V°to, 
respectively.) An observer located outside the Mach cone will hear no sound 
at the time t. Thus, a stationary observer will not hear any sound until the 
Mach cone passes. After that he will hear, at any instant of time, the sound 
coming from two different points. The acoustic field will be particularly 
intense at the instant when the Mach cone passes since all the spheres 
coalesce along this surface. 


1.8.3 Explicit Expression for 
Pressure Field 


In order to obtain an explicit expression for the pressure fluctuations, 
notice that Eqs. (1.101), (1.102), (1.104), and (1.105) imply 

—Ri(1 — Mo cos 6*) = (x — Vot):Mo — (1 — M2)Rz (1.107) 
which can be differentiated to show with the aid of Eq. (1.106) that 


tad Mo(Mo — cos 0*) 


tf) — +)] — 
sae Myce) 1 — Mocos 0* 


(1.108) 


and hence that 
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1 dR? Mo cos 0* 
ae Si aaa 1.109 
Co dt 1 — Mo cos 0* ( 


Equation (1.103) can therefore be inserted in Eq. (1.95) to obtain 
gh got — Ré/co) _, (cos 8* — Mo)Vogo(t— Ré /co) 
dt ~'°| 4nRi(1—Mocos0*)? — 4nR27(1—Mo cos 0*)? 
(1.110) 


where 


4-9-(8 
Co dt t=t-(Rz/e,) 


At supersonic source speeds, this result becomes singular when 0* = 
cos”! (1/Mo) which, as can easily be shown,+ only occurs when the observer 
is on the Mach cone. If, on the other hand, the source motion is subsonic, 
the second term will always be negligible at large distances from the source 
and the equation will closely resemble the solution for a stationary point 
source. The principal difference is due to the convection factor 
(1 — Mocos 6*) 7, which appears in Eq. (1.110) and causes the pressure to 
be higher in the forward direction and lower in the backward direction. 


1.8.4 Simple Harmonic Source 


When the source has simple harmonic time dependence, qo(t) = 4 e '™ and 


Eq. (1.110) becomes 


+pocoA |-' Q — Mo(cos 0* — Mo) | eree-een 


+ 
Co ~=RE(1 — Mo cos 0*) 


PY GnRE(1 — Mo cos 0) 


(1.111) 
Due to the time dependence of 0* and R¢ this expression is clearly not 
periodic. However, these quantities will change only slightly during a period 
of oscillation whenever the observer is far enough away from both the source 
and the Mach cone. The pressure will then be approximately periodic with 
slowly changing amplitude and phase—in which case it still makes sense to 
talk about the frequency of the sound field. 
In order to show this, we expand R? and Rj = Rz(1 — Mocos 0*) 
in Taylor series about some fixed time fo to obtain 


dR (to) 1 d?Ri (to) 
Ri — = one pa = 2 ware 
(t) = Ri (to) + ils (t — to) + > ate (t — to)“ + 
Ri (t) = RF (to) + ARi (to) (t — to) t+-°° 


dto 


+ By substituting Eq. (1.106) into Eq. (1.107) and recalling that the observer is on the 
Mach cone only when the radical in Eq. (1.106) vanishes. 
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Then substituting the relation 
1 d?R? Mé sin? 6* 
ch dt? ~~ Ri(1— Mocos6*) 
together with Eqs. (1.108) and (1.109) into these expansions yields 
Ré (t) ‘i= Re (to) _ t— to 
Co “pay Co 1 — Mo cos 06 
, 1 Mésin? 0§ colt — to) | 
“1 7 DT = Mo cos 06)? RE (to) 


Mo(Mo — cos 06) 
Ri (to)(1 — Mo cos 06)? 


Ri(t) = Ri) | + Co(t — to) + | 


where we have put 0§ = 0*(to). But since t — to will change by the amount 
2n/Q during one period, the second terms in the square brackets will be 
negligible during this time interval whenever 


2nc9 M3 
Q (1— Mo cos 6)? 


Thus, when the observer is many wavelengths distant from the source 
position at the time of emission (and not too close to the Mach cone if the 
source velocity is supersonic), Eq. (1.111) becomes approximately 


; iQt eeein Re (to) | Mo cos OF 
~~ Bipod ep ~ 1—Mocos 0% Pi! Co . 1—Mocos0¢ 


4nRé (to)(1 — Mo cos 06) 


Ri (to) > 


P 


(1.112) 


which shows that the pressure is nearly periodic. However, its frequency 
is now equal to 


_ Q 
- 1- Mo cos 0¢ 


and not the frequency Q of the source. This is the well-known Doppler 
shift in frequency. As 0¢ varies from 0 to z, the frequency w varies from 
Q/(1 — Mo) to Q(1 + Mo). Hence, the frequency is increased when the 
source is moving toward the observer at the time of emission and is reduced 
when it moves away from the observer. 

Only the plus sign can be used when the motion is subsonic. The 
frequency of the sound will therefore be higher than the source frequency 
when the source approaches the observer and will progressively deepen in 
pitch as it moves by. 


If, on the other hand, the source velocity is supersonic, the observer 


@ 
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will not hear any sound until after the source has passed—at which time 
he will hear, at any given instant of time, the sound arriving from two 
distinct emission points. At the point corresponding to the plus sign in 
Eq. (1.112) the source will be moving away from the observer at the time of 
emission, while at the point corresponding to the minus sign it will be 
moving toward the observer. It is interesting to note that the sound waves 
from the two different emission points can have different phases and can 
therefore interfere with one another. 


1.8.5 Multipole Sources 


The results obtained in the last section can be extended to multipole sources. 
Thus, it is easy to show by putting 
Pies cache 
ae 
OVi, OVige «+++ OVin 
in the equation 
fi &*p 8" Mi,,in,...,iv()O(y — Vor) 
cé Ot OYi, OYigs «+ +1 OViy 
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for the sound pressure from a moving point multipole source of order N, 
and using the results obtained for a volume flow source in Sec. 1.8.1 that 


1 ov Mi,,ix,..., iy(Te) 


= 1.113 
P 4m X;,, OXiy,-.-, OXiy RE | 1 — Mo cos 0* | ( ) 


This result will also apply to monopole sources if we agree that N = 0 
implies that no derivative will be taken. The indicated differentiations tend 
to increase the exponent of the “convection factor” (1 — Mo cos 0*) that 
appears in the denominator. When Mp is close to unity, this quantity is a 
strong function of 6* and, if it is raised to a large power in the expression 
for the pressure, will cause the far field radiation pattern to be highly 
directional. Consequently, the acoustic radiation from higher order multipole 
sources will, at high subsonic convection speeds, be concentrated in a 
relatively small sector in front of the source, or in other words, the radiation 
will be “beamed” in the direction of source motion. The far field pressure 
from a quadrupole source resembles a quadrupole term in Eq. (1.79) 
multiplied by (1 — My cos @*)~3. The mean square pressure signal from 
such a source will therefore contain the convection factor (1 — Mg cos 0*)~®. 


1.9 CONCLUDING REMARKS 


Two entities of relatively recent origin have been introduced in this chapter. 
These are the generalized Green’s formula and the acoustic equations for 


unidirectional transversely sheared mean flows. However, we have, up to 
now, only used them to recover more or less classical results, which could 
have been obtained from the usual formulas of classical acoustics. Neverthe- 
less they are essential ingredients in many of the aeroacoustic theories 
developed in the following chapters—especially the newer ones. And it is this 
fact which justifies the added complication which they incur. 


APPENDIX 1.A 
FOURIER REPRESENTATION OF FUNCTIONS 
1.A.1 Periodic Functions 


Any sufficiently smooth periodic function of time f(t) with period 7, can 
be represented as a superposition of simple harmonic functions by the 
Fourier series 


fo= > Ge™ (1.A.1) 
where w = 2n/T, is called the fundamental angular frequency, f = w/2n is the 
fundamental frequency, and the terms with n#0 are called harmonics. 
Each Fourier coefficient C, is determined by 


1 ts inet 
ane) f(t) em at (1.4.2) 


The absolute value of this coefficient | C,| is called the amplitude of the nth 
harmonic, and its argument is called the phase. Sometimes C, itself is called 
the (complex) amplitude of the nth harmonic. When the function f(t) is 
real, the Fourier coefficients satisfy the relation 


C-,=C* for n=0,1,2,3,... (1.A.3) 


Motion which can be represented by such a series is the basis of all 
musical sound. Thus, the vibrations of wind and string instruments can be 
approximately represented in this way, and the “tone quality” of their sounds 
is determined to a great extent by the relative amplitudes of the various 
harmonics that are present. Representing a periodic function by a Fourier 
series is therefore more than just a means of representing complex functions 
in terms of simpler functions. It somehow corresponds to the way we hear and 
distinguish sounds. 

The periodic cross-correlation function 


FRO PEF) = = 


Pp 


T, 
| Si*(t) folt + 1) dt (1.A.4) 


0 
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of any two periodic functions 


f(t) = 2 B, e7 int 


satisfies the relation 


_ oO 
I(t) fo(t + t) = y At Be fom (1.A.5) 
n==@ 
which shows that A*B, is the Fourier coefficient of the cross-correlation 
function. Hence, in particular, the autocorrelation function fy*(t)fi(¢ + 7) 
satisfies the relation 


ioe) 


fFOAtt+D= Y |A,)? evi (1.4.6) 


and the mean-square value | f,(t)|? of f,(t) satisfies the relation 


con ioe) 


|fAto|?= » [A,|? (1.4.7) 


n=—0 


The cross-correlation is independent of translations in time, which means 
that 


Si(t + to) fr(t + to T) =fik() fralt fs T) (1.A.8) 


for any fo. 


1.A.2. Aperiodic Functions Which 
Vanish at Infinity 


A periodic sound repeats itself continuously throughout all time. On the 
other hand, it can be shown that any sufficiently smooth function f(t) which 
vanishes sufficiently rapidly at t = +00 can be represented by the Fourier 
integral 


f= | F(@) e7'' dw (1.A.9) 
where the Fourier transform F(q) of f(t) is determined by 
F(w) = =| f(t) e°" dt (1.4.10) 
2% \mieo 


This result shows that any function which vanishes sufficiently rapidly at 
infinity can be represented as the superposition of harmonic functions of all 
possible frequencies w/2z. 


56 Aeroacoustics 


The quantity | F()|? is called the spectral density of f(t) at the frequency 
w/2n. For small Aw, an electronic filter which cuts out all frequencies except 
those between «/2m and (w + Aw)/2x would deliver a measurable power 
proportional to |F()|? times Aw/2z, the width of the frequency band 
passed by the filter. 

A sufficient condition for the Fourier transform of a function f(t) to 
exist is that it be a square integrable function. This means that 


|. | f(t)|? dt < 2% (1.A.11) 


The cross-correlation function 


f® halt + 1) = | fit fale + 0) dt (1.A.12) 


=-@ 
of any two square integrable functions 


Silt) = | F(a) e7*' dw 


— oO 


fo(t) = | F(a) e'' dw 


exists and satisfies the relation 


foe} 


F¥(w)F (w) ee daw (1.4.13) 


SFOflt + 1) = 2n| 
which shows that the cross-power spectrum F¥(w)F2(m) is the Fourier 
transform of the cross-correlation function. Hence, the power spectrum 
|Fi()|?_ is the Fourier transform of the autocorrelation function 
f#(t)filt + 1). Some useful properties of the Fourier transform are listed 
in Table 1.1. 

It is also convenient to consider Fourier transforms with respect to 
spatial variables. In this case, however, the previous results need to be 
extended to three dimensions. Thus, Eq. (1.A.9) can be generalized to show 
that the function f(y) can be represented by the Fourier integral 


fly) = | FW elk-Y dk (1.4.14) 


where the integration is now carried out over the three-dimensional 
(ky, k2,k3) space and the Fourier transform F(k) of f(y) is determined by 


1 


Fk) = ap | fo e'kY dy (1.4.15) 
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Table 1.1 SOME PROPERTIES OF 
FOURIER TRANSFORMS 


Function, Fourier transform, 


J) F(w) 
a'f(t) 
de on =1,2,... (—iw)"F(o) 
t 
i(i +8) ja| e-'? F(aw) 


6(t) (Dirac delta 2 
function) 2a 


| S(Og(t-1) dt F(w)G(w) 


-0 


Notice that the sign convention is the reverse of the one used for the 
Fourier transforms with respect to time. 


1.4.3 Aperiodic Stationary 
Functions 


We shall frequently have to deal with functions that are not periodic and 
do not possess Fourier transforms. Rather than satisfy the condition 
(1.4.11) (which would ensure the existence of the Fourier transform), these 
functions, called stationary functions, merely satisfy the requirement that 
the average valuet 


1 Ya 
[FOP = lim ir |_,|forat (1.A.16) 


remains finite. 


For such functions the Fourier transform lim F(w, T) where 
T7070 


zi 


F(a, T) = =| f(t) el dt (1.4.17) 


will not, in general, exist. However, for any two such functions /,(t) and 
J2(t) the cross-power spectral density function 


FT(, T)F@, T) 


= (1.A.18) 


S42(@) = lima 
T7@ 


+ According to this definition, periodic functions are always stationary. 
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where 


T 


I io = 
Fos 5" fide ‘dt for yee 1,2 


does exist and in fact is equal to the Fourier transform of the cross- 
correlation function 


T 
fi (t) folt +t) = lim ral fit(t) falt + 1) dt (1.4.19) 


T? 0 i bcs r 
Hence, 
fF) falt + 1) = | S12(@) e7 * daw (1.4.20) 


The autocorrelation function f}*(t) fi(t + 7) satisfies the relation 


S*(Ofi(t + 1) = [: Si1(@) e * daw (1.A.21) 
and the average value | f;(t)|? satisfies 
| filt)|? = [ S11(@) dow (1.4.22) 


where S;(w) is called the power spectral density function. Equations 
(1.A.18) and (1.4.20) should be compared with Eq. (1.A.13). 

Equation (1.A.19) shows that f7*(t + to) fo(t + to + t) = fi*(t) fo(t + 7). 
Hence, the cross correlation of a stationary function is independent of time 
translations. 

Since the integral (1.4.17) exists for finite T, we can use the theory 
of Fourier transforms to treat stationary functions by introducing the 
“shutoff” function 


0 \t|>T 
f(t, T) a Itl<T 
Then F(t, T) and f(t, T) are Fourier transform pairs and can be treated by 
using the theory of Fourier transforms. At the end of the analysis the power 
spectral density function can be calculated by taking the limit as T—> c 
indicated in Eq. (1.A.18). 

This trick of only analyzing f(t) during the interval 2T is related to 
the actual measuring process. Thus, the length of time required for the 
filter to separate out the components within a band Aw/2z is longer the 
narrower the bandwidth. However, even though the only way we can obtain 
a minutely detailed representation of the spectral density is to average over 
an infinite time, we can never afford to wait forever. 
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The stationary functions encountered in practice are usually random 
variables. Because of the complexity of these functions the information lost 
by dealing only with their autocorrelation functions and power spectra is 
usually of little interest. 

These ideas can be extended to stationary functions of a three- 
dimensional spatial variable y. The cross-correlation function of two 
functions fi(y) and f(y) is defined by 


: 1 
CA¥y) fay + 9)> = lim 7 | | | A*(y)foly +9) dy 
AV 
where AV — 00 indicates that the volume element AV grows to fill all space. 
It is related to the cross-power spectral density 


Gilde tim Bap ee 


1.A.23 
AV > 00 AV ( 


where 


1 
FAV) = us [| | fiona for j=1,2  (1.A.24) 


AV 


by the Fourier integral 


<fit(y) faly + 0)? = J [ fs.a00 eka dk (1.4.25) 


ia) 
We have again reversed the sign convention in the Fourier transform. 
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DERIVATION OF GENERALIZED GREEN’S 
FORMULA 


Let v(t) denote an arbitrary region of space bounded (internally or externally) 
by the surface S(t) (which is generally moving), and let A be an arbitrary 
vector defined on v(t). Then the divergence theorem (1.54) states that 


| A-adsiy)= | V-Ady (1.B.1) 
S(t) v(t) 


provided the integrals exist. If V,(y, t) denotes the velocity at any point y of 
the surface S(z), the three-dimensional Leibniz’s rule shows that 


d ov 
—— vdy= | =—d +| Vy‘ a dS 1.B.2 
dt \., ste) faba y ste) Ss (y) ( ) 
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for any function (y, t) defined on v(t). Finally, it is a direct consequence 
of the divergence theorem that Green’s theorem 


OW — ov _ Ch 2 
hae oe) ast if (YV*~ — WV") dy (1.B3) 


holds for any two functions ‘¥ and w defined on v. In this equation we 
have written 0'¥/dn in place of i: VY. 

In this appendix, these results are used to derive an integral formula 
which can be used to relate any solution p of the wave Eq. (1.61) to an 
appropriate fundamental solution G of Eq. (1.62). To this end we apply 
Green’s theorem to p and G and integrate the result with respect to t from 
—T to +T (where T is some large interval of time) to show that 


T T 
| | (6 3e- =) asac=| | (GV2p — pV?G).dy dt 
-rJsq\ On on -T J vit) 
1 (2 Dé Ds 
a —2p=8o58)a 
ce mG DP? De? vac 


i | 
TJ: v@) 


x [Gy(y, t) — d(t — t)d(y — x)p] dy dr 


(1.B.4) 
But since 
= G\e G = = 
(c De? P Dr? Ot Dt P Dt bie Oy; s Dt ? Dt 


applying Leibniz’s rule to the first term and the divergence theorem to the 
second yields 


G dy = ei a, eal 
fat Di? ? , Dt? dt v(t) : Dt P Dt ) dy 


S(t) Dt 
Hence, 
T 5) 2 ~ 
Do a) Dop DoG t=T 
G —>p-—p—,]|dydt= 6 
[Jal D1? Dx? J “it Dt Dt a t=-T 


T 
’ Dop DoG 
7 te ES Pe BS 
a ( Dt p72) asiy) a (1.B.5) 


where V,, is defined by Eq. (1.64). 
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The integrated term 


Dop DoG t=T 
G — — p—]d 1.B.6 
{.( Dr? ee) ay ee ( 
vanishes at the upper limit (t = T) as a result of the causality condition 
(1.63) while at the lower limit (ct = —T) it represents the effects of initial 


conditions in the remote past (Ref. 2, p. 837). But since we have restricted 
our attention to time-stationary (and not transient) sound fields, there should 
also be little contribution from such effects and it ought to be possible to 
neglect (1.B.6) entirely.t Then Eq. (1.B.5) becomes 


. Dép 7) 7 D DeG 
? dy dt = — vi G0 — p "| dsiyya 
lll = , poy ae (« Dt P Dt (y) ar 


And the validity of Eq. (1.65) can now be established by substituting this 
result into Eq. (1.B.4) and carrying out the integrals over the delta functions. 


APPENDIX 1.C 
CALCULATION OF GREEN’S FUNCTIONS 
1.C.1 Method of Images 


Since the Green’s function G(y, t|x, t) is only singular when y = x andt=t, 
it must be of the form 


G(y,t 


where G° is the free-space Green’s function (Eq. (1.56)) and h is a solution 
of the homogeneous wave equation that satisfies Eq. (1.63) and has no 
singularities in the region v where G is defined. The details of the method 
are best illustrated by considering a particular example. 

Thus, suppose that the mean flow is zero and let v be the region 
y2 > 0 (shown in Fig. 1.21). We shall construct the Green’s function whose 
normal derivative vanishes on the boundary y2 = 0. Since 


x, t) = Gy, t| x,t) + Aly, t|x, 0) 


1 R 
0 ee eee cat 
E,rs.0 = zR A t+ ) 


Co 


is a solution to the homogeneous wave equation when y # x, and since 
this equation is invariant under the transformation yz > — y2, the function 


. + It is assumed that the boundary condition is such that the effect of any initial state 
will decay with time. In any event, it is always possible to require that 
aoe os 
Dt 


0 att=—-—T 
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y' 


Fig. 1.21 Coordinate system for half-space Green’s function. 


ho = (1/4nR’)(t — t + R’/ceo), where R' = |x — y’|and y’= iy; — jy2 + Ky, 
must also be a solution to this equation. Then since y’ is never in v, fo is 
nonsingular in this region and therefore satisfies the conditions imposed on 
h. Hence, 


1 R 1 R’ 
= - a —— = — LC 
Gly, t|x, 0) aR (' +8) 4 eae +H) (1.C.1) 


satisfies the wave Eq. (1.70) in the region v. Moreover, it is now easy to 
verify that it also satisfies the boundary condition 
0G 


—_= 0 = 
By at yo 0 


and as a result that it is the required Green’s function. 


1.C.2 Method of Eigenfunctions 


We now turn to the method of eigenfunctions. Since Eq. (1.62) shows that 
G depends on 1 and t only in the combination rt — f, taking the t-Fourier 
transform of this equation together with that of the boundary conditions 
(1.72) and introducing the function G,,(y |x), which is related to the Fourier 
transform Y,,(y| x,t) of G by 


Ga(y| x) = 2x ee Gs (1:62) 
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yieldsf (after taking complex conjugates) 


2 
(v° — M? a - 2iM hy 5 + ki) Go(y|x) = —d(x— y) (1.C.3) 
and 
Case A: ee + BG, =0 | 
for y on S (1.C.4) 
Case B: G,, =0 | 


where as usual ko = @/co and M = U/cg is the mean-flow Mach number. 
Then it follows from Eq. (1.C.2) that the time-dependent Green’s function 
G can be determined from the solution G,, to this boundary-value problem 
by 


i{* 
= =|. e "9 Gol(y|x) do (1.C.5) 
(This result is a generalization of the relation (1.59).) 

It is frequently possible to solve the problem posed by Eqs. (1-C.3) and 
(1.C.4) by expanding its solution in terms of an appropriate set of “eigen- 
functions”. However, caution must be used in carrying out the inversion 
integral in Eq. (1.C.5) since G,, will then usually have singularities along 
the w-axis—in which case it will be necessary to deform the contour of 
integration in a manner dictated by the causality condition (1.63). 

These ideas are again best illustrated by considering an example. Thus, 
suppose the region v is the interior of an infinite, straight, hard-walled duct 
(shown in Fig. 1.22) whose cross-sectional area is A and whose axis is in the 
y,-direction. In order to construct the Green’s function G,, that satisfies the 


boundary condition 


0G. 
—"=0 for y onS (1.C.6) 
on 

it is convenient to first consider the functions that satisfy the two- 


dimensional Helmholtz equation 


62 6? 
(G+) +K?¥ =0 d:C.7) 
in the region A together with the boundary condition 
es =0 on the boundary D of A (1.C.8) 


_ t It is easy to show that causality condition (1.63) will be satisfied if the solution to 
this equaticn represents an outgoing wave at infinity. 
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V3 


Fig. 1.22 Duct geometry for Green’s function. 


It can be shown} that such solutions exist only for a discrete set of real 
values, say xk, for n = 0,1,2,..., of the constant x, called eigenvalues. The 
corresponding solutions, ,, are called eigenfunctions and satisfy the ortho- 
gonality condition 


0 ifmA#n 
* = Le: 
if Vina dy2 dy3 i ifm es9 ( C9) 
where 
r= | ee dy dy3 (1.C.10) 
A 


We attempt to expand the solution to Eq. (1.77) in terms of these 
functions to obtain 


G., = XY July) Pn(y2. ys) 


Then the boundary condition (1.C.6) on the surface of the cylinder is 
automatically satisfied. We can now show by substituting this expansion 
into Eq. (1.C.3), multiplying the result by ‘Py, integrating over the cross- 
sectional area A, and using Eqs. (1.C.7), (1.C.9), and (1.C.10), that the 
expansion coefficients /,, satisfy the equation 


Pn(X2, X3) 


T. o(x1 — yi) 


oa : d 2 2 
B ag eg tn = — 


where 


B= /1-— M? 


Consequently (see Appendix 6.B), 


fn _ ees ex os = at km| 1 = Vi i 


+ See, e.g., Ref. 2, Chap. 11. 
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Fig. 1.23 Contour of integration for inversion of Green’s function. 


where 


km = </k& — B?x2, (1.C.11) 


and in order to ensure that f,, remains bounded for large values of 
|x: — 1 |, we must select the branch of the square root (1.C.11) that has a 
positive imaginary part when ké < f?«;,. Then, 


i Pn(V2, ¥3) Pn (X2, x3) exp {ee —x;)+k, | Vi “Ih 


Goly| x) 7h iF, B? 
(C12 
Finally, substituting this into the inversion formula (1.C.5) yields 
Eo Pa(y2, ¥3) Pat (X2, X3) 
Gy,t|%)= 7D rr 
Mk ki 
= MP {ie t)+ ge xi) + B | yi wl 
«| k daw (1.C.13) 


The contour of integration in the complex w-plane which ensures that the 
causality condition (1.63) will be satisfied is shown in Fig. 1.23. 

There are a number of important casest where it is convenient to 
express the index'n in terms of a doubly infinite set of indices, say m and 
n. Then the eigenvalues are denoted by km,», the eigenfunctions by »,,, and 
Eq. (1.C.13) becomes 


i P nn 2» V3) Pinn(X2, X3) 


Gly,t|x,1) = 7 2 r 
Mk Kens 
a ©XP {il ot —t)t+ BE (vi — X1) + B? ly — X41 i} 
«| ; do (1.C.14) 


. + When the surface D is a coordinate surface in a coordinate system where Eq. (1.C.7) 
1s separable. 
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Thus suppose for example that the region v is the interior of a circular 
duct of radius rg. Then it is easy to show by introducing the polar co- 


ordinates 
r= /yit y3 
ss = 3 
= tan !—= 
+ y2 
into Eq. (1.C.7), that the eigenfunctions ¥,,,, are given by 
Win = JalKnat en (C15) 
where J,, is the Bessel function of order m, Km,» is the nth root of 
Jin(Km,nTa) = dSndx) =0 (1.C.16) 
dx X=Kmonla 
m2 
Deez = a(r = ret ) nar (1.C.17) 


and m= 0, +1, +2,...37 = 1,2,.... 
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y AERODYNAMIC SOUND 


2.1 INTRODUCTION 


Pressure fluctuations occur in an unsteady flow in order to balance the 
fluctuations in momentum. But as indicated in Sec. 1.2 such fluctuations 
will propagate outward from their source and, if an observer is present, will 
subsequently be recognized as sound. 

At fairly low Mach numbers the pressure variations in the vicinity ofa 
more or less localized flow are substantially uninfluenced by compressibility 
and can be determined from the velocity field by solving a Poisson’s 
equation 


V2p=y 


in which the source term y is a known function of the instantaneous velocity. 
Moreover, the Biot-Savart law shows that it is possible to treat the velocity 
field as if it were in turn driven by a prescribed vorticity field. However, 
Kelvin’s theorem of conservation of circulation shows that the vorticity in 
an inviscid fluid is simply carried along with the flow and, as a consequence, 
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that any initially localized region of vorticity will remain that way for some 
time to come. Thus, many flows can be envisioned as relatively concentrated 
regions of vorticity which drive not only the pressure fluctuations in their 
immediate vicinity but also those at large distances. 

Although the localized pressure fluctuations (sometimes called pseudo- 
sound) have been extensively studied, the theory of aerodynamic sound is 
largely concerned with those that occur far from the source where the 
amplitude of the motion is small and the effects of compressibility and 
finite propagation speed of the disturbances are important. Thus in this 
region, which we shall often call the acoustic field, the pressure (and density) 
fluctuations are weak and satisfy the acoustic wave equation.t 

The study of these flow-generated acoustic waves probably began with 
Gutin’s theory! of propeller noise, which was developed in 1937. Yet, it was 
not until 1952, when Lighthill?? introduced his acoustic analogy to deal 
with the problem of jet noise, that a general theory began to emerge. 
Lighthill's ideas were subsequently extended by Curle,* Powell,* and Ffowcs 
Williams and Hall® to include the effects of solid boundaries. These 
extensions include Gutin’s analysis and, in fact, provide a complete theory 
of aerodynamically generated sound that can be used to predict blading 
noise as well as jet noise. 

The fundamental equation which forms the basis of the acoustic 
analogy approach is derived in the next section. The methods of classical 
acoustics (developed in Chap. 1) are then used to obtain solutions that are 
applicable to flows without solid boundaries. (The treatment of solid 
boundaries is deferred to Chaps. 3 and 4.) These results are applied to high- 
speed subsonic jets, and fairly detailed conclusions are reached. Supersonic 
and low-speed subsonic jets are treated in a somewhat more qualitative 
fashion. ; 

In Lighthill’s analogy, certain terms associated with the propagation 
of sound are treated as source terms. In practice, this places certain limita- 
tions on the capacity of the theory. Alternative approaches developed to 
overcome these limitations are presented in Chap. 6. 


2.2 LIGHTHILL’S ACOUSTIC ANALOGY 


In this section we develop the acoustic analogy approach which was 
introduced by Lighthill?? to calculate acoustic radiation from relatively 
small regions of turbulent flow embedded in an infinite homogeneous fluid 
in which the speed of sound co and the density po are constants. Upon 


+ If the Mach number is sufficiently low, there will be an intermediate region where the 
pressure fluctuations have some of the properties of both the localized fluctuations and those 
in the sound field. Thus, in this region, the pressures are as weak as in the sound field, but the 
distances involved are small enough so that the effects of finite propagation speed, and hence 
of compressibility, can be neglected. 
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realizing that the density fluctuations p’ = p — Po, at large distances from 
the turbulent region ought to behave like acoustic waves in such flows, 
Lighthill arranged the exact equations of continuity and momentum so that 
they reduce to the homogeneous acoustic wave equationt 


l 07p' 
joes = 2A" 
co Ot? ree 


at large distances from the turbulent flow. 


2.2.1 Derivation of Lighthill's 
Equation 


In order to derive Lighthill’s result, notice that we can use the summation 
convention to write the continuity and momentum equations as 


Op oO 


Ov; ay é Op js 08; 
eal — t= — = ba 
P\ ar ’ Oy; Oy: = OY; 
where e;; is the (i, j)th component of the viscous stress tensor. For a Stokesian 
gas it can be expressed in terms of the velocity gradients by 


dv, Ov; 2. Oy 
pe Oij 22 
mu (Ss, iy 3° > ot 


where pi is the viscosity of the fluid. 
Multiplying the continuity Eq. (2.1) by v;, adding the result to the 
momentum equation, and combining terms yields 
7) 


0 
5 Pe sg, ny Toye ei)) 
J 


which upon adding and subtracting the termt cé 0p/0y;, becomes 


der | 2 P _ _ Oli 
a dy; OY; - 
where 

T;j = priv; + 5ij[(p — Po) — ¢d(p — Po)] — i; (2.4) 


is Lighthill’s turbulence stress tensor. We can now differentiate Eq. (2.1) 


+ The notation introduced at the beginning of Sec. 1.2 will be used in this section. 
+ The subscript 0 is used here to denote constant reference values, which will usually be 
taken to be the corresponding properties at large distances from the flow. 
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with respect to t, take the divergence of Eq. (2.3), and subtract the results 
to obtain Lighthill's equation 


> 077; 
s 3V2p' = = (2.5) 


ee Oy; OY; 


2.2.2 Interpretation of Lighthill's 
Equation 


Equation (2.5) clearly has the same form as the wave equation that governs 
the acoustic field produced by a quadrupole source 07T,,/0Y; oy; in a non- 
moving medium (see Sec. 1.5.2). It therefore shows that there is an exact 
analogy between the density fluctuations that occur in any real flow and the 
small amplitude density fluctuations that would result from a quadrupole 
source distribution (of strength T;;) in a fictitious (nonmoving) acoustic 
medium with sound speed co. We shall show subsequently that these sources 
will vanish in the region outside certain types of turbulent flows so that 
Eq. (2.5) will indeed reduce to the homogeneous wave equation in such 
regions. 

The crucial step in Lighthill’s analysis is to regard the source term as 
a quantity about which we have at least some prior knowledge. However, 
this term involves the fluctuating density and can therefore not be completely 
determined until Eq. (2.5) is solved. In fact, since Lighthill’s equation is 
an exact consequence of the laws of conservation of mass and momentum, 
it must be satisfied by all real flows: most of which are certainly’ not 
sound-like. Even for those flows that are sound-like, 6°T7;,/0y;0y; must 
account for all those effects which occur whenever acoustic waves interact 
with moving flows (convection, refraction, etc.) and which therefore can not 
be predicted without some knowledge of the sound field. Thus, a knowledge 
of T;; is, in effect, equivalent to solving the complete nonlinear equations 
governing the flow problem, which is virtually impossible for most flows 
of interest. Nevertheless, the insensitivity of the ear as a detector of sound 
tends to obviate the need for highly accurate predictions of the acoustic 
field and we are usually content with approximate indications of its magni- 
tude and suggestions about its dependence on parameters that are at the 
disposal of the designer. Moreover, we shall show subsequently that there 
are certain types of flows where it is often possible to obtain fairly good 
estimates of T;;, and as a consequence to obtain, through Eq. (2.5), cor- 
respondingly good estimates of the sound field. When this is coupled with 
the fact that the acoustic analogy approach allows us to utilize the powerful 
tools of classical acoustics, it becomes clear why this technique serves as a 
foundation for most analyses of aerodynamic sound problems. 

It is rather important that the quadrupole nature of the source term is 
explicitly exhibited in Eq. (2.5) since, as we shall see subsequently, the aero- 
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dynamic sound sources of practical interest are very often acoustically 
compact. Hence, the far-field solutions of this equation will automatically 
account for the extreme inefficiency of these sources (see Sec. 1.5.2) and will 
thereby provide reasonable estimates of the acoustic field even when Tj; is 
not very precisely known. 

In this chapter we consider only the case where the sound field is 
substantially uninfluenced by any solid boundaries that may be present in 
the flow. Then the only important applications of the results will be to 
jet noise. (In fact, Lighthill actually developed his theory specifically to 
deal with this problem.) In Chap. 3 we show how solid boundaries can be 
included in the analysis and apply the theory to a number of special cases. 


2.2.3. Approximation of Lighthill's 
Stress Tensor 


Lighthill’s equation can only serve as the starting point for the solution 
of aerodynamic sound problems if it is possible to regard its right side as 
a known source term that vanishes at large distances from the flow. We 
shall now show that there are at least some situations where this is a reason- 
able assumption. 

To this end, consider a subsonic turbulent airflow (or for that matter 
any unsteady high-Reynolds-number subsonic flow) of relatively small 
spatial extent (such as the flow in a jet) embedded in a uniform stationary 
atmosphere. The subscript 0 will now be used to denote the constant values 
of the thermodynamic properties in this atmosphere. Within the flow we 
anticipate that the viscous stress e;;, will make a much smaller contribution 
to T;;, than the usually far larger Reynolds stress term pu;v;. In fact, it is well 
known from the study of turbulence that the ratio of these terms is of the 
order of magnitude of the Reynolds number pUL/y, which in virtually all 
applications of aerodynamic noise theory is quite large. 

In the region outside the flow (or at least at sufficiently large distances 
from this flow) the acoustic approximation should apply, and hence the 
velocity v; should be small. Then the quadratic Reynolds stress term pyjv; 
will be negligible. Moreover, we expect the effects of viscosity and heat 
conduction to be no different in this region than they are in any other 
sound field. This means (as shown by Kirchhoff, see Ref. 8) that they only 
cause a slow damping due to the conversion of acoustic energy into heat 
and have a significant effect only over very large distances. Thus, it should 
be possible to neglect e;; entirely. 

Now whenever the flow emanates from a region of ambient tempera- 
ture, the effects of heat conduction ought to be of the same order of 
magnitude as the viscous effects (provided the Prandtl number is of order 1 
as it is for most fluids). Hence, heat transfer should also be relatively un- 
important within the flow. Then the entropy changes will be governed by 
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the inviscid energy Eq. (1.3), which, in view of the assumption that the 
flow emanates from a region of uniform temperature, implies that the 
entropy should be relatively constant. But it is shown in See. 1.2 that 


P — Po = ¢d(p — Po) (2.6) 


for any isentropic flow in which (p — po)/po and (p — Po)/Po are sufficiently 
small; which is usually the case in subsonic flows.t 

We have therefore shown that Tj; is approximately equal to pujv; inside 
the flow and approximately equal to zero outside this region. Hence, upon 
assuming that the density fluctuations are negligible within the moving 
fluid, we obtain the following approximation to Lighthill’s stress tensor 


Ti; = Povjv; (2.7) 


But since only a very small fraction of the energy in the flow gets radiated 
as sound, it is reasonable to suppose that the Reynolds stress povjv; can be 
determined, say from measurements or estimates of the turbulence, without 
any prior knowledge of the sound field. Then the right side of Lighthill’s 
Eq. (2.5) can indeed be treated as a known source term. 

It is important to notice that these approximations were not introduced 
until after Eq. (2.5) was derived and the quadrupole nature of the sound 
sources established. Approximations at an early stage could introduce dipole 
or monopole sources which, due to their relatively higher acoustic efficiency, 
are able to cause significant errors in the sound field. 


2.3. SOLUTION TO LIGHTHILL’S 
EQUATION WHEN NO SOLID 
BOUNDARIES ARE PRESENT 


It is shown in Sec. 2.2 that the problem of predicting the sound emission 
from a region of unsteady flow embedded in a uniform atmosphere can be 
reduced to the classical problem of predicting the sound field from a known 
quadrupole source of limited spatial extent. If any solid boundaries which 
may be present do not influence the sound field to any appreciable extent, 
the solution to this problem can be expressed in terms of the free-space 
Green’s function. Indeed, it is easy to see upon comparing Eqs. (2.5) and 
(1.69), that Eq. (1.74) implies 


1 1 67%; 
p(x, t) —] | | J Fy 2.8 
si 4nc§ } R | Oy; Oy; on) aia aa 


where, as usual, 
R=|x—y| 
+ Of course, it is assumed that no combustion occurs in the flow. This could result in 


large fluctuations in entropy and hence in (p — po) — cd(e — po). This term would then have to 
be included in T;,. 
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and, as indicated in Chap. 1, the omission of the limits on a volume integral 
denotes an integration over all space. In order to transform this result into 
a more suitable form (see remarks at end of Sec. 1.5.2), it is convenient to 
introduce the differential operator 5/dy;, which denotes partial differentiation 
with respect to y; with both t and R held fixed, to obtain 


1 5 T,(y,t — R/co) 
x,t) — po = Ath 2 9 
p(X, 1) — po saa | Fp by; R dy 29) 


Now suppose that the operator @/éy; denotes partial differentiation with 
respect to y; with x and ¢ held fixed. Then since 0/0x; denotes partial 
differentiation with respect to x; with y and t held fixed, the chain rule for 
partial differentiation shows that 


OF _ OF | oF 
yi - Oy; Ox; 
for any function F(y, R, t) and hence that 
6°F 0°F a?F OF OF 
= + ~ - 
Oyj Oy; Oy; OY; Oy; Ox; Oy; OX; Ox; Ox; 


Using this result in Eq. (2.9) yields 
1 a Ti) 1 6 [ 6 [Ti] 
4ncé IE dy; R dy + 4nc ax; dy; R dy 


1 6 [ 6 [Tj] 1 @ ([T] 
4ncé zle R dy + anced éx;, 6x; J R ay 20) 


p(x, t) — po = 


provided the integrals exist. Thenotation [ 7;;]is used to denote T;,(y, t — R/co). 
Notice that each of the first three integrands is the divergence of a vector 
while the divergence theorem (Eq. 1.54) shows'that 


[v-aay= jim | A-dS 
> 0 Se 


where Sp denotes a sphere of radius R and A denotes any vector for which 
the integrals exist. Hence, upon assuming? that 7;; is smooth and decays 


+ Since T;; should behave like pu;v; at large distances from a localized region of turbulent 
flow (Sec. 2.2.3) and since v; decays at the y~' rate characteristic of acoustic disturbances 
(Eqs. (1.80) and (1.81), it is clear that 7; will decay like y~? as y+ co—which is not fast 
enough to ensure that the last integral in Eq. (2.10) will converge. On the other hand, the 
incompressible flow velocities, which dominate in the region of turbulent flow at sufficiently 
low Mach numbers, will decay at least as fast as y~* as y— oo. Hence, the last integral in 
Eq. (2.10) would certainly converge if it were possible to neglect the acoustic velocities at the 
outset of the analysis. And, in fact, it can be shown, by using the method of matched asymptotic 
expansions? that this can be done whenever the wavelength of the sound is large compared 
with the size of the source region. In all other cases we must rely on fairly subtle phase 
cancellations to insure convergence (i.e., the integral will only be conditionally convergent). 
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faster than y~! for large y, we can conclude that the first three integrals 
vanish and, as a consequence, that 


1 o? Ty *) 
~ = Anaa D> of emt aecey d . 
Dim 0 ie 4ncé Ox; mal R\ Co y (2.11) 


We are usually concerned with the sound field at large distances from 
the source where, as we have seen, the expression for the density fluctuations 
becomes particularly simple. Thus, suppose that the observation point x is 
many wavelengths away from any point in the source region—which need 
not represent a large distance relative to the overall dimensions of this 
region. Then (see Sec. 1.5.2) 


7 Ti(y,t — R/co) _ RiRj 0?Ti\(y,t — R/co) +0 
Ox; Ox; R ~ ¢&R3 ot? 


(R~*) 


where 
R=x-y 
and Eq. (2.11) becomes 


1 (RR) OT; R 
_ RD mares ees P| R 
p(x, t) Po 4nc3 (Re ar y, ¢ Co y as 70 


If, on the other hand, the distance between the observation point and any 
source point is also large compared with the dimensions of the source region 
(i.e., if the observation point is in the radiation field), we can (upon assuming 
that the origin of the coordinate system is in the source region) replace 
R:R,/R? by x;x,/x° to obtain 


1 XjiXj 1 CT; R 
p(x, t) — po 3 {2 ate a" dy (2.12) 


_ D 
4ncé x 


provided the integral converges.f This equation allows us to calculate the 
density fluctuations in the radiation field once the source term is known. It 
has been cast into a form which correctly displays the true quadrupole 
structure of the sound sources (see Sec. 1.5.2, especially Eq. (1.79) and ff.). 


2.4 APPLICATION OF LIGHTHILL’S 
THEORY TO TURBULENT FLOWS 


2.4.1. Derivation of Basic 
Equations 


Equation (2.12) is mainly useful for predicting the acoustic radiation from 
turbulent jets.t In such flows it is reasonable to suppose that T;; is a stationary 
+ We can now only be sure that this integral will converge if T;; decays faster than y ° 
for large y. 
} It can also be used to predict the sound from periodic jets. See Sec. 2.5.3. 
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random function of time. Then Eq. (2.12) shows that the density fluctuation 
in the radiation field must also be a function of this type. Consequently, (as 
shown in Sec. 1.7.3) both the average intensity and its spectrum can readily 
be determined from the normalized pressure autocorrelation function 


T(x,7) = [p(x,t + 0) = po] [p(x,0) — po] 
Polo 


And since Eq. (2.6) must certainly hold in the radiation field, it follows 
from Eq. (2.12) that this function is related to the source term by 


1 XpXjXEX OT, 227, 
T(x,t) = iXGXKXI Th Bek KL post ty tet datt 
7) 16n7c8p)  x® ae (y’,0’) aA (y”, 0”) dy’ dy 
(2.13) 
where 
Pe lant: | 
Co 
aay if (2.14) 
fupig OSE y"| | 
Co 


Moreover, it is shown in the appendix that the integrand in Eq. (2.13) 
can be put in the form 
077i; 0? Tu o* ——___———_ 
L 2 gh May Ti; 2 t’ 1: un ¢” 945 
Ot2 (y’,0’) Or (y yt ) act ily ) Ky ) ( ) 


But since (as shown in Appendix 1.A.3) the cross correlation of a stationary 
function is independent of time translations, it follows from Eq. (2.14) that 


5 a ; Z [x =y'|—|x—y"| 
Ty’, t')Taly’,t’) = Ty's Tul y".t +t + (2.16) 


Co 


And since |x — y’| behaves like 
iN cc a gf -1 
aye =o + Ol ) 


for large x it follows that 
for i==7'|,_ 52 (2.17) 
Co x Co 


Inserting Eqs. (2.17) and (2.16) into Eq. (2.15) and using the result in Eq. (2.13) 
therefore yields 


1 iX jxKRX o* 7 le *)T Me" 3.) , ” 
Me.) = pag Z| | moo va) dy’ dy” (2.18) 
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where 


x “wn , 
tT=t+t+—'(y’-y) 
XCo 
It is now convenient to introduce the separation vector 9 = y” — y’ as 
a new variable of integration in Eq. (2.18) and to define a two-point time- 


delayed fourth-order correlation tensor by 


Ty’, t) Tay", t + t) — @ijnly’sn) 
2 
Po 

where ¢; 4, is an arbitrary time-independent tensor which will eventually be 


chosen to simplify the equations. Then, since the Jacobian of the transform 
yy’ > y’,y is unity, inserting these quantities into Eq. (2.18) yields 


XiXjX~X, O* P tS 
I(x, T) = Peaegee jae | | tomy NLT a Co . *) dy dy (2.20) 


This equation relates the pressure autocorrelation in the sound field to 
the source correlation tensor Rij. Upon taking its Fourier transform and 
‘using Eq. (1.94) and Table 1.1 in Appendix 1.A, we find that the acoustic 
intensity spectrum is given by 


Rijaly' sn, 1) = (2.19) 


4 Ax si 
DM Po XiXjX_EXI 


32n3c8 xe | | | lO We] R: aay',g,t) dy’ dy de 


— 0 


T(x) = 


(2.21) 


This result can, in principle, be used to calculate the spectrum of the sound 
field emitted from a turbulent flow whenever solid boundaries do not play 
a direct role in the process. However, most turbulent flows which are not 
in the immediate vicinity of solid boundaries (e.g, jets, wakes, etc.) have 
nearly parallel mean flows. In the next section we deduce certain properties 
of the correlation tensor which will be helpful in understanding the sound 
fields produced by such flows. 


2.4.2 Parallel or Nearly Parallel 
Mean Flows 


Whenever the mean flow is nearly parallel, it is of interest to consider 
the case where the velocity v(y, t) is the sum of a parallel mean flow iU(y2) 
as shown in Fig. 2.1 and a fluctuating part u(y, t) with zero mean so thatt 


U; = 6,;U + U; (2.22) 


+ This type of model for the turbulence correlation tensor appears to have been 
introduced by Ribner!®!!. 
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U(y) 


Fig. 2.1 Parallel sheared mean flow. 


y| 


Special form of Reynolds stress approximation to correlation tensor. 
Before turning to more general considerations, we shall attempt to gain 
some insight into the connection between the turbulence velocity correla- 
tions and the correlation tensor#;,,. by approximating Tj; by the Reynolds 
stress. Thus, after substituting Eq. (2.22) into the Reynolds stress approxima- 
tion (2.7) and choosing ¢;j4: in Eq. (2.19) to be 


2 4 , ” 
U' 61401 jUuguy + U7 51,5 11Uju + U'?U"75 4461 j6 10 11 ale UU; Uk uj 


we find, after carrying out a very tedious calculation, that 


foe Mh 


Rijaly'sy, 7) J = (ujujuguy — ujuj uy) + 2(U'0 cujuguy + UO: ,ujujuy) 


+ 4U'U"5 4:8 uit (2.23) 


where the double primes indicate that the quantities are to be evaluated 
at y” and t+, while the primed quantities are to be evaluated at y’ 
and t. The notation f = indicates that the quantities on both sides of the 
equal signs are not necessarily equal but merely make equal contributions 
to Eqs. (2.20) and (2.21). In order to obtain this relation, we changed the 
names of dummy indices in the summations. The details can be found in 
Ref. 12. 


Introduction of moving coordinates. Let | denote a typical correlation 
length of the turbulence. This quantity is, by definition, the smallest length 
for which 


Ril Y 0D) ~Q — whenever |y|>/ 
Ri july’, 0, 7) 


If Bij changed so slowly with time that it was practically constant for 
time changes of the order of I/co (the change in retarded time across a 
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Fig. 2.2 Isocorrelation contours in moving frame (measurements in mixing region 14 
diameters downstream). (From Reference 13.) 


turbulent eddy) or, what is the same thing, if t, (the characteristic decay 
time of a turbulent eddy) satisfied the inequality 


Tj >a (2.24) 
it would certainly be possible to replace Riju(y’,y’,t + x*y/xco) by 
Rijaly'sn, 7) (since (y/co)*x/x is certainly O(I/co) in the region where the 
integrand in Eq. (2.20) is of significant magnitude). Indeed, if it were not for 
the mean flow, a plot of constant correlation contours might appear as 
shown in Fig. 2.2 and the inequality (2.24) would then be satisfied. However, 
due to the convection of the random spatial pattern of the turbulence by 
the mean flow, moving eddies will produce very rapid fluctuations relative 
to a fixed observer (i.e., t, will be very small). The fluctuations seen by an 
observer moving with the flow will, on the other hand, be much slower. 
Hence, the eddy pattern will appear to be nearly frozen} and the constant 
correlation contours in any real flow should resemble those shown in 
Fig. 2.3. In fact, this figure is a plot of actual measurements of the 
second-order time-delayed correlation u(y’, t)u:(y’ + ini,t + t) carried out 
in the mixing region of a jet by Davies, Fisher, and Barratt.3 

The inequality (2.24) will therefore not generally be satisfied in most 
real flows. However, the constant correlation contours should again resemble 
those shown in Fig. 2.2 when measured in a coordinate system which, 
roughly speaking, “moves with the eddies.” (In fact, this figure was obtained 
from Fig. 2.3 by introducing just such a coordinate system.) Thus, suppose 


t This result is frequently referred to as Taylor’s hypothesis. 
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that the correlation A xi(y’,y, t) is expressed in terms of the variables yt and 
€ =9 — icoM,t (2.25) 


where i is a unit vector in the mean flow direction (i.e, y;-direction) and 
coM, is the slope of the dashed line in Fig. 2.3. Then é, will remain 
constant along any line having this slope and changes in €, with t held 
fixed will correspond to displacements in the direction perpendicular to these 
lines. The constant correlation contours in the €, — t plane must therefore 
resemble those shown in Fig. 2.2. Consequently, the decay time t,; of the 
“moving-axis correlation tensor” R; jx defined by 


Ripaly’, €,7) = Rijal¥'y, 7) (2.26) 


is more likely to satisfy the inequality 


Te > = (2:27) 
Co 

shan is the fixed-frame decay time t,. Suppose that an experimenter moving 
downstream with the convection velocity coM, attempted to measure the 
two-point correlation tensor, #;;, and that, relative to his reference frame, 
his two measurement points are separated by the distance &. Then, since he 
will have moved downstream a distance coM,t in the time interval t between 
his first and second measurements, the distance between his two observation 
points will be 4 = ¢ + icoM,t when reckoned relative to a fixed coordinate 
system. Hence Rijx(y’, &, 7) can be interpreted as the correlation tensor that 
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Fig. 2.3. Isocorrelation contours for fixed observer (measurements in center of mixing region 


14 diameters downstream). (From Reference 13.) 
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hcdhe dicho OE 


would be seen by an observer who moves downstream with the convection 
velocity coM, but measures the magnitudes of all velocities relative to a 
fixed frame. 

Substituting Eq. (2.26) together with the change of variable (2.25) into 
Eq. (2.21) yields 


4 peasy. 8 
T(x) = 7 ae [[ [(enfiof — M,cos 0)t — al) 


x Rigily',€,0) dG dy dt (2.28) 


where, as shown in Fig. 2.4, 


X14 
cos 6 = — 
x 


is the angle between the mean flow direction and the line connecting the 
observation and source points. Instead of carrying out a similar operation 
on Eq. (2.20) for the pressure autocorrelation function, it is simpler to take 
the inverse transform of Eq. (2.28) to obtain 


D(x, ) 
1 ot ( = = 
2 Po XiXjXKX] ’ ’ 0 , 
- a 
16n7c6 —x® \G — M, cos 5) ia | Row ToT M..cos 0 say 
— Po XX FXEXI 1 
~ 16n2c2 ~—x® (1 — M.cos 6)° 


{2 [R [yet >: : i dé dy’ 
re le ae co(1 — M, cos 9) |§ 211 —-M,cos 0) y 


(2.29) 


Even if it were not possible to neglect variations in retarded time, this 
result would still be superior to Eq. (2.20) by virtue of its reduced sensitivity 
to any small errors that may be made in determining the correlation function. 


x 


Fig. 2.4 Orientation of observation 
point relative to flow direction. 
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In order to see this, notice that the largest time variations in the correlation 
function occur as a result of the convection of the frozen eddy pattern by the 
mean flow. Hence, the largest part of the time derivatives of #;,, and therefore 
of the integrand in Eq. (2.20) will be due to the convection. But the steady 
subsonic motion of a frozen eddy pattern cannot contribute to the sound 
field. Hence, only a small part of this integrand will not integrate to zero. 
This difficulty does not occur with Eq. (2.29) since the changes with respect 
to time now occur on the time scale of the sound-producing turbulence 
fluctuations. The integrand in this equation should therefore be much less 
sensitive to small errors made either in the measurement or in the analytical 
approximation of the turbulence correlation function—an important attri- 
bute in light of our inadequate knowledge of this quantity. 

The essential simplicity of Eq. (2.28) becomes especially apparent when 
the four-dimensional power spectral density tensor 


«a 


, 1 ; 
Fiijaly »k,@) = ar | [eto * Rut é,t) dé dt 


is introduced to obtain 


co 


4. ° + 
ie | H, wl oe w(1 — M. cos ») dy’ (2.30) 
0? 


23 x 


This result clearly reveals which components of the turbulence actually 
participate in the sound generation process. Thus, it shows that the wave 
number vector of the sound field (x/x)(w/co) is the same as that of the 
turbulence which generates it, even when the latter is measured in the 
moving frame. However, the frequency of the turbulence is equal to the 
Doppler factor (1 — M, cos @) times the frequency of the sound it generates. 
Notice that this is the same Doppler shift in frequency that takes place 
when an ideal point source moves with the convection velocity coM, (see 
Sec. 1.8.4). 

The region of frequency-wave number space containing significant 
turbulent energy is shown schematically in Fig. 2.5. It reflects the fact that 
the vertical dimension of this region is smaller than the horizontal dimension 
by a factor of the fluctuating turbulence Mach number u'/co—which is a 
very small number indeed at subsonic speeds. Equation (2.30) implies that 
all the sound-emitting elements of the turbulence lie along the line shown in 
the figure. Only a relatively small segment of this line will pass through the 
region of significant turbulent energy when M, is small and/or || is near 
7/2. Consequently, not much of the turbulent energy gets radiated as sound 
under these conditions. On the other hand, the slope of the line of sound 
producing elements decreases with increasing subsonic convection Mach 
number at forward angles (| 0| < 7/2) and increases with Mach number at 
the rearward angles (|0| > 7/2). More sound is therefore emitted in the 
forward direction than in the backward direction, and the higher the Mach 
number, the greater the forward emission. 
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Fig. 2.5 Region of wave number space containing significant turbulent energy: measured in 
moving frame. 


When the line of sound producing elements is close to the vertical 
axis, nearly all the available turbulence frequencies can participate in the 
sound generation process, while only a small fraction of its wave numbers 
will be involved. Conversely, when the slope of this line approaches zero, 
only a small fraction of the turbulence frequencies are effective in generating 
sound but nearly all the wave numbers can contribute to the process. 


Neglect of retarded time in subsonic flows. Equations (2.29) and (2.30) 
have been put into a form wherein the omission of retarded-time variations 
will introduce the smallest error. It can be seen from Eq. (2.29) that these 
variations can be neglected whenever the decay time t, of the moving-axis 
correlation is long enough so that 


l 
co(1 — M,cos 0) 


Thus, when this inequality is satisfied, Eq. (2.29) and its Fourier transform 
Eq. (2.30) can be approximated by 


T(x, t) 


«K Te (2.31) 


Po XiXjXeX1 1 ot ; 
= 1627c3 <6 laser E | Riiily > Ge t) dé dy 


_|jr=t(1—M, cos 0) 


(2.32) 
and 


ma po XiXjXKX1 
28 x® 


respectively. Equation (2.33) does not imply that the sound is emitted by the 
zero-wave-number components of the turbulence. In fact, these components 


1,.(x) = | Him 0,«@(1 — M,cos 0)) dy’ (2.33) 


Aerodynamic Sound 83 
radiate no sound at all. The equation merely indicates that the energy in the 
turbulence at the small wave number k = (a/co)(x/x) at which the sound is 
emitted is approximately the same as the energy in the turbulence at k = 0. 

The quantity //co(1 — M.cos 0) that appears in the inequality (2.31) 
can be interpreted as the time it takes a sound wave to cross a moving 
eddy at an angle @ to its direction of motion. Thus, whenever | is small 
enough so that this time is much less than the turbulence decay time, the 
variation in retarded time can be neglected and the eddy can be treated as 
compact source. Notice that, as the convection Mach number of the eddy 
increases, the error created by neglecting the retarded time gets worse. Hence, 
this approximation is essentially limited to subsonic (or perhaps very high- 
Mach-number supersonic) flows. 


2.5 PHYSICS OF JET NOISE 


In this section the equations derived in Sec. 2.4 will be used in conjunction 
with experimental observations of jet flow fields to explain and, in some 
cases, predict certain types of jet noise. 


2.5.1 High-Reynolds-Number 
Subsonic Cold-Air Jets 


The sound emission from subsonic cold (i.e, unheated) air jets has been 
more extensively studied than any other type of jet noise. We shall show 
subsequently (on page 90) that the inequality (2.31) is reasonably well 
satisfied in the sound-producing region of such flows so that Eq. (2.32) can 
be used to predict the noise. However, this cannot be done unless the 
turbulence correlation tensor Rjj: is known. Since our knowledge of this 
quantity is quite limited, we shall try to model it in some approximate 
fashion. This will be accomplished by making a series of progressively more 
restrictive assumptions—each of which leads to a formula for the sound 
field that requires less information about the turbulence than the preceding 
one. 


Approximations to source term for subsonic jet flows. The parallel mean 
flow approximation (2.22) and the Reynolds stress approximation (2.7) 
should be adequate to describe the flow in a jet and are therefore adopted 
in this section. Then Egs. (2.23) and (2.26) show that the moving-axis 
turbulence correlation tensor is a sum of three terms. However, it is shown 
in Ref. 12 that, if the turbulence is assumed to be locally homogeneoust 
and incompressible, the middle term integrates to zero and only the first and 


+ This simply means that Rjj, is assumed to be a much stronger function of than of y’. 
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last terms contribute to Eq. (2.32). It is now convenient to change the 
variable of integration in Eq. (2.32) from y’ to 


_f, Yat y2 Yaty3 
y= Yas 9 , 9 


= {vivo + dna, V3 + M3} 
Then it follows from Eqs. (2.23) and (2.26) that Eq. (2.32) becomes 
XX XEX 1 o* 
iii = al } 


16z7c§ ~—x® (1 — M, cos 0)° |ét* 


x | | Rou &,t) dE + 401018 | U'U"Riily, €, 7) is}) dy 


t=t/(1—M, cos 0) 


(2.34) 
where 


Wt 


Realy, €5 0) = ujujuguy’ — ujuiy ug 
R&ly, €, 2) = jul 
are, respectively, the fouth- and second-order time-delayed turbulence 
velocity correlation tensors. 
Now let I(x|y) denote the acoustic intensity at x due to a unit volume 
of turbulence located at the point y, and let /,,(x | y) and: (x |y, 0) denote its 
associated spectra and autocorrelation function, respectively. Then 


I(x) = | Txly dy, I.,(x) = | ats) I(x, t) = [rosy t) dy 
and it follows from Eq. (2.34) that 


Po XiXpXEX ( OF 
16n7c3(1 — M.cos 0)> —_x® or* 


I'(x|y,t) = 


x | [ Rtaie dé + toy | U U"Rily, , 7) ae! 


t=t/(1—M, cos 0) 
(2.35) 


The corresponding expression for the acoustic intensity is obtained by 
setting t =0 in this formula. This result is similar to the formula for a 
moving point quadrupole source (Secs. 1.5.2 and 1.8.5). Thus notice that it is 
multiplied by a convection factor (1 — M, cos 0) raised to a negative power. 
This factor arises because of the introduction of the moving frame correlation 
tensor (2.26) and is therefore again related to the motion of the sources. 
However, it is now raised to the power —5 rather than the power —6 that 
was shown to occur in the mean square pressure signal from convecting 
point quadrupole sources (see last paragraph in Sec. 1.8.5). The difference 
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can be attributed to the fact that we are now dealing with an aggregate 
of acoustic sources'* that fill a finite volume of space. 

The two terms in curly brackets are more or less directly related to the 
turbulence structure of the jet.} The first of these is often called the self 
noise, and the second is referred to as the shear noise. This terminology was 
introduced by Lilley’® to indicate that the former represents noise generated 
by turbulence-turbulence iterations while the latter represents noise 
generated by turbulence-mean-shear interactions. However, the actual 
definitions given above are somewhat different from Lilley’s. Over the years, 
a great deal of effort (both experimental and analytical) has been directed 
toward evaluating these terms. The simplest approaches amount to little 
more than dimensional analysis; the more complex involve attempts to 
measure the detailed turbulence correlation tensors. However, the latter 
procedure is so complicated and time consuming as to be almost impractical. 
Thus, in order to get some idea of how these terms affect the variation in 
the sound field, it is necessary to make some assumptions about the relative 
magnitudes of the various components of the turbulence correlation tensors. 
Perhaps the simplest such assumptions are those used by Ribner!®:!!. The 
first of these is that the joint probability distribution of the velocities at 
two points is approximately normal; the second is that the turbulence is 
incompressible; and the third is that the turbulence is isotropic. By 
introducing these approximations into Eq. (2.35) and carrying out a rather 
tedious calculation it is possible to show that !1:!2 


Po ot 
Pely.2) = 1627c3(1 — M, cos 0)°x? ‘iz | [Rt a+ 4 


x (cos* 6 + cos? 0 sin? @ sin? ~) | U'U"R%, ic} 


t=t/(1—M-<cos 0) 
(2.36) 
where 
X2 
is the azimuthal angle shown in Fig. 2.6. For axisymmetric jets, averaging 


over this angle will account for the different orientations of the sound 
sources in any given annular slice of jet. Equation (2.36) then becomes 


cos = (2.37) 


Po 
167c3(1 — M, cos 0)°x? 


. 49 29 
x ‘=| | Rou Fi ae | U'U''R9, ash 
* 2 t=t/(1—M, cos 0) 


+ Thus the effects of source convection are decoupled from the details of the turbulence 
structure. 


T(x 


y, Dav = 
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Xy 


Fig. 2.6 Coordinate system for jet 
flow. 


= Flow 
direction 


x2 


Taking the Fourier transform of this result and using the relations (between 
the intensity, its spectra, and the autocorrelation function) given in Sec. 1.7.3 


now yields 
Q* po 
Tol | Yav = 32n3ca(1 — M, cos 6)*x? 


cos* 0 + cos? @ 
x (em fain dé dt + cost cost | em | U'U"R9, dé i) 


(2.38) 


where 
Q = w(1 — M, cos 0) 
is the source frequency (see Sec. 1.8.4) and 


Ti Po 
I = 
1 Ye 16n2c3(1 — M, cos 0)>x? 


o* 4 2 
x (Gatun ae) (1 parr coe 4) (2.39) 


ar* Z 


where 


ot 
(5 | U'U"RS, as) 
A= ze 


ot 
(a | Rtn i) 
ot t=0 
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is the ratio of the maximum shear noise to the self-noise. While the 
simplicity of the latter formula is quite appealing, there are a number of 
reasons to believe that it may not be much better than the results that would 
have been obtained if we had simply neglected all directivity effects associated 
with the turbulence structure at the outset. The first is that a good estimate 
of the ratio A has yet to be obtained (although Ribner’®:'! has concluded 
that it should be near unity). A more significant factor, however, is that 
the anisotropy that characterizes real jet turbulence could cause the 
directivity factor [1 + A(cos* 0 + cos? @)/2] to be largely in error. In fact, 
Goldstein and Rosenbaum!* have combined an axisymmetric turbulence 
model with measurements of the turbulence anisotropy to show that the 
self-noise term may be nearly as directional as the shear noise. Finally, as 
will be shown in Chap. 6, certain effects that have already been excluded 
in this chapter will probably have a much larger influence on the radiated 
sound than any alterations that may be caused by the term [1 + A(cos* 0 + 
cos? 6)/2]. Fortunately, the variation of this term with angle will, in any 
case, be small in comparison with that of (1 — M, cos 0)~°. Therefore, any 
alterations in the directivity pattern that might arise from this term will 
simply be ignored in the remainder of this chapter—though we shall consider 
its influence on the acoustic spectrum. 
We anticipate from similarity considerations that 


at 0 
(fa [ Rt is) 


will be of the order (u’*I>/c#)K, where u’ denotes a typical root-mean-square 
turbulence velocity and K is some dimensionless constant. Hence, it follows 


from Eq. (2.39) that 
poltz) ~41,/4)3 


Teale & 2. 
Tx] Yaw = K T6p7c8(1 — M, cos O)°x? one 


The total power emitted per unit volume of turbulence A(y) is obtained 
by integrating Eq. (2.40) over the surface of a large sphere of radius x. 


Thus, 


Kpou*P 1+ M2 
~ 2.41 
PY) = qredct (1 — M2" aes 


z 

The factor (1 + M2)/(1 — M2)*, which results from integrating the convec- 

tion factor over all angles, is always greater than unity. Thus, source con- 

vection not only causes more power to be radiated upstream than down- 

stream, but also increases the total amount of energy that the source actually 
emits. 

Fluid mechanics of subsonic jets. The approximations given in the 


preceding section were introduced to simplify the equations and are, for 
_ the most part, not based on any specific information about the flow field 
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Fig. 2.7 Jet structure. 
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in a jet. In this section we shall summarize those aspects of the fluid 
mechanics of the jet that are relevant to the sound generation process. 
The information is based on the measurements of Laurence'’; Davies, 
Fisher, and Barratt! ; and Bradshaw, Ferriss, and Johnson’®. 

Consider a high-Reynolds-number air jet issuing from a convergent 
nozzle (with a fairly uniform velocity U,) into a stationary fluid, as shown in 
Fig. 2.7. As the jet leaves the nozzle, an annular mixing layer forms 
between the moving fluid and its surroundings. The flow in this region 
becomes turbulent within about one-half of a jet diameter downstream. 
It then spreads linearly in both directions until it fills the entire jet at 4, or 
perhaps 5, diameters downstream. Hence, the thickness of the mixing layer 
is about 0:2 y, to about 0:25 y,. Since the motion remains laminar within 
the conical domain enclosed by the turbulent flow we usually refer to this 
region as the potential core. Of course, the boundary of the mixing layer is 
not straight as shown in Fig. 2.7 but has more the appearance shown in 
Fig. 2.8. ; 

Once the mixing layer fills the jet its uniform growth ceases and it 
evolves differently as it passes first through a transition region and finally, 
at about 8 diameters downstream, into a region of self-preserving flow 
called the fully developed region. The latter also grows linearly with y, but 


Nozzle wall 
SSS aii ie ee 
“ Pseudolaminar jet 
Jet 


Fig. 2.8 Boundary of mixing layer. 
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Fig. 2.9 Schlieren photographs of flow in a high-velocity subsonic jet from a 7.6 cm (3 in.) 
diameter nozzle (Taken by W. L. Howes at NASA Lewis Research Center.) (a) Jet exit Mach 
number, U,/co, 0.9. (b) Jet exit Mach number, Uj/co, 0.74. 


90 Aeroacoustics 


~ Mean velocity profile 


Centerline of 


<Mean square mixing layer 


turbulence velocity 


Fig. 2.10 Mixing layer profiles. 


at a different rate than the mixing layer. Schlieren photographs of a typical 
high-velocity subsonic jet are shown in Fig. 2.9. 

The mean velocity profile and the mean square turbulence velocity 
variation across the mixing layer are shown (roughly to scale) in Fig. 2.10. 
The peak turbulence intensity u/,,, occurs on the centerline of the mixing 
layer. Moreover it is fairly constant and approximately equal to 


Uae & O16U, (2.42) 


until well into the transition region. It finally falls off as yy? in the fully 


developed region. As indicated in the figure, most of the turbulent energy 
is confined to a fairly narrow region at the center of the mixing layer. 

The turbulent “eddies” in the mixing region are generally believed to 
be elongated in the flow direction. Thus, the longitudinal correlation length 
1, in the direction of flow is about twice the longitudinal correlation} 
length /, in the radial direction. However, both of these lengths vary linearly 
with distance from the nozzle and, in fact, 

1, ~ Oly, and I, ~ 0-05y; (2.43) 
In the fully developed region the correlation length is relatively independent 
of y; to about 20 diameters. 

A suitable measure of the decay time t, is the delay time t required 
for the second-order moving-frame turbulence correlation to fall to 1/e of 
its t=0 value. Davies, Fisher, and Barratt! found that this quantity 
satisfied the relation 

I, ~ O2U yt; (2.44) 


along the centerline of the mixing region. Hence, for U,; < co, the inequality 
(2.31) is fairly well satisfied. And, as a result, we are fairly well justified in 


t The longitudinal correlation length in the ith-direction is here defined as the distance 
for the longitudinal correlation coefficient in that direction, Rj(y’, k,é;, 0)/Ri(y’, 0,0) (no sum 
on i(i = 1,2, or 3)), to fall to 1/e. The quantity k; denotes the unit vector in the ith-direction. 
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adopting the assumption (see page 77) that the retarded time is negligible. 

A number of investigators'?:!9~ 2! have measured the eddy convection 
velocity U.=coM, in the mixing region. The measurements taken by 
Davies, Fisher, and Barratt'? are shown in Fig. 2.11. These results indicate 
that the convection velocity varies across the mixing region but not nearly 
as much as the mean velocity. They also show that it is equal to the 
mean velocity and to about 0-62U, at the center of the mixing region, where 
most of the turbulent energy is concentrated. This behavior is relatively 
independent of axial distance. 

Power emitted per unit length of jet. We now use the measurements 
described in the previous section to estimate P’(y;), the power emitted 
per unit length of the jet. This quantity can be approximated by multiplying 
the power emitted per unit volume (given by Eq. (2.41)) by the cross-sectional 
area of the jet A(y,) to obtain 


7 Kpou'*I3 1+ M2 


iy a ea 2.45 
Ancott se (1 — M2)* ee 


P'(y1) 


We first consider the mixing layer, whose cross-sectional area is 


a ; D 
A(y,) = 2D x (Thickness of mixing region) = — 


Then approximating the factors | and u’ in Eq. (2.45) by 1; and unax, 
respectively, and inserting the empirical Eqs. (2.42) to (2.44) into the results 
yields 


poUSD 1+M 


(2.46) 


Jp! ney =7 
Py;)~ 6.5 x 107° K cd — M24 


Convection velocity ratio, U./U, mean 
velocity ratio, U/U, 


—0.1 0 0.1 0.2 
Normalized radial distance, y,/y, (see Fig. 2.7) 


Fig. 2.11 Radial distribution of convection velocity. (From Reference 13.) 
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Fig. 2.12 Distribution of power emission in a jet. 


This shows (since M, is independent of y,) that the power emitter per unit 
length of the mixing region is independent of axial position y,. 

Since the local mean velocity U of the mixing layer (say along the 
centerline) is independent of y,, Eqs. (2.42) and (2.44) show that t,o I/U 
and u' oc U within this region. Although the experimental information is 
less complete beyond y, = 4D, it is not unreasonable to assume that this 
proportionality is still maintained (even though U now varies with y,). Then 
Eq. (2.45) implies 


us 
P'(y1) «> As) (2.47) 


Now consider the fully developed region y,; > 8D. Since the centerline 
velocity falls off as y; ' and since the cross-sectional area increases roughly 
as yi, it follows from Eq. (2.47) that 


: 1 
(ys) & (2.48) 


which shows that the power emitted per unit length approaches zero very 
rapidly in this region. Although the correlation length / becomes proportional 
to y; for large values of y,, it appears to remain fairly constant up to a 
distance of about 20 diameters from the nozzle. 

Equations (2.46) and (2.48) indicate that the power emitted per unit 
length of jet might vary in the manner shown in Fig. 2.12, although it must 
be admitted that there is no reason to suppose that ’ is a monotonically 
decreasing function of y; in the transition region. In any event this curve 
tends to imply that practically all the acoustic power is emitted from the 
first 8 to 10 jet diameters, with most of it coming from the mixing layer. 
However, if, as some investigators believe,t Y’ actually increases in the 


transition region, most of the jet noise could, in fact, be generated in this 
region. 


+ Personal communication, J. E. Ffowcs Williams. 
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Comparison of predicted sound field with experiments. The total power 
Py emitted from the mixing layer can be approximated by multiplying 
Eq. (2.46) by the length 4D of this region to obtain 
U8D? 1+M2 


Pu =~ 25 x 10-°K P29 
c8 (1 — M2)* 


Since the factor 
1+ M2 
(1 — M?)* 
is a slowly varying function of U, compared with U, we can replace it by 
its value at M, = 4 to obtain 


8pF2 
Gy = torte 
co 
Thus, if about one-half the power is emitted from the mixing region, the 
total sound power emitted by the jet A, will be roughly 


8ph2 

Pp ~2x 107-8K POU (2.49) 
co 

This is the now famous U® law of jet noise obtained by Lighthill. The 
small size of the numerical factor is a consequence of the inefficiency of the 
quadrupole source. Measurements of the sound emission from subsonic 
air jets with low initial turbulence levels indicate that the “Lighthill 
parameter” 'P;/(o9U;D7/c) is actually 3 x 10° °. Hence, considering the 
very approximate nature of the arguments, Eq. (2.49) is certainly in very 
good agreement with the observed facts. For jets with high initial turbulence,+ 
the Lighthill parameter can increase by more than a factor of 30. The good 
agreement of the eighth-power law with the experimental data is illustrated 
in Fig. 2.13. This figure, taken from Reference 22, is a composite of Lewis 

Research Center data and data taken by Lush’?. 

Equation (2.40) implies that the directional pattern of the jet noise is 
primarily the result of the convection factor (1 — M,.cos 0)~>, which arises 
from the motion of the turbulent eddies relative to the observer. (Recall 
that we have omitted any small directivity effects that might arise from the 
turbulence structure itself.) Since most of the sound is probably coming 
from the mixing region, it is reasonable to assume that M, is approximately 
equal to 0.62 U,/co. The directivity patterns predicted by (1 — M, cos 0)~>° 
with this value of M, are compared with the air-jet sound field measure- 
ments of Olsen, Gutierrez, and Dorsch?? in Fig. 2.14 and with those of 
Lush? in Fig. 2.15. (The level of the theoretical curves is adjusted to go 


. + Most jets with high initial turbulence produce considerable internal noise, which is 
difficult to separate from the jet noise. 
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Fig. 2.13 Variation of total sound power level with jet velocity for subsonic circular nozzles. 
(All data scaled to an area of 1 ft? and an ambient temperature of 298 K (77° F). Free-field 
lossless data. From Reference 22.) 


through the experimental data at 90° from the jet axis, where the convection 
effect is zero.) It is shown in Sec. 6.7 that the agreement improves significantly 
when the shielding effect of the mean jet velocity field is included in the theory. 

The figures show that the measured sound intensity tends to decline 
at small angles (<20°) to the jet axis. It was suggested independently by 
Powell?* and Ribner?® that this dropoff is caused by refraction—an effect 
already implicit in the results discussed on pages 17-19 which show that 
sound waves emanating from a region of non-zero mean velocity will be 
bent away from the downstream flow direction. Such refraction effects are 
discussed more fully in Chap. 6 where it is shown that there are other ways 
in which the mean flow field of the jet can influence the sound field. 

Spectra. It follows from Eq. (2.38) that the intensity spectrum at 90° 
from the jet axis is given by (see Fig. 2.6) 


T,(x,9,90°) = <2 Po_ e | R14 dé dt 
ee 3223 8x? sia 
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Fig. 2.14 Experimental directivity data from Reference 22. Jet nozzle diameter, D, 5.08 cm 
(2 in.). 


while the results given on page 90 show that the times, lengths, and 
velocities associated with turbulence vary like D/U,, D, and U,, respectively. 
Hence, the third octave sound pressure level spectrum, which is proportional 
to I.,@ x jet volume must, when nondimensionalized by U}po(D/x)7/c9, be a 
function only of the Strouhal number fD/U,. The collection of data plotted 
in Fig. 2.16 shows that this is indeed the case. These results, which were 
compiled by Olsen and Friedman?°, cover a wide range of nozzle diameters 
and jet velocities. 

If the shear noise term were neglected, Eq. (2.38) would also imply 
that % = the nondimensionalized third octave sound pressure spectrum x 
(1—M,cos@)° is a function only of the source Strouhal number 
(f D/Uj)(1 — M,. cos 6). Then the peak frequency heard by an observer at the 
side of the jet would become progressively higher in pitch as he moved 
downstream. In fact, since the eddies are being convected downstream by 
the mean flow, the results of Sec. 1.8.4 indicate that this Doppler shift in 
frequency is precisely what we should expect to occur. Nevertheless the 
plot of peak frequency versus angle (Fig. 2.17; from Ref. 26), shows that 
this behavior is not at all consistent with the experimental results—especially 
at angles close to the jet axis. On the other hand, % would not depend 
only on the source Strouhal number if the shear noise term were not being 
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Fig. 2.15 Experimental directivity data of Reference 23. Jet nozzle diameter, D, 2.54 cm (1 in.). 


D, cm:U,, m/s 


°o 15.2 278 Karchmer!® 
@ 15.2 182 os 

9 41 281 Olsen” 

© 10.2 302 ” 

® 10.2 182 ” 

4 


2.5 300 Lush” 


Peak noise 


level, dB(re 2 x 10-* dynes/cm?) 


One-third octave sound pressure 


0.04 0.1 0.2 0.4 1 2 4 10 
Strouhal number, {D/U, 


Fig. 2.16 Subsonic jet one-third-octave sound pressure level spectrum at 90° from down- 
stream axis.7° 
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Fig. 2.17 Variation of peak noise frequency with angle. Ambient temperature, subsonic, 
circular nozzles; free-field, lossless data. (From Reference 26.) 


neglected. Indeed, Eq. (2.38) shows that the shear noise is “beamed” down- 
stream while the self noise is nondirectional. Consequently, if, as proposed 
by Ribner and MacGregor?’ the self noise were to be of higher frequency 
than the shear noise,t the resultant downstream beaming of low-frequency 
sound would tend to counteract the Doppler effect. Ribner and MacGregor 
further proposed that the refraction of the sound by the mean flow could 
also act to decrease the concentration of low-frequency sound at small angles 
to the jet axis. In fact, even if the shear noise term were retained, Eq. (2.38) 
would imply that % should be a function only of the source Strouhal number 
at any fixed angle @ while the experimental data clearly show that this is 
not the case at angles near the downstream jet axis. Moreover, Eq. (2.33) 
shows that this discrepancy is not in any way due to the assumptions about 
the turbulent structure that were used to obtain Eq. (2.38). But such behavior 
could certainly be caused by refraction. Indeed we shall ultimately 
demonstrate (in Chap. 6) that much of the discrepancy between the theory 
and experiment can be attributed to such acoustic-mean flow interaction 
effects. 


+ This can be made plausible by noting that if Ry, varied with time as exp[—(@,t)"] 
for any integer n, R411; ~ R?i (roughly) should vary as exp [—2(w,t)"]—indicating that the 
latter term had a higher characteristic frequency than the former. 
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2.5.2 Supersonic Jets 


At supersonic speeds we cannot use the arguments of Sec. 2.2.3 to show that 
the right side of Lighthill’s equation can be treated as a source term. 
Consequently, the acoustic analogy approach may not apply to such flows. 
Nevertheless, we shall suppose that it can still be used to qualitatively 
explain some of the observed features of supersonic jet noise. 


Emission of Mach waves. The discussion in Sec. 2.5.1 is for the most 
part limited to subsonic flows. Indeed, the entire development of that section 
is based on Eq. (2.32) whose denominator vanishes at supersonic convection 
speeds. Consequently, I(x) = I'(x,0) could become infinite at the points 
where 1 — M,cos 0 goes to zero (i.e., at points on the Mach cone of the 
moving eddies). However, the inequality (2.31) will not hold at these points 
and Eq. (2.32) will, as a result, be invalid. On the other hand, the term 


x ¢ 
Ril y,6t + =*———— 
n(y ot + cod — M, 008 5) 


in the numerator of Eq. (2.29) will also go to zero at these points (since 
any reasonable correlation function must certainly vanish at large times). 
Consequently, the integrand in Eq. (2.29) is able to remain finite at these 
points even when t = 0. This shows that the finite lifetime and the finite 
size of the turbulent eddies act in concert to prevent the radiation from 
becoming infinite in the Mach wave direction. 

We have already indicated that the factor (1 — M, cos @)~° results 
from source convection effects and is related to the corresponding factors 
that appear in the formulas for the point quadrupole sources discussed in 
Sec. 1.8.5. It causes the sound intensity to increase whenever the sources 
move toward the observer and has a larger exponent for quadrupole sources 
than it does for a monopole to account for a decrease in phase cancellation 
between the component monopole sources that comprise the quadrupole. 
Thus, we have seen that this cancellation causes the quadrupole source to be 
very inefficient at zero velocity. However, the effect decreases as the source 
acquires a larger component of velocity in the direction of the observer. In 
fact, when M, cos 0 = 1, the source is approaching the observer at precisely 
the speed of sound and the sound emitted by the elements of the quadrupole 
further from the observer cannot overtake the sound emitted by those 
nearer the observer. At this condition the cancellation effect is absent and 
the acoustic waves behave as if they were generated by a noncompact 
monopole source. We therefore expect the sound field to be relatively intense 
in the direction 


6 =cos”1— 
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where this occurs. On the other hand, Eq. (2.30) shows that 


= To po XiXjX_X wx 
T,,(x) 38 — | Hin y. *.0) dy (2.50) 


in this direction. The wave number of the sound field is therefore the 
same as that of the turbulence which produced it, as it is in subsonic flow, 
but it is now the zero-frequency (stationary) components of the turbulence 
that produce the sound (see Fig. 2.5). Hence, the sound emission results 
from the convection of an essentially frozen pattern of turbulence by the 
mean flow. This behavior should be contrasted with that which occurs at 
low Mach numbers where the turbulent eddies behave like compact sources 
that radiate sound only as a consequence of their intrinsic unsteadiness. 
Since supersonically moving eddies behave acoustically like moving 
projectiles, the resulting sound emission is often called Mach wave radiation. 

In order to obtain an expression for the sound field that remains 
finite in the Mach wave direction, we take the inverse Fourier transform 


of Eq. (2.50) to get 


Po XiXjXnXr [® x" Xie Oe 
ree) = ag |” | fol EE i) 
x Rijaly’, & 7) dé dy’ dt 


Then separating the vector & into its component €, in the Mach wave 
direction x/x and its component &, perpendicular to this direction (as 
indicated in Fig. 2.18) yields 


Po XiXjXkX1 ° ue wt dé. dy'd 
T(x, t) = 16a2 x6 io ne Rijnaly’: Gn + &s, of 6; dy’ dt 


g, 
é . 
y x/x (Mach wave direction) 


Fig. 2.18 Coordinate system for Mach wave equation. 
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Accordingly 


= Po XiXjXnX at : ; 
I(x) = T(x, 0) = = = WES Rijaly's En + Ss o] a dy’ dt 


(2.51) 


This result was first obtained by Ffowcs Williams'*. We might try, as we 
did in the subsonic case, to use experimental flow measurements to estimate 
the strength of its source term. But, since hot-wire measurements are 
unfeasible at supersonic speeds, little is known about the turbulence. Never- 
theless, there is hope that this situation will be remedied by the recent 
development of laser-Doppler velocimeter techniques. In any event we can 
still attempt to determine the dominant characteristics of the sound field 
by performing a similarity analysis. Thus the differentiation with respect to 
€, ought to scale with the jet diameter D, the integration with respect to 
time t ought to scale with D/U,, and Rj, ought to scale with Uj. Then, 
dimensionally, Eq. (2.51) becomes 


T~ 22 p2u3 


a 


Notice that the radiated sound now varies as the jet velocity to the third 
power instead of the eighth. It is generally believed that this behavior 
actually occurs at sufficiently high supersonic Mach numbers. A typical 
plot of radiated power as a function of jet velocity (taken from Reference 14) 
is shown in Fig. 2.19. 
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Fig. 2.19 Variation of total sound power level with jet velocity for supersonic nozzles. (From 
Reference 14.) 
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(b) 


Fig. 2.20 Flow from a convergent-divergent nozzle at different back pressures. (From 
Reference 47.) (a) Ratio of pressure just ahead of exit to atmospheric pressure, 1.5. (b) Ratio of 
pressure just ahead of exit to atmospheric pressure, 0.8. 


Fluid mechanics of supersonic jets. The flow characteristics of supersonic 
jets are different depending on whether the pressure at the nozzle exit is 
greater than (underexpanded), less than (overexpanded), or equal to the 
ambient pressure surrounding the jet (fully expanded). As shown in Fig. 2.20 
the first two cases are characterized by well-defined shock bottles. Under 
certain operating conditions the attendant shock structure will become 
relatively unstable and can be easily displaced by even slight variations in 
pressure and velocity at the nozzle exit. The general characteristics of a 
fully expanded supersonic jet are illustrated in Fig. 2.21. Unlike its subsonic 
counterpart, the length of its potential core can change with Mach number. 
A number of investigators have measured this length as well as that of the 
supersonic mixing region. The data of Nagamatsu and Sheer?* together with 
those of other investigators (which they collected) is shown in Fig. 2.22. 
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Fig. 2.21 Parallel-flow supersonic jet expanded to ambient pressure. 


Location of acoustic sources. One of the most important acoustic 
properties ofa jet is the distribution of its sound sources. There are numerous 
techniques that can be used to determine the location of these sources. 
They include the use of acoustic mirrors, operating the jet through a small 
hole in a large sound-absorbing screen?*'*°, extrapolating back from the 
directional maxima in the sound field*'*?, and measuring near-field 
pressures along the jet boundary.?3 There are a number of objections to 
using each of these methods,'*-?? and a great deal of caution should be 
observed in interpreting the results. Indeed, as shown in Sev. 1.5.1 it is not 
even possible to determine completely the nature of an acoustic source by 
working backward from measurements of its sound field. Nevertheless, the 
general indication is: that the maximum noise-producing region occurs just 
downstream of the sonic line. The measurements of Bishop, Ffowcs Williams, 
and Smith,?? which indicate that the principal sound sources occur well 
upstream of this line, are an important exception. 


Experimental evidence for existence of Mach waves. A large number of 
optical measurements have been made to investigate the eddy Mach wave 
radiation emitted by jets. For example, Lowson and Ollerhead** and 
Dosanjh and Yu?> have taken shadowgraphs, and Eggers*® and Jones>’ 
have taken Schlieren photographs. It is possible to distinguish two distinct 
types of waves possessing characteristics of Mach waves. One of these 
occurs within the first few diameters of the nozzle exit and can be detected 
from shadowgraphs, the other, which is not prominent in the shadowgraphs 
but can be seen in the Schlieren photographs, has been observed to extend 
further downstream to perhaps 8 to 10 diameters—depending on the Mach 
number. 

Since Mach waves must always originate in the supersonic region and 
since there is some experimental indication that the dominant sound is 
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generated downstream in this region, Mach wave radiation may not be an 
important source of supersonic jet noise. Moreover, as indicated by Tam?®, 
the frequencies of these waves may even be too high to contribute 
significantly to the dominant part of the observed acoustic spectrum. 


Large-scale structure models of jet noise. A Mach wave model has 
been proposed by Bishop, Ffowcs Williams, and Smith? to explain certain 
types of supersonic jet noise. Their experiments indicate that the dominant 
noise sources are extremely large eddies which are coherent on a scale much 
larger than the width of the shear layer and are clustered around the 
potential core of the jet. They propose that these eddies have a relatively 
ordered structure and arise from an instability of the primary flow. A 
mechanism for calculating the relevant flow structure (analogous to the one 
used for laminar instability calculations) is suggested by the authors. 

Tam?® has also proposed a model (for a nearly fully expanded 
supersonic jet) in which the sound generation is related to the large-scale 
flow structure. In Tam’s model, however, it is large-scale spiral-mode 
instabilities involving the entire jet that are responsible for producing the 
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Fig.2.22 Jet potential-core length and supersonic length as function of jet-exit Mach number. 
(From Reference 28.) 
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noise. These instabilities (it is proposed) arise as a result of a periodic 
resonant excitation by the shock waves of disturbances originating in the 
nozzle. They generate sound both by stimulating unsteady entrainment and 
by causing the jet to vibrate physically. 


Noise generated by shock waves. In addition to the noise-generation 
mechanisms discussed in the last section, mechanisms involving shock- 
turbulence interactions and a feedback mechanism involving the shock 
wave structure have been proposed as important sources of supersonic jet 
noise. Thus, when turbulence passes through a shock wave, it causes a 
localized deformation of the shock, that results in the emission of a broad- 
band but still rather strongly peaked sound field—usually called “shock 
associated noise.” Analyses of the sound produced by turbulence passing 
through individual shock waves have been carried out by Lighthill,°° 
Ribner,*° and Kerrebrock.*! This process is generally regarded as the 
dominant noise source in supersonic wind tunnels. However, the turbulent 
eddies in a jet are, as a result of their finite lifetime, able to pass through 
several shock waves before losing their identity. Hence the acoustic radiation 
may, to some extent, be controlled by interference effects between the 
sound fields produced at the individual waves comprising the shock system.*° 

The feedback mechanism was proposed by Powell*? to explain the 
discrete tones in the spectrum of chocked cold-model jets that are called 
“jet screech.” Powell’s explanation involves (like the large scale structure 
models discussed above) an amplification of downstream travelling distur- 
bances. However, in Powell’s model the motion of the shock wave emits a 
sound wave that propages upstream through the subsonic ambient fluid to 
the nozzle lip. The ensuing change in pressure that occurs at this point will, 
under certain conditions, initiate a new downstream propagating disturbance 
that continues the cycle. The process maintains itself mainly because all 
energy lost to radiation and viscous effects is resupplied to the propagating 
disturbance by an instability of the flow. 

Figure 2.23 (based on measurements taken by Stone and Gutierrez**) 
shows the acoustic spectra at 80° from the axis of a jet issuing from a 
convergent nozzle. Results are presented for several Mach numbers. Since 
the angle is close to 90°, they should be more or less uninfluenced by mean 
flow interaction effects. The solid curves have the same shapes and are simply 
translations of one another. The Strouhal number is constant along the 
dashed line drawn through their peaks. The figure shows that the low- 
frequency part of the spectrum is pretty much the same at supersonic 
speeds as it is at subsonic speeds. However, the supersonic spectra exhibit 
spikes, which can probably be attributed to the feedback tones, and additional 
high-frequency sound (shaded area), which is probably shock-associated 
noise. Indeed, Fig. 2.24 (based on the measurements of Tanna and Dean,**) 
shows that the 90° spectra for correctly expanded (shock free) jets have the 
sameshapeat supersonicspeedsas they do at subsonic speeds. Moreover, these 
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Fig. 2.23 Jet noise spectra for a convergent nozzle at subsonic and supersonic velocities ; 

angle from downstream jet axis, 80°. Based on data presented in Reference 43, courtesy 

W. Olsen. (Although these data were reported as available in Reference 43, they were not actually 
presented.) 


results show no indication of the additional noise sources that are so apparent 
in Fig. 2.23. The peak frequencies again scale with the Strouhal number. 
Tanna and Dean’s measurements also reveal that the overall sound 
pressure level at 90° from the jet axis varies as the velocity to the eighth 
power at all Mach numbers—while the corresponding quantity for the 
data shown in Fig. 2.23 follows a tenth power law at the highest velocities. 


2.5.3 Low-Velocity Jets: Orderly 
Structure 


At very low Reynolds numbers the flow in a jet is laminar and produces 
no sound. However, the jet becomes unstable to small disturbances when 
the Reynolds number is increased and an unsteady periodic flow is set up. 


Plane jets: edge tones. First, consider a jet issuing with a velocity Uy 
from a long slit of width h into an unbounded quiescent fluid. When the 
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Fig. 2.24 Jet noise spectra for a correctly expanded (shock free) jet from a convergent- 
divergent nozzle; angle from downstream jet axis, 90°. (From Reference 44.) 


Reynolds number poU,h/p is greater than about 100, the flow becomes 
unstable to disturbances in a certain range of frequencies and begins to 
oscillate, taking on a sinuous appearance. This unsteadiness gives rise to a 
hissing noise which has a peak frequency near f = 0-055 U,/h. 

This sound can be converted into a distinct tone of a much greater 
intensity, called an “edge tone,” by placing a wedge some distance down- 
stream from the slit, as shown in Fig. 2.25. These tones, which are involved 
in the sound production by flutes and organ pipes, have been thoroughly 
investigated both theoretically and experimentally. The experiments indicate 
that the jet oscillations are associated with discrete vortex centers shed 
alternately from the top and bottom of the wedge vertex, as shown in 
Fig. 2.26. 

It is generally agreed that the tones can be attributed to a feedback 
mechanism that is very similar to the one that produces jet screech. (See 
page 104.) However, in this instance the emission of the acoustic 
wave is the result of a downstream propagating disturbance impinging on 
the wedge. As in the case of jet screech, the impingement of the acoustic 
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Fig. 2.25 Experimental arrangement for edge-tone production. 
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wave on the nozzle lip initiates a new disturbance which continues the 
cycle. Moreover, the process again maintains itself because an instability 
in the flow is able to supply energy to the propagating disturbance. 

For any given jet velocity there is a minimum distance from wedge 
to slit below which no tone occurs. Beyond this distance the frequency 
of the tone increases with increasing velocity and decreases with increasing 
distance until a condition is reached where there is a marked irregularity 
in the flow. At this point there is a sudden jump in the frequency of the 
tone. Further increases in distance or velocity result in a continuous change 
in frequency until a second jump occurs and so on. When the process is 
reversed, the jumps in frequency will again occur—but at somewhat different 


values of the velocity and distance. 


Circular jets: bird tones. When a round jet issuing from a round hole 
of diameter D becomes unstable, the vortex sheath at the edge of the orifice 
rolls up into a vortex ring (which is swept downstream), and the jet takes 
on the appearance shown in Fig. 2.27. This behavior occurs for Reynolds 
numbers in the range 160 < poU,D/pu < 1200. A more pronounced periodic 
. behavior can be obtained by allowing the circular orifice to discharge into 
a pipe. This periodicity can produce pure tones. However, in order to 
produce a sharp tone which is insensitive to small changes in orifice shape, 
it is necessary to blow through two (suitably shaped and spaced) orifice 
plates. The sound produced by this arrangement is called a “bird tone.” It 
occurs in some brass instruments and when a human whistles. 

The behavior of the flow from a circular nozzle is similar to that 
from an orifice with the jet instability evolving from a sinusoid to a helix 
and finally into a train of vortices. When the Reynolds number is increased 
beyond about 1200, the flow in the jet becomes turbulent and the periodic 
structure gradually disappears. The jet then behaves in the manner described 
on page 88. However, there has been some conjecture**'*® that the low- 
velocity periodic structure persists (even at these high Reynolds numbers) 
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Fig. 2.26 Vortex structure in edge-tone configuration. (From Reference 48, courtesy Isaac 
Grebur.) 


in the form of a large-scale orderly structure of the turbulence and that it 
may have a direct bearing on the production of noise from high-speed jets. 
Thus the pressure fluctuations measured outside a turbulent jet by Mollo- 
Christensen*® appear to be composed of well defined, more or less identical, 
wave packets—with the only really random element being the relative 
positions of the packets. 
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Fig. 2.27. Rollup of low-Reynolds-number jet. (From Reference 45, courtesy of Cambridge 
University Press.) 


Sensitive jets. When a jet is on the verge of becoming turbulent, it is 
very sensitive to musical notes. Rayleigh® attributed this behavior to the 
excitation of instability waves on the vortex sheath surrounding the jet 
column by sound waves at the exit plane of the nozzle. The “sensitive jet” 
phenomenon has received a great deal of study since it was first observed 
in 1850 in the form of a gas flame dancing in response to a violoncello. In 
more recent times it has been found that even turbulent jets can be unstable 
to certain types of disturbances. Indeed Crow and Champagne** have 
shown that a plane wave incident on a nozzle (from within the tailpipe) 
can produce axisymmetric dispersive waves which are amplified by the 
mean flow as they propagate downstream. 


2.6 CONCLUDING REMARKS 


We have seen that, while Lighthill’s theory is able to explain a number of 
the most prominent characteristics of the acoustic radiation from jets, there 
are other less prominent features that it is not able to account for (page 97). 
It will be shown in Chap. 6 that this discrepancy results from treating the 
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sound sources as if they are moving through a stationary medium while 
in reality they are embedded in flow field relative to which they are nearly 
stationary. 

There are a number of noise sources, in addition to those discussed 
in this chapter, that contribute to the sound field emanating from the 
exhaust of real jet engines. Aside from the fan noise, which will be discussed 
in Chap. 4, these include combustion noise, which is generally of low 
frequency and relatively nondirectional and the noise generated by internal 
engine components, which exhibits a pronounced peak somewhere around 
60° from the downstream jet axis. The latter is for the most part associated 
with the turbine and struts and splitters within the exhaust system. There 
is also the possibility that instabilities in the mean jet flow can act to 
amplify the sound fields produced by these internal noise sources. Finally, 
it should be pointed out that forward flight effects can significantly alter 
the characteristics of the acoustic radiation from jet engines in a way that 
has not as yet been adequately explained by theory. 

The next two chapters show how Lighthill’s analogy can be used to 
study many other types of aerodynamic and sound generation processes. 


APPENDIX—TRANSFORMATION OF 
SOURCE CORRELATION FUNCTION 


Since the flow is assumed to be time stationary the integrand in Eq. (2.13) 
can be written as 


= lim 


1 (7 Ty eT 
tT 0. 27 


apt" Ot? 
where we have written Tj; in place of Tj,(y’,t’) and Tj; in place of Ti(y”,t”). 
Then it follows from Eq. (2.14) that 
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Finally, upon integrating by parts a second time, we find that 


Az=li 1 of I. 
= lim =| TyTi dt 
2T ott sip jf ki 


T? 0 
4 


= 58 Tidy )Tuly’ 0) 


REFERENCES 


. Gutin, L, “On the Sound Field of a Rotating Propeller,” NACA TM. 1195, 1948. 

2. Lighthill, M. J., “On Sound Generated Aerodynamically. I. General Theory,” Proc. Roy. 
Soc. (London), 211A, 1107, 564-587, 1952. 

3. Lighthill, M. J., “On Sound Generated Aerodynamically. II. Turbulence as a Source of 
Sound,” Proc. Roy. Soc. (London), 222A, 1148, 1-32, 1954. 

4. Curle, N., “The Influence of Solid Boundaries on Aerodynamic Sound,” Proc. Roy. Soc. 
(London), 231A, 1187, 505-514, 1955. 

5. Powell, Alan, “Aerodynamic Noise and the Plane Boundary,” J. Acoust. Soc. Am., 32, 8, 
982-990, 1960. 

6. Ffowcs Williams, J. E. and L. H. Hall, “Aerodynamic Sound Generation by Turbulent 
Flow in the Vicinity of a Scattering Half Plane,” J. Fluid Mech., 40, pt 4, 657-670, 1970. 

7. Phillips, O. M., “On the Sound Generated by Turbulent Shear Layers,” J. Fluid Mech., 9, 
pt, 1, 1-28, 1960. 

8. Rayleigh, John W., The Theory of Sound, Dover Publications, 1945. 

9. Crow, S. C., “Aerodynamic Sound Emission as a Singular Perturbation Problem,” Stud. 
Appl. Math., 49, 1, 21-44, 1970. 

10. Ribner, H. S., “The Generation of Sound by Turbulent Jets,” in Advances in Applied 
Mechanics, 8, 104-182, Academic Press, 1964. : 

11. Ribner, H. S., “Quadrupole Correlations Governing the Pattern of Jet Noise,” J. F luid 
Mech., 38, pt. 1, 1-24, 1969. 

12. Goldstein, M. and B. Rosenbaum, “Effect of Anisotropic Turbulence on Aerodynamic 
Noise,” J. Acoust. Soc. Am., 54, 3, 630-645, 1973. 

13. Davies, P. O. A. L., M. J. Fisher and M. J. Barratt, “The Characteristics of the Turbulence 
in the Mixing Region on a Round Jet,” J. Fluid Mech., 15, pt. 3, 337-367, 1963. 

14. Ffowcs Williams, J. E., “The Noise from Turbulence Convected at High Speed,” Phil. 


Trans. Roy. Soc., A225, 469-503, 1963. 
15. Lilley, G. M., “On the Noise from Air Jets,” ARC-20, 376; N. 40; FM-2724, British 


Aeronautical Research Council, September 1958. 

16. Karchmer, A., R. Dorsch and R. Friedman, “Acoustic Tests of 15.2 Centimeters Diameter 
Potential Flow Nozzle,” TM X-2980, NASA, 1974, 

17. Laurence, James C., “Intensity, Scale, and Spectra of Turbulence in Mixing Region of 
Free Subsonic Jet,” NACA TR 1292, 1956. 

18. Bradshaw, P., D. H. Ferriss and R. F. Johnson, “Turbulence in the Noise-Producing 
Region of a Circular Jet,” J. Fluid Mech., 19, pt. 4, 591-624, 1964. 

19. Wills, J. A. B., “On Convection Velocities in Turbulent Shear Flows,” J. Fluid Mech., 20, 
pt. 3, 417-432, 1964. 

20. Fisher, M. J. and P. O. A. L. Davies, “Correlation Measurements in a Non-frozen Pattern 
of Turbulence,” J. Fluid Mech., 18, pt. 1, 97-116, 1964. 

21. Chu, Wing T., “Turbulence Measurements Relevant to Jet Noise,” UTIAS-119, University 
of Toronto (AD-645322), 1966. 

22. Olsen, W. A., O. A. Gutierrez and R. G. Dorsch, “The Effect of Nozzle Inlet Shape, Lip 
Thickness, and Exit Shape and Size on Subsonic Jet Noise,” TM X-68182, NASA, 1973. 

23. Lush, P. A., “Measurements of Subsonic Jet Noise and Comparison with Theory,” J. Fluid 
Mech., 46, pt. 3, 477-500, 1971. 

24. Powell, Alan, “A Survey of Experiments on Jet Noise,” Aircraft Engineering, 26, 2-9, 
1954. 


112 Aeroacoustics 
a 


25. 
26. 
27. 


28. 


29. 


30. 


48. 


49. 


Ribner, H. S., “New Theory of Jet Noise Generation Directionality, and Spectra,” J. Acoust. 
Soc. Am., 31, 245-246, 1959. 

Olsen, W. and R. Friedman, “Jet Noise from Coaxial Nozzles Over a Wide Range of 
Geometric and Flow Parameters,” AIAA paper No. 74-43, January 1974. 

Ribner, H. S. and G. R. MacGregor, “The Elusive Doppler Shift in Jet Noise,” Presented 
at the 6th International Congress on Acoustics, Tokyo, Japan, August 21-28, 1968. 
Nagamatsu, H. T. and R. E. Sheer, Jr., “Supersonic Jet Noise Theory and Experiments in 
Basic Aerodynamic Noise Research,” Basic Aerodynamic Noise Research, NASA SP-207, 
17-51, 1969. 

Bishop, K. A., J. E. Ffowcs Williams and W. Smith, “On the Noise Sources of the 
Unsuppressed High-Speed Jet,” J. Fluid Mech., 50, pt. 1, 21-32, 1971. 

Potter, R. C., “An Investigation to Locate the Acoustics Sources in a High Speed Jet 
Exhaust Stream,” WR-68-4, Wyle Labs., (NASA CR-101105), 1968. 


. Yu, James C. and Darshan S. Dosanjh, “Noise Field of a Supersonic Mach 1.5 Cold 


Model Jet,” J. Acoust. Soc. Am., 51, 5, (pt. 1), 1400-1410, 1972. 


. Mull, Harold R. and John C. Erickson, Jr., “Survey of the Acoustic Near Field of Three 


Nozzles at a Pressure Ratio of 30,” NACA TN 3978, 1957. 


. Nagamatsu, H. T., R. E. Sheer, Jr. and M. S. Gill, “Flow and Acoustic Characteristics of 


Subsonic and Supersonic Jets from Convergent Nozzle,” Research and Development 
Center, General Electric Co., (NASA CR-108850), 1969. 


. Lowson, M. V. and J. B. Ollerhead, “Visualization of Noise from Cold Supersonic Jets,” 


J. Acoust. Soc. Am., 44, 2, 624-630, 1968. 


. Dosanjh, Darshan S. and James C. Yu, “Noise from Underexpanded Axisymmetric Jet 


Flow Using Radial Jet Flow Impingement,” Aerodynamic Noise; Proceedings of the 
Symposium, University of Toronto, Toronto, Canada, May 20 and 21, 1968. 


. Eggers, J. M., “Velocity Profile and Eddy Viscosity Distributions Downstream of a 


Mach 2.2 Nozzle Exhausting to Quiescent Air,” TN D-3601, NASA, 1966. 


. Jones, Ian S. F., “Finite Amplitude Waves from a Supersonic Jet,” Paper 71-151, AIAA, 


January 1971. 


. Tam, Christopher K. W., “On the Noise of a Nearly Ideally Expanded Supersonic Jet,” 


J. Fluid Mech., 51, pt. 1, 69-96, 1972. 


. Lighthill, M. J., “On the Energy Scattered from the Interaction of Turbulence with Sound 


or Shock Waves,” Proc. Cambridge Phil. Soc., 49, 531-551, 1953. 


. Ribner, H. S., “Acoustic Energy Flux from Shock-Turbulence Interaction,” J. Fluid 


Mech., 35, pt. 2, 299-310, 1969. 


. Kerrebrock, Jack Leo, The Interaction of Flow Discontinuities with Small Disturbances in 


a Compressible Fluid. Ph.D. thesis, Calif. Inst. Tech., 1956. 


. Powell, Alan, “The Noise of Choked Jets,” J. Acoust. Soc. Am., 25, 3, 385-389, 1953. 
. Stone, J. and O. Gutierrez, “Noise Tests of a High-Aspect-Ratio Slot Nozzle with Various 


V-Gutter Target Thrust Reversers,” TM X-71470, NASA, 1973. 


. Tanna, and Dean: An Experimental Study of Shock-Free Supersonic Jet Noise,” AIAA 


paper No. 75-480, 1975. 


. Crow, S. C. and F. H. Champagne, “Orderly Structure in Jet Turbulence,” J. Fluid 


Mech., 48, pt. 3, 547-592, 1971. 


. Mollo-Christensen, Erik, “Jet Noise and Shear Flow Instability Seen from an Experimenter’s 


Viewpoint,” J. Appl. Mech., 34, 1-7, 1967. 


- Howarth, Leslie, ed., Modern Developments, Fluid Dynamics: High Speed Flow. Vol. 1, 


Clarendon Press, Oxford, 1953. 

McCartney, M. S. and Isaac Greber, An Experimental and Theoretical Investigation of 
the Edgetone Phenomenon, FTAS TR 73-87, Department of Fluid, Thermal and Aerospace 
Sciences, Case Western Reserve University, June 1973, 

Harper-Bourne, M. and M. J. Fisher, “The Noise from Shock Waves in Supersonic Jets,” 
Proc. AGARD Conf. on Noise Mechanisms (Brussels, Belgium), September 1973. 


3 EFFECT OF SOLID 
BOUNDARIES 


3.1 INTRODUCTION 


In Chap. 2, we showed how Lighthill’s equation could be used to study the 
sound generated by unsteady flows in which there are no solid boundaries (or 
more correctly, by flows where the effect of such boundaries can be neglected). 
On the other hand, there are many cases of technological interest where 
solid boundaries play a direct role in the sound generation process. In fact, 
they are often responsible for producing large increases in the radiated sound. 
Thus, solid surface interactions are directly involved in the generation of 
sound by helicopter rotors, by airplane propellers, and by aircraft engine 
fans, compressors, and turbines. They also have a significant effect on the 
noise generated by externally blown flap STOL aircraft, as well as by high- 
performance aircraft aboard aircraft carriers. 

We know from classical acoustics that solid boundaries will always 
reflect and diffract the sound generated by the volume quadrupole sources 
that appear in Lighthill’s theory. More importantly, however, they are able, 
under certain conditions, to support surface distributions of dipole or even 
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monopole noise sources, which arise from the forces and motions imparted 
to the surface by the unsteady flow. 

In this chapter Lighthill’s acoustic analogy is extended to include the 
effects of solid boundaries. 


3.2. DERIVATION OF FUNDAMENTAL 
EQUATION 


We shall suppose that the effects of initial transients can be neglected, so 
that the integral formula (1.65) can be used to obtain a solution to Lighthill's 
Eq. (2.5) in any region v(t) bounded, wholly or partially, by a surface S(t). But 
since his result is, in effect, a stationary-medium wave equation, it is 
appropriate to put U = 0 and, as a consequence, to require that the functions 
p and G satisfy the stationary-medium wave Eqs. (1.69) and (1.70), respec- 
tively. Indeed, comparing Eqs. (1.69) and (2.5), we find (upon identifying 
c3p’ with p) that 


if? i ey 
‘= G —~ dy dt 
/ C6 [", vey OYi oy; 


r 6,h%0\, (8,9 
+ ime lo(5; + a io (2 + 3 Sa dS(y) dt (3.1) 


where 


p'=p-— Po 
denotes the fluctuating density, V, is (since U = 0) the normal component of 
the surface velocity V,, and 

G = Gy,t|x, t) (3.2) 
denotes any solution of the inhomogeneous wave Eq. (1.70) that satisfies the 


causality condition (1.63) and vanishes at infinity (if v is an exterior region). 
It is easy to show by using the identity 
26% 2,0 _ 6 hy _ a6 
dy, dy; dy; “dy, ~~ dy dy; —™ Oy, Ay; 
to eliminate G 07T;,;/dy; dy; and then applying the divergence theorem (1.B.1) 
to eliminate resulting volume integrals (after inserting the definition (1.67) 
of V, and the definition n,(0/dy,) of 0/An), that 


tt 07G 
paz ~~ Ty, dy de 
Albolote — 


ky 7) op’ 
ae | Gni] — (Tiy + c66,jp') + Vi = 
c9 ae nl 3 pean Pas a 
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i aG aG 
-+= nj (Ti + c86ij') — ip x= 
co ae | ese OY; oP | oe 
which becomes, upon changing the names of dummy indices and introducing 
Eqs. (2.3) and (2.4), 


cor 1 oe yay d ai dS(y) d 
7 8 J-r Jue OV: Oy; ‘Ta -T ate idk 


{ (Tt 
= rll | nh; dS(y) dt (3.3) 
Co J -T Js() 


i = —Nj(p — po) + njeij (3.4) 


where 


is essentially the ith component of the force per unit area exerted by the 
boundaries on the fluid, p' = p — po, and 


Opn; op 0G 0G 
h; = G _ Vs Ss 
("5 F) + privy 56 tO ie 


We shall consider only the case where the surfaces are impermeable to the 
flowy so that 

nv; = ni Vs for y on S 
Then 


h G Cot Lowe ba — Nn; “ 
nh, = Nj rae pri ot Pa iPovi a 


and asa result the continuity Eq. (2.1) implies that 


Cpu;G re) 0G ; 
nh; = n( eS + Uj ay, pu6) Ni Povi at (3.5) 


But applying Leibniz’s rule (1.B.2) and the divergence theorem (1.B.1) to 
dpu;G/dy; yields 


2 . 
d [  dpuG iy=| 7 pu;G iy + | ots 1, OPviG ie 
dt Jue OY: vee) OY; OT S(t) oy; 


Opu;G é ) 
= Nj 5 al Fa pv;G dS 
hee ( ot ey; : 


Hence, after using the argument that follows Eq. (1.B.6) to omit the 
integrated term 

| 0pu;G 

v(t) Oy: 


+ Since our interest here is in the generation of sound and not its absorption by 
acoustically soft surfaces. 


aT 


r= =T. 
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we find that only the last term 


GG 
a Ee a " Ot 


in Eq. (3.5) contributes to the integral in Eq. (3.3) and hence that 


rT 2 fof? 0G 
p=4/ j 2G nds 4 | | oG F; dS(y) dt 
0 


Pr =r Jue OY: OY; -r Sse) Oi 


T 
es | | poVs — dSty) dt (3.6) 
C0 J -T Sst) ot 
This is the fundamental equation governing the generation of sound in the 
presence of solid boundaries. It is, aside from the omission of a possible 
initial transient, an exact result. It applies to any region v(t) which is 
bounded by impermeable surfaces S(t) in arbitrary motion provided the 
source distributions T;; and f; are localized enough to ensure convergence 
of the integrals (see Sec. 2.3). 

In the acoustic analogy approach it is assumed that the stress tensor 
T,; and the surface force f, can either be modeled mathematically or deter- 
mined experimentally. Then we can consider the right side of the equation 
as known, and the density fluctuations in the sound field can be calculated. 
The first term represents the generation of sound by volume sources; the 
second represents the sound generated by unsteady forces exerted on the 
fluid by the solid boundaries; and the third represents the sound generated 
as a result of the volume displacement (thickness) effects of the surface. It 
might at first appear that we can use almost any fundamental solution G 
when applying this formula to a given aeroacoustics problem, and this would 
indeed be the case if we had precise knowledge of the sources f;, T;;, and 
PoV,. But, since this almost never happens in practice and since even small 
errors made in approximating the sources can lead to excessive errors in the 
resulting predictions of the sound field unless the proper fundamental 
solution is used, we are, in fact, often quite limited in our choice of G. 


3.3. FFOWCS WILLIAMS-HAWKINGS 
EQUATION 


When the region vis all of space, the surface integrals in Eq. (3.6) will not be 
present, and the only possible choice of G will be the free-space Green’s 
function G° given by Eq. (1.56), in which case, Eq. (2.11) (which was the 
starting point for the jet noise analysis in Chap. 2) is recovered. Now even 
when solid boundaries are present, there is no reason why G cannot, in 
theory, still be taken as the free-space Green’s function. In this section, we 
investigate the consequences of such a choice. 
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Since Eq. (1.56) shows that G° depends on x and y only through R = |x — y|, 
it follows that 


Oy == ae (3.7) 


Hence, inserting Eq. (1.56) into Eq. (3.6) yields 


if meee ‘ id R\ dy d 
© Ox; OX; =f ve) 40R a inca 
1 a(t 1 R 
Se — 6(t—1——] fi 
aos, a" aaR (: T *) i dS(y) dt 


. es 
tal, [oats ) 4nR Ot Sa =e =) dS(y) dt (3.8) 


In order to carry out the integrations over t, it is convenient to introduce 
a moving coordinate system, say ¢(y,t), in which the surface S(t) remains 
fixed. Then the velocity V and the acceleration a of any fixed point ¢ in this 
system are given by 


_ Oy(¢, 7) 
Ot {¢ = Constant 
_ ev) (3.9) 
Ot ¢ = Constant 
And since S(t) is stationary relative to these coordinates 
Visy (3.10) 


for each point of S(z). (The ¢-coordinate system could be required to move 
with the flow, but this restriction is not really necessary for the present 


development.) 
Let us now suppose that the region v(t) occupies the exterior of the 


impermeable surface S(t), as shown schematically in Fig. 3.1. The last term 
in Eq. (3.8), which is associated with sound generated by volume displacement 


v(t) 


Fig. 3.1 Moving surface. 
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effects, appears to be a source of monopole order. And indeed if the volume 
of the region v,(t) enclosed by S(t) were actually changing with time we 
should certainly expect this to be the case. If, on the other hand, the motion 
were such that the total volume of v,(t) remained constant, we would only 
expect to see higher order sources. Thus, it is shown in books on elementary 
fluid mechanics’ that the time rate of change of an element of volume in 
any moving coordinate system is proportional to the divergence of the 
velocity V of a fixed point in that system. Then if the volume of v,(z) is to 
remain constant in time, there will be at least one coordinate system ¢ 
such that 


V:V=0 (3.11) 


at all points within v,. But when this condition is satisfied, Eq. (3.A.3) of 
Appendix 3.A can be used with f(r,t) = po6(t — t — (R/co))/42Rcé to write 
the last integral in Eq. (3.8) as 


1-@ 7? 1 R 
ss gnadl Png aad 
cé re ae ( . «pot ial 


2 Tr 1 R 
ree [feat )poviniay (3.12) 
10) 


ca Ox; Ox; -T Jvc) 4nxR 


Thus, in this case the effect of the surface motion can be represented by a 
dipole source whose strength is proportional to its acceleration plus a 
quadrupole source of strength poV,Vj. 

Rather than evaluating the integrals in Eqs. (3.8) and (3.12) for a surface 
in arbitrary motion, we choose to restrict our attention to the case where 
the surface is rigid. We can then suppose, without loss of generality, that ¢ 
refers to a Cartesian coordinate system (as shown in Fig. 3.2) that translates 
with velocity Vo(t) and rotates with angular velocity Q(t) but otherwise 


Rigid ss 
\ 


Fig. 3.2 Coordinate system fixed in a surface. 
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remains unchanged. Indeed, any book on classical mechanics (e.g., Ref. 2) 
will show that the velocity V(¢,t) of any fixed point ¢ in this system is 
simply 

V(¢,t) = Vo(t) + Q(t) x ¢ (3.13) 


Before introducing these coordinates into Eqs. (3.8) and (3.12) recall that the 
Jacobian of the length preserving transform y > ¢ between two Cartesian 
coordinate systems is unity and that the element of surface area dS(¢) in the 
¢-coordinate system is equal to the element of surface area dS(y) in the y- 
coordinate system. Then since the limits of integration of the volume and 
surface integrals are independent of t in the ¢-coordinate system, the order 
of the integrations can be interchanged and Eggs. (3.8) and (3.12) can be 
combined to obtain 


(1 @ | R 
' -a lol |. wr (t- 1-8) mar] 
1 6 2: i R 
- 2 i lowol J ater ('~*5,) 4] 80 
1 a arn R 
st ae abd garter tpl 
co Zl ol ame (: : seem «| a 


1 @ o 7 R 
— —— 6 t-—1t— — ]poV,V; dt | d 
‘ C6 OX; OX; Now | I. 4nR (: ‘ seo . | : 


where we have allowed T to approach oo. 
We can now use the identity (1.97), with g given by t — t + (R/co), to 
carry out the integrations with respect to t. In fact, since it follows from 


Eq. (3.9) that 


0g R_ /oy R 
= -(—] =1-=°M 3.14 
3) ' coR Bi R hes 
(where 
Vv 
M=— (3.15) 
Co 


and R = x — y), this leads to the Ffowcs Williams—Hawkings equationt? 
1 é? Ti; 
Wisi ee d 
P * anck ax; Ox; \.. E 1 — (R/R)-M in : 
1 @ Si 
= dS 
Ancé Ox; Too E 1 — (R/R)-M in ©) 


+ The equation actually devised by Ffowcs Williams and Hawkings is more general in 
that it does not require that the surfaces be rigid. 
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aa 1 6 Po04j | dt 
4nce Ax; } yt) | R|1 — (R/R)*M|}e=e. 


1 @& poi; | 
3.16 
+ Grek Ox, Ox; \.. E To (RR) MI}... P'%) 


where the notation [ ],-,, indicates that the quantity enclosed within the 
brackets is to be evaluated at ¢ and the retarded time t. = Te(X, t,¢), which 
is obtained by solving equation 


1 
G(tet.X,6) = te— t+ —|x — y,t.)|=0 (3.17) 
0 


And if more than one solution to this equation exists (as it does at supersonic 
speeds), each term in Eq. (3.16) should be interpreted as a sum over all 
such solutions. 

The solution (1.113) for a point multipole source moving with a constant 
velocity shows that the sound field can be thought of as a superposition of 
elementary waves; with each moving volume element de outside of S(t) 
contributing a wave which is the same as that emitted by a moving quad- 
rupole source of strength Tjjd{ (see Fig. 3.3), each element of surface 
area dS(C) contributing a wave which is the same as that emitted by a 


R(@, te) 


Volume element 


(source) at emission V(d) 


Path followed 
by source 


Volume element 
at time ¢ 


Fig. 3.3 Moving-source configuration. 
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moving dipole source of strength — /;dS(¢), and each moving volume 
element df within S contributing waves that are the same as those emitted 
bya dipole source of strength — pga; and a quadrupole of strength poVV;. 
The first term of Eq. (3.16) corresponds to the solution that arises fa 
Lighthill’s theory, while the direct effects of the solid boundaries are 
accounted for by the three remaining terms. The first of these represents 
the sound generated by the fluctuating force f; exerted by the solid 
boundaries on the fluid. The remaining two represent the sound generated 
by the volume displacement effects—the dipole term resulting from the 
acceleration of the surface. 

If the velocity V of any point of the source region is supersonic, the 
Doppler factor 


R 
Ci=1—,-M=1-M cos (3.18) 


that occurs in the denominator of each term in Eq. (3.16) will vanish at the 
angle 


1 
= rh ; 
cos”! a (3.19) 


The resulting singularities are, in essence, the same as those that were 
associated with Mach wave emission in Sec. 2.5.2. However, when supported 
by solid surfaces Mach waves are often able to coalesce into the intense 
shocks that are usually associated with supersonically moving objects. Since 
the propagation of these waves is basically a steady-state phenomenon, they 
are usually treated by methods similar to the direct calculational procedures 
discussed in Chap. 5. 

When the surface S is stationary, a = M = V =0,¢ =y, and Eq. (3.16) 


reduces to Curle’s equation* 


aes <a a fom d 
P = ance dx; Ox; J, R aa" 


1 @ fi R 
ee As ——1| ds 3.20 
4ncé Ox; |, R (v. *) 0) said 


3.3.2 Far-Field Equations 


Now suppose that S(t) is bounded and that the volume source region 
remains concentrated near this surface. We shall require that the velocity 
V be subsonic at each point of this region so that the Doppler factor Ct 
can never vanish. Then Eq. (3.16) can be put in a form that more nearly 
exhibits the true character of its radiation field (see remarks near the end 
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of Sec. 1.5.2). To this end, notice that applying the chain rule to Eq. (3.17) 


yields 
0g Og\ OTe _ 
(ae 


Then using Eqs. (3.14), (3.17), and (3.18) to eliminate g from this result, 
we find that 0t,/0x; = — [Rj/coC'R],=,,. Consequently, the chain rule can 
be applied to an arbitrary function f{(x,t,) to show that 


of _(af\ _(af\ [_R 
dx; 7 El 7 eal Fal... (3.21) 


and therefore, in particular, that 


ORR, Ri OROyj_ Ri 
dx; R  coCtRdy;dt. RCt 


at t= (3.22) 


Now each integral in Eq. (3.16) involves a first or second derivative 
with respect to x; of a term of the form h =[A(t)/R|C'|],=., where (in 
order to simplify the notation) dependence on ¢ has been suppressed. But 
since A does not depend on x explicitly, Eqs. (3.22) and (3.18) show that 
(Gh/6x;),. = O(R~ *) as R > co. Hence, Eq. (3.21) shows that 


oh Eas 


ae | (FOR) 


coR?Ct dc [CT] ewe 
and hence that 


ah [ RR; 610 A 
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| + O(R-?) 


Thus, at large values of R, Eq. (3.16) can be approximated by 


as RR O16 Ty] | 
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When S is stationary, this becomes 
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SS 


which shows that stationary surfaces will radiate no sound when the source 
functions 7j; and f; are steady (i.e. independent of time). On the other 
hand, Eq. (3.23) shows that accelerative motion of a surface (for which V and 
as a consequence, Ct depend on time) will result in the emission of sound, 
even when the sources are steady, whereas a merely steady motion will not. 
Of course, this conclusion only applies for subsonic velocities (for which 
the convection factor C’ never vanishes). Surfaces moving with a constant 
supersonic velocity will generate shock waves which will reach the far field 
and be sensed as sound (often called a sonic boom). 

It was shown in Sec. 1.5.2 that the acoustic equations for a stationary 
compact source could be simplified by neglecting variations in retarded time. 
A similar simplification can be obtained for a moving source region. Thus 
let dy denote a distance across such a region. Then it follows from the 
mean-value theorem that the corresponding change in retarded time Az, 
is approximately 


Ate = tTe(y + dy) — te(y) = - OV; (3.24) 


Applying the chain rule 


ay, * Sted” 


to Eq. (3.17) and using the result to eliminate 67,/dy; yields 


1 R 


Co(1 — M cos 0) R “oP 


Ate= 


Hence, the change in retarded time across the source region is roughly 


1 L 


ee! 
te~ 1 — Mos 0 co 


where L =| dy| is a characteristic source dimension. As pointed out on 
page 83 (for the case of moving eddies), At, represents the time it takes 
4 sound wave to cross the moving source volume. Thus it ought to be 
possible to neglect retarded time variations in the integrals of Eq. (3.23) 
whenever the characteristic time 7; for the source fluctuations in the moving 
frame is large compared with the variation in retarded time At, across the 


source region; that is, whenever 


L 
ee a ( 3.25 
coll — Mcos0) Go) 


provided, of course, that the correct multipole structure of the sources has 
been uncovered. (This structure may not be the same for a moving source 
as it is for the corresponding stationary source. See remarks near end of 
Sec. 1.5.2.) Now, suppose, in addition, that the Mach number is nearly 
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constant across the source region. Then Eq. (3.23) becomes 
, (R)(R)j 9 1 A [ Sea parca 


~ 4nckChR: Ot, Ch dt, |Ch| 
(Re)i 0 | Fi(te) — od 
= EE 3.26 
4nc§ChR2 dt. | | Ch | ied8) 


where t, now denotes the retarded time at the center of the source region, 
Vo and a? are the velocity and acceleration of this point, R. denotes the 
vector connecting it to the observation point at the time t,, 
0 
cCh=1- we) Be (3.27) 
Co Re 
and v. = J,,(4,)4¢ is the net volume enclosed by S, while Qi; = J. Td¢ and 
F(t) = —Jsfi(C,t) dS(¢) represent the integrated strength of the external 
quadrupoles and the net force exerted by the fluid on the surface, respectively. 
The first term in Eq. (3.26) is clearly a quadrupole source while the 
second is clearly a dipole. If these two sources are of equal strength and 
if their spatial and temporal scales are roughly equal, their ratio will be of 
the order L/[(1 — M cos 8) T;co]. Then, Eq. (3.25) implies that the quadrupole 
source can be neglected in Eq. (3.26) and, as a consequence, that 


’ —(Re)i 6 ae al sen 
: [cs] 


~ Ane8ChR? at. 
This result, of course, also holds when the quadrupole strength is smaller 
than the dipole, which, as will be shown in Chap. 5, is often the case for 
aerodynamic surfaces. Consequently, the quadrupole terms can frequently 
be neglected in Eq. (3.23) even when the surfaces are not compact, but it is 
then necessary to account for variations in retarded time over the source 
region. 
When the surface S is stationary, Eq. (3.28) reduces to 


mes) vee 3,29 
P Ancgx? dt Co B20) 


(3.28) 


where 
F(t) = — [fs t) dS(y) (3.30) 


is the total force acting on S (compare with Eq. (1.79)). The inequality 
(3.25) shows that this result applies when 


L 
—«tT (3.31) 


Co 


+ This equation was first obtained by Lowson® without the acceleration term which 
was subsequently included by Ffowcs Williams and Hawkings.? 


When the flow is time stationary Eq. (3.29) shows (in view of Eqs. (1.16) 
and (1.92) and the fact that time averages are invariant under translations) 
that 


: 


r 1 xix; dF;(t) dF ,(t) 
16n7cipo x* dt dt 


(3.32) 


Now suppose that the unsteady forces generating the sound are caused by 
a turbulent flow with mean velocity U and correlation length |. Then, as 
indicated on page 78, the turbulent eddies will evolve only very slowly 
relative to the time 7; = //U they take to pass a fixed observer (Taylor's 
hypothesis). The forces induced on any fixed object will therefore fluctuate 
on the latter time scale so that inequality (3.31) becomes 


l 
L«— : 
« M (3.33) 


where M = U/co is the mean-flow Mach number. Thus, unless M is very 
small (as it frequently is in water), this implies that the characteristic source 
dimensions must be much smaller than the turbulence correlation length. 
Although such conditions are almost never encountered in practice, it turns 
out that Eq. (3.32) can very often provide fairly accurate estimates of the 
sound field, even when the acoustic wavelength is comparable to the 
dimensions of the surface. Some assessment of the errors that occur will be 
given in Chap. 5. 

Equation (3.32) can be used to obtain similarity relations (analogous 
to those obtained for jet noise) for the sound field generated by a fluctuating 
flow in the vicinity of a small stationary object. Thus, we anticipate that 


where T; denotes the characteristic period of the fluctuation and U, denotes 
an appropriate characteristic flow velocity. Hence, it follows from Eq. (3.32) 
that 

~.. poSl? 

fr 
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The total radiated power Pp will therefore be proportional to 


USL? 
Pra eo ; 
co 
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It was shown on page 93 that the corresponding result for a volume 
quadrupole source is 


poU?D? 


Pox 
Q re 


Consequently, 


which gives at least some indication that the volume quadrupole sources 
in the vicinity of (even somewhat noncompact) surfaces ought to become 
progressively more important relative to the surface dipoles as the Mach 
number increases. 

Equation (3.29) implies that the cross correlation 


F2(t)p(t + 1) 


between the lift fluctuation acting on a body and the far-field sound pressure 
should be proportional to the time derivative 


2 FOF At +9) 

Ot 
of the lift autocorrelation function. Clark and Ribner’ measured these 
correlations for a small airfoil in a turbulent jet. Their results are shown in 
Fig. 3.4. They attribute the small discrepancy (17 percent max.) to the false 
enhancement of lift resulting from model vibrations. 
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Fig. 3.4 Comparison of cross correlation of lift and sound pressure and first derivative of 
autocorrelation of lift— both normalized. (From Reference 7.) 
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3.4 CALCULATION OF AERODYNAMIC 
FORCES 


Now, we have shown that it is often possible to calculate the sound field 
by using only the dipole term in Eq. (3.23). Consequently, it is important to 
devise some means of estimating the surface force f that appears in this 
term. In this section we describe a number of analytical methods that have 
been developed for this purpose. Some additional results will be presented in 
Chap. 5. 

The calculation of these flow induced surface forces is, in general, a 
very difficult task. All the purely analytical results obtained so far involve 
the assumption that the fluctuating velocity is small compared with the 
steady velocity—primarily because the problem can then be linearized. 

Thus, it is assumed in this section that the unsteady flow results from 
the convection past a stationary body ofa frozen small-amplitude disturbance 
pattern (often called a gust) by an otherwise uniform mean flow iU,. 
Consequently, the magnitude of the disturbance velocity u.. = {Ua, Va, Woo} 
will be small compared to U, and far upstream from the body the flow 
velocity iU, + u.. will be steady (but spatially nonuniform) in a reference 
frame moving with the mean velocity iU,. This might, for example, be a 
good approximation for a turbulent flow which, as we have seen, changes 
only slowly with time in the moving frame. 


3.4.1 Quasi-Steady 
Approximation 


First, consider the case where the spatial scale of the disturbance is large 
compared with a typical dimension of the body and suppose that the 
velocity is low enough so that the flow can be considered incompressible. 
Then it is not unreasonable to assume that the forces acting on the body 
obey the same relations as they do in a steady flow. This is called the 
“quasi-steady” approximation. Thus, we suppose that the lift and drag 
forces acting on the body (L and D, respectively) are related to the upstream 
velocity V by 


L=4poV2C,A 
aes (3.34) 
D=2zpoV°CpA 


where A is some suitable cross-sectional area of the body, and the lift and 
drag coefficients, C, and Cp, respectively, are functions only of the orienta- 
tion of the body relative to the oncoming flow. The latter is usually 
characterized by specifying two angles, say x and y, that determine the 
direction of the oncoming flow relative to three mutually perpendicular 
axes fixed to the body which we shall denote by (1, )2, 3). These angles 
can be conveniently defined in the manner indicated in Fig. 3.5. Then for the 
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Fig. 3.5 Coordinates for orienting body relative to oncoming flow. 


thin, relatively two-dimensional bodies that are most often of interest in 
applications (e.g., blown flaps and fan and compressor blades) « will 
measure changes in angle of attack~and y will correspond to the angle 
between the projection of the oncoming flow onto the plane of the body 
and the mean flow direction (see Fig. 3.6). 

In any case, the total oncoming flow velocity V is given by 


V?= (iU, + Uy) * (iU, + Uy) (3.35) 


But since u,, is assumed to be small relative to U,, we find upon neglecting 
squares of small quantities that 


= oC, OC, = 0C, Vo 0C, Ww 
i,«C,4—44— ite et ion 
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and 
V? ~ U2 4+ 2u,U, 


where C, and Cp denote the time-averaged lift and drag coefficients, and 
the lift and drag slopes are taken as constants. Hence, it follows from 


Eq. (3.34) that the fluctuating lift and drag forces L)=L—L and 
D' = D — Dare given by 
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Fig. 3.6 Coordinates for orienting airfoil-shaped body relative to oncoming flow. 


oC = 
L’ = 4p0AU, | — v~ + pda Woo + 2CLUc 
Ou éy 
(3.36) 
D' = 4p,AU, i = ool Wo + 2Cpun 
On oy 


The first two terms in these expressions result from the transverse 
components of the gust velocity while the last are the result of the longitudinal 
component. In aeronautical applications one is usually concerned with thin 
bodies operating at high Reynolds numbers so that Cp « C,. Under these 
conditions, it should certainly be safe to ignore D’. 

The theoretical lift slope 0C,/da of a two-dimensional flat plate at a 
small angle of attack, say %, to the oncoming flow is equal to 2x. The 
fluctuating lift due to a two-dimensional gust, u,, = {U,V»,0}, is therefore 
given by 

L 
a = poU, 1x + 2TPoU Xow 
But since a is assumed to be small, the second term in this equation should 
be negligible compared to the first so that 


i 
— = 3P0U Vx 


y aCe = poU,v—_r (3.37) 


da 
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This result also applies to two-dimensional airfoil shapes with smal] 
thickness and camber. It shows that in two-dimensional flows the lift 
fluctuations acting on such bodies arise solely from the fluctuations in 
angle of attack caused by changes in the upwash velocity v,,. We shall see 
that this conclusion holds even when the quasi-steady approximation does 
not apply. 


3.4.2 Calculations Based on 
Unsteady-Thin-Airfoil 
Theory 


It turns out that, as a practical matter, the quasi-steady approximation is 
limited to very large-scale disturbances. Fortunately, we are usually interested 
in bodies that are relatively thin in the direction perpendicular to the flow, 
and in this case we are able to obtain results that apply to much smaller-scale 
disturbances. The development of the relevant theory began in the middle 
1920's with the work of Wagner,® who determined the growth of lift on an 
airfoil starting impulsively from rest. Ten years later, Theodorsen calculated 
the lift on a sinusoidally oscillating airfoil,? and Kiissner,!° introduced a 
unit response function (called the Kiissner function) that relates the fluctuat- 
ing lift on a two-dimensional airfoil to a step change in the upwash 
velocity. In 1938, von Karman and Sears'! devised a general approach 
that could be used to calculate the lift for any small-amplitude motion of a 
two-dimensional airfoil. And in 1941, Sears!? used this result to obtain a 
simple expression, called the Sears function, for the fluctuating lift due to a 
frozen sinusoidal gust impinging on a fixed airfoil in an incompressible 
flow. The remainder of this section is concerned with Sears’ problem and 
its subsequent generalizations. 


Incompressible flows. Consider a stationary (nonmoving) thin body 
subject to a small-amplitude gust with velocity u,,. Since the amplitude of 
the incident disturbance and the thickness of the body are now both small, 
we anticipate that the deviation u of the velocity v from the mean velocity 
iU, will also be small. Hence, u will be determined (to the first order) by 
linear equations. We shall also suppose that the flow is inviscid and 
incompressible. Then substituting 


v=1U,+u (3.38) 


into the inviscid continuity and momentum Eqs. (1.1) and (1.2) (with p = po 
and the source terms omitted) and neglecting terms involving squares of 
u, yields 


a +U,< =-—Vp (3.39) 


and 
Veni 0 (3.40) 
It is now convenient to put 
t=, + Ww (3.41) 


where u., can be thought of as the velocity fluctuation that would exist if 
the body were not present. Then u will approach the nonuniform incident 
flow as |y| > 00 only if we insist that 

W>0 as |y|> 0 (3.42) 


Consequently, it is natural to require that u,, itself satisfy the continuity 
equation 


V-u, =0 (3.43) 


And since u, is assumed to be steady in a coordinate system that moves 
with the mean flow, it must also satisfy the relation 


— + U,—— = (3.44) 


Hence, it follows from Eqs. (3.39) to (3.44) that w satisfies the same equations 
as u, namely, 


ow Ow 1 
+ U, = V 3.45 
ot oy, Po , ( 
V:-w=0 (3.46) 


The boundary condition (3.42) implies that V x w>0 as |y|— c 
while taking the curl of Eq. (3.45) yields 


a a 
(F si: im) aie 


Consequently, 
Vxw=0 (3.47) 


everywhere except perhaps across a trailing vortex sheet (see p. 133 below). 

In an inviscid flow it is appropriate to require that only the normal 
component of the velocity vanish at the surface of the body. Hence, it follows 
from Eqs. (3.38) and (3.41) that we must put 


n,U,+ feu, = —fh'w for yonS (3.48) 


Where § denotes the surface of the body and f= {71,Mo,n3} is its unit 
normal. It is evident from Eqs. (3.42), (3.45), (3.46), and (3.48) that 1U, + w 
1s identical to the velocity field generated by a thin body undulating normal 
to itself with velocity — fi: uy. 
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Since the body is thin, with only small camber and angle of attack, 
we can assume that it lies very nearly in the y,-y3 plane and that the 
boundary condition (3.48) on its surface S can be “transferred” to this 
plane. In fact, the equation of S can be written as [y2 — ef(y1,y3)]? = 
€7g(y1, 3) Where g(y;, 3) > 0 on the projection of the body on the y,-y3 
plane, g = 0 corresponds to the edge of the body, and ¢ is a small parameter 
of the order of |u,,|. The relation y2 = ef(y1,y3) determines the mean 
position of the surface of the body, and ¢,/g determines its thickness 
distribution. Then the right side of Eq. (3.48) can be written as 
—fh-w(y1,eLf + g'/?], ys) for y2 = e[ f + g'/7]. Hence, the small parameter 
é will appear explicitly in the argument of a quantity which is itself assumed 
to be of order ¢. The boundary condition (3.48) will therefore introduce 
higher order terms that unnecessarily complicate the results. But whenever 
wand u,, possess Taylor series expansions at y2 = 0 the right side of Eq. (3.48) 
can be written as —fi- w(y;,0, y3) — e(f + g'/7)ii + Ow/dy2 + O(e*) while the 
left side can be expressed in a similar form. Transferring the boundary 
condition (3.48) to the y, — y3 plane therefore introduces an error that is no 
worse than that created by linearizing the differential equations. On the 
other hand the normal vector fi is to within first-order terms in € 


1/2 1/2 
[ie (Lete om 

Oy, Oy dys Oys 
where the upper sign refers to the upper side of the body and the lower 
sign to the lower side. Since u,, is assumed to be of the same order as the 


thickness parameter ¢, the boundary condition (3.48) is to within terms of 
order € 


of 1 og 
ap > a EN eS f = +0 d 3.50 
(52 +5512 \u +0 w2 for y2 and g>0 (3.50) 


which shows that w, and as a result the fluctuating lift, is only affected by 
the upwash component v,, of the gust. Notice that the first term on the left 
side of this equation, which contains the effects of thickness, camber, and 
angle of attack, is independent of time while the second term, which depends 
on time, is uninfluenced by these geometric effects. Consequently, it follows 
from the linearity of the problem that its solution (and, as a result, the 
force acting on the body) will also consist of a time-independent term which 
involves the effects of thickness, camber, and angle of attack and a time- 
dependent term which is independent of these effects. Thus, in the linearized 
approximation the effects of thickness, camber, and angle of attack contribute 
only to the steady force acting on the body and make no contribution to the 
unsteady component. This means that, as long as we are only interested in 
calculating the unsteady forces, nothing will be lost if the body is replaced 
by an equivalent flat plate with the same y,—y3 projection. Correspondingly, 
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the boundary condition (3.50) becomes 
W2=—v, for yy=0 and g>0 (3.51) 


We have assumed in this section that the flow is governed by the 
inviscid equations of motion. Nevertheless, the effects of viscosity cannot be 
entirely neglected. To understand the reason for this, consider (for definite- 
ness) a two-dimensional sharp-edged airfoil impulsively accelerated to a 
uniform velocity from a state of rest. Initially, the action of viscosity will 
cause a thin boundary layer to form along the surface of the body while the 
rest of the flow remains inviscid and irrotational. The high velocity at the 
sharp trailing edges reduces the pressure at this point, while the pressure at 
the rear stagnation point remains high. The resultant adverse pressure 
gradient causes the boundary layer to separate and form a concentrated 
vortex, as shown in Fig. 3.7(b). But the velocity induced by this vortex sets 
upa circulatory flow about the airfoil that eliminates the pressure gradient 
by shifting the rear stagnation point to the trailing edge. Then, as shown in 
Fig. 3.7(c), the vortex separates from the trailing edge and is swept down- 
stream to infinity. The rear stagnation point remains at the trailing edge, and 
no further large changes in pressure occur in this region. This behavior is 
known as the Kutta-Joukowski condition. 

A similar process takes place in a periodic flow. However, a new 
trailing vortex is shed every time the lift, and hence the circulation around 
the airfoil, changes. Thus, there is a continuous trail of vorticity forming a 
vortex wake that must be accounted for in the analysis. Its strength is 
determined by requiring that the Kutta-Joukowski condition be in- 
stantaneously satisfied at the trailing edge. Moreover, it can be shown that 
the normal velocity and pressure must be continuous across this wake 
which, in the context of the linear theory, can be assured to lie in the plane 
of the airfoil. The Kutta condition is usually imposed in practice by 


SS 


(a) Start of transient. 


SO _ 


(b) Formation of vortex. 


eee 


(c) Shedding of vortex. 


Fig. 3.7 Initiation of flow about an airfoil starting from rest. 
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requiring that the pressure be continuous at the trailing edge. But in view 
of the pressure continuity across the wake, one can alternatively require 
that there be no pressure jump across the airfoil at the trailing edge. 

Since the incident gust velocity u. is independent of time when 
measured in a coordinate system 


y =y-iU,t (3.52) 
that moves with the flow, we can write 
us = { aa ek Y dk = | a(k) el ¥-ki Ur dk (3.53) 


which shows that u,, can be represented as a superposition of plane 
waves. This result will not satisfy Eq. (3.43) unless 


a-k=0 (3.54) 


for all k, which implies that the amplitudes of the waves must be perpendicular 
to their propagation directions (i.e. they are transverse waves). 

Since w is determined by linear equations and boundary conditions, 
the solution for any disturbance velocity u.. can be found simply by 
superposing solutions to the problem for an incident harmonic gust 


Ug = aellkry— hU-7) (3.55) 


Hence, it is only necessary to consider an incident disturbance of this type. 
The boundary condition (3.51) then becomes 


—we = az ellkinthys-hUt) for yo =0;g>0 (3.56) 


The velocity w can now be found by solving Eqs. (3.46) and (3.47) subject 
to the boundary conditions (3.42) and (3.56). But in order to satisfy the 
Kutta-Joukowski condition, the tangential component of w will, in general, 
have to be discontinuous across the trailing vortex sheet. It is also necessary 
to allow the velocity to possess a singularity at the leading edge. However, 
the actual calculation of such a solution is, in general, a difficult task and 
the best that can usually be done is to reduce the problem to one of solving 
an integral equation.+ Nevertheless, it is possible to obtain a simple closed 
form solution when both the airfoil and the gust are two dimensional 
(corresponding to ks = 0 and g independent of ys in Eq. (3.56)). 

This was first done by Sears.'? His solution shows that the pressure 
jump across the plate (which is assumed to lie between —c/2 and c/2 on 
the y, axis) is given by 


(c/2) — yw 


> Ap = —20npoU, e-*Y"* Sa 
Pp 2poU, (01) (D+ y: 


(3.57) 


+ Fairly efficient collocation techniques have been developed to solve these equations. 


if 
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where 


Se) =——_—__1| 
—i6,[Ko(—ioy) + K,(—io,)] (3.58) 


is called Sears’ function, Ko and K, are modified Bessel functions, and 


kic 
— (3.59) 


{== 


is the reduced frequency. The latter quantity is related to the frequency 
w = k,U, of the fluctuating force by 


o,=— (3.60) 
2U, 


The variation in pressure along the airfoil is determined by the factor 


(2) — v1 
V2) +y ai 


which also describes the pressure distribution on a flat plate at a small 
angle of attack to a steady flow. Finally, taking moments of Eq. (3.57) we 
find that the fluctuating lift always acts through the quarter-chord point while 
integrating this equation over the surface of the plate yields an expression 
for the total fluctuating force per unit span acting on the airfoil, This force, 
F, is perpendicular to the flow and is given by 


F2 = 1a2p0U,c e~'k4* S(o4) (3.62) 


By using the asymptotic expansions for the modified Bessel functions 
(Ref. 13), it can easily be shown that 


exp[—i(o — 7/4)] 
mf 2n0 1 


which implies that an airfoil should be unaffected by gusts of sufficiently 
high reduced frequency. 

On the other hand, S(o,) > 1 as o; +0 so that Eq. (3.62) reduces to 
the quasi-steady approximation (3.37) at low reduced frequencies. In fact, 
von Karman and Sears!! showed that the difference between Eq. (3.62) and 
the quasi-steady approximation (3.37) is equal to the lift resulting from the 
“apparent mass” effectst plus the lift generated by the vorticity in the 
wake acting back on the body. The former effect occurs whenever a body 
undergoes an unsteady motion in an inviscid fluid, even when no wake is 
present. 


S(o1) ~ as 0, 0 (3.63) 


+ That is, the force required to accelerate the surrounding fluid. 
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Sears’ function can be approximated to within a few percent over most 
of its effective range by 


. 1? 
exp|—in ~ + alt 
4/ 1+ 210; 


Notice that this result approaches the same high-frequency limit as the 
exact formula (3.58). The approximation for the amplitude was first suggested 
by Liepmann,'* and the approximation for the phase was suggested by 
Geising, Stahl, and Rodden. !> 

At high frequencies (wc/2co = U,o1/co > 1) the time c/co for an 
acoustic disturbance to cross the chord is no longer short compared with 
the period of oscillation 2/w. Hence we can no longer assume that ¢o is 
infinite and the fluid cannot be considered incompressible even when U, = 0. 
The Sears’ function, therefore, cannot be used to calculate the lift at these 
frequencies. But even at low frequencies there has been surprisingly little 
experimental verification of the validity of Eq. (3.62). However, low-frequency 
(, < 1) oscillating airfoil data collected by Acum!*® show discrepancies of 
the order of 10 to 20 percent when compared with the Theodorsen function 
which 1s the oscillating airfoil counterpart of Sears’ function. 

We have seen that the linearized approximation to the unsteady lift is 
completely unaffected by the angle of attack, camber, and thickness of the 
airfoil and is influenced only by the upwash component a2 of the incident 
gust (and not its chordwise component a;). To account for the effects of 
these quantities, it is necessary to carry the analysis to second order. 
Horlock!’ has developed a theory that includes some of the effects of angle 
of attack while Neumann and Yeh'® use a similar approach to account 
for camber effects. However, these theories are incomplete in that they do 
not account for all of the coupling effects. A complete second order theory 
that includes all of the coupling terms has recently been developed by 
Goldstein and Atassi.!° One of the new effects included in this approach is 
the distortion of the oncoming gust by the steady-state potential flow field 
about the airfoil. This distortion acts to cause significant variations in the 
wavelength of the oncoming vorticity wave while causing variations in both 
the amplitude and phase of its associated velocity field. 

Equation (3.62) is only valid if the gust is two dimensional. However, 
the problem of a two-dimensional flat-plate airfoil subject to the full 
three-dimensional disturbance field (3.55), called an oblique gust, has also 
received considerable attention. 

A simple approximate solution can be obtained by dividing the plate 
into a number of strips (parallel to the flow) and treating each strip as if 
it were a two-dimensional plate subject to a fictitious two-dimensional 
gust whose amplitude.is equal to the actual amplitude of the gust at that 
point. Thus, in the strip theory approximation, the fluctuating lift per unit 


S(o1) = 


for 0, >0 (3.64) 
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span is given by Eq. (3.62) with a2 re 


az e* to obtain placed by the local upwash velocity 
2 


Ps & TA2PoU,c ellks¥s ~ k,U,2) S( 


01) (3.65) 
It is usual to express the more exact solutions to this roblem i 
em 
salen nabs Laser rt! p In terms of a 


F, t— TPoU,azc ei(k3x3—k,U x) T(o, 03) 


(3.66) 
where o; = k;c/2 for i = 1,3. 


_ Graham”® arrived at an exact seminumerical solution for this quantity 
in the form of a series whose coefficients can be calculated successively. 
His result represents an improvement over the collocation procedures, which 
must be used for thin bodies of arbitrary shape. On the other hand, Filotas?! 
obtained an approximate expression for T that reduces to the approximation 
(3.64) to Sears’ result when the gust is two dimensional and gives the 
correct high-frequency limit for an arbitrary gust. His result can be written as 


1 
exp |i sin v— hetero} 
Tents + 2n00(1 + +c0s v) (3.67) 


[1 + noo(1 + sin? v + ma9 cos v)]!/? 


where v = tan™ '(a;/03) and ao = \/o7 + 03. Mugridge”? derived an approxi- 
mate multiplicative correction M(o,,02) to the strip theory approximations 
(3.65). The amplitude of his correction factor, which is only valid for 
Oo > 2, is given by 


(a? + 2/n?)!/? 
(08 + 20)? 


The center of lift resulting from an oblique gust does not remain fixed 
at the quarter-chord point as it does in the purely two-dimensional case. 
In fact, it approaches the leading edge when go is allowed to approach 
infinity with o,/o3 held fixed. This implies that the leading edge region 
should become progressively more important as a source of sound as the 
frequency increases. 


| M(oi,03)| = (3.68) 


Two-dimensional compressible flows. We have already indicated that 
compressibility effects will cause the Sears solution to become invalid when- 
ever the product (U,/co)a; gets to be much above unity} even when the 
freestream Mach number U,/co is small. However, it is well known that 
(as in the case of an oblique gust) the fluctuating lift in a real com- 


_e--——__ 

+ Since the solution is coupled to the disturbance field only through the boundary 
Condition (3.58), only the longitudinal and transverse components, ky and ky, of the wave 
Number influence the fluctuating lift 

‘ eS ; ‘ ae: come equal 

t Notice that this is also the frequency where the quadrupole terms can be q 

to the dipoles and the acoustic sources can become noncompact. 


138 Aeroacoustics 
eS 
pressible flow does not act through the quarter-chord point as it does in an 
incompressible flow, but rather moves toward the leading edge as the 
frequency increases. Hence, the trailing-edge region ought to be relatively 
unimportant at the higher reduced frequencies, and, asa result, the fluctuating 
lift on the airfoil should be the same as it would be on a long plate that 
extends downstream to infinity (1.e., a semi-infinite plate). 

A detailed discussion of compressibility effects is deferred to Chap. 5 
where it is shown that it is still appropriate to use the decompositions (3.38) 
and (3.41) for the velocity field with the gust velocity defined by Eq. (3.55). 
Then, it is not hard to show, by using methods similar to those described 
in Chap. 5, that the fluctuating pressure difference across a semi-infinite 
flat plate due to a gust of this type is given by 


—i2poU,aze'% 
[nio,(1 + M,)(1 + y/o]? © 


eliM,o/(0 +M,)M(2y,/c) + 1] 


Ap(y1) = 


where 
M,=— (3.69) 


is the free-stream Mach number and the leading edge is assumed to be at 
yy = —Cc/2. This result can be integrated over the surface of the airfoil to show 
that the net fluctuating force is given byt 


F = 1a2poU,c e7 *¥* §.(61, M,) 


io 401M, 
S.(01.M,) == — |Z "I #( =( [Ae :) 3.70) 


is the high-frequency approximation to the compressible Sears function and 


where 


F(x) = | eini2ne’ gE 
0 
is the complex Fresnal integral. This formula is accurate to within about 
10 percent wherever (M,o1)/(1 — M?) is greater than unity. 
By using the asymptotic expansion for the Fresnal integral, it is easy 
to show that — 


1 ev iei-@/20 


S.~ — ———=—_ as 0,7 0 
TO 4 /M, 


Hence, we can conclude from the corresponding incompressible result (3.63) 
that compressibility effects increase the high-frequency decay rate of the 


¢ This solution is given by Landahl (Ref. 23, pp. 27-29) for an arbitrary upwash 
velocity. 


response function. However, it is shown by Goldstein and Atassi!® 
the effects of thickness, angle of attack and camber become i 
at high frequencies to invalidate the linearized theory. 
Amiet?> extended an analysis initiated by Osborne?* to obtain the 
following low-frequency approximation to the compressible Sears function. 


S(o,/B? 
B, 


that 
mportant enough 


S.(1,M,) = [Jo(Mro1/Br) + iJ (M20 4/B2)] e's (Mave? (3.71) 


where S still denotes the ordinary Sears function, 
B= J/T-M 
f(M,) = (1 — B,) In M, + B, In (1 + B,) — In 2 
and Jo and J, are Bessel functions. This result appears to be quite accurate 


in the range o,M,/B? < 1 where Eq. (3.70) is invalid. 


‘The General case. The compressible response function Y for an oblique 
gust incident on an airfoil of infinite span is usually defined by 


F2 = ma2poU,c e'%3— kU) G(k,, ks, M,) (3.72) 
Then since 
G(k1,0,0) = S(o1) (3.73a) 
G(k1,0,M,) = S.(o1, M,) (3.73b) 
G(ky,k3,0) = T(o1, 03) (3.73c) 


the response functions defined in the preceding sections can always be 
obtained as special cases of Y. Surprisingly, the converse of this statement 
is also true. Thus, Graham?® has shown that there is a simple relation 
between Y(k,,k3,M,) and the three-dimensional incompressible response 
function T(c;,02) when the intersection of the gust and the airfoil moves 
subsonically relative to the fluid and that there is a simple relation between 
G(k,,k3,M,) and the two-dimensional compressible response function 
S.(o1,.M,) when this point moves supersonically. 


3.5 APPLICATIONS OF THE FFOWCS 
WILLIAMS—HAWKINGS EQUATION 


In the remainder of this chapter the general results obtained in the preceding 
sections will be applied to specific flows which either exemplify certain 
fundamental aeroacoustic phenomena or are of technological importance 
in their own right. This section is concerned with flows whose acoustic 
behavior can be analyzed by applying Eq. (3.23), while the next section is 
devoted to those that require the full analogy Eq. (3.6). 
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3.5.1 Sound Emission from a Thin 
Strut in a Turbulent Flow 


We shall first consider a long strut or airfoil fixed in a turbulent (time 
stationary) flow of finite lateral extent (as it is in a jet or open acoustic wind 
tunnel). This problem is of technological interest because it relates to the 
broadband sound emission from flap segments under the wings of externally 
blown flap aircraft and from internal support struts and splitters in aircraft 
engines as well as from propellers and aircraft engine fans. The configuration 
is illustrated in Fig. 3.8. 

Since the fluctuating lift will usually be much larger than the fluctuating 
drag, it is only necessary to consider the y2-component of the unsteady force. 
We would like to use the simplified Eq. (3.29) to calculate the sound field 
produced by this force but Eq. (3.33) shows that this result will not apply 
at reasonable Mach numbers unless the characteristic dimension L of the 
body is smaller than the eddy size. However, the span b of the airfoil will 
usually be too long for this to occur. On the other hand, Eq. (3.29) can be used 
to calculate the sound emitted per unit span of any airfoil whose chord c is 
sufficiently small and, since the problem is linear, the results can be summed 
to obtain the total sound emission. To this end we write Eq. (3.29) in the form 


—X2 OF2(t — R/co| ys) 
Ancbx? Ot 


p'(x| 3) ~ 


Fig. 3.8 Coordinate system for strut. 
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where 


R=|x—kys|=x-22 + a(x-1) 


is the distance between the observation point and the point along the strut 


from which the sound is emitted and p’(x| y3) is the density fluctuation at 
x due to a unit length of strut at y3. Hence, 


b/2 
p(x) = | p'(x|y3) dy3 
-b/2 

The normalized pressure autocorrelation function I defined in Eq. (1.94) is 
then given by 


Z b/2 Am farl aks Ge Gan l oon 
radars ( |, ee eer ly 


j= a / “” 
1627c)pox* -b/2 J -b/2 Ct Ct dy’ dy3 (3.74) 


where 


X3 
t=t+— j;% 
Cox Y3 


” X34 
t=t+t+—y3 
Cox 


This result could also have been obtained from the dipole term in Eq. (3.20) 
by neglecting the chordwise retarded-time variation while retaining the 
spanwise variation. It represents the sound that would be emitted by a 
spanwise line of point dipoles whose strengths are adjusted to account for 
the total emission over the chord. 

By using the manipulations described in the appendix of Chap. 2 and the 
fact that the correlation is independent of translations in time (since the 
flow is time stationary), we can put Eq. (3.74) in the form 


gt g2 (h2 bi 
oe ee eel F x(t | ¥s)F (to | v5) dys dy’s 3.75 
(x, 1) len*capox* O72 [. lee a(t | ¥3)Fa(to | v3) dys dy3 (3.75) 


where 
X3 pon 1 
jM=t+s + —(4- ys) 
XCoO 


It is convenient to use the separation vector 73 = y3 — y3 as a new variable 
of integration and write the double integral as 


b/2 ¢ (/2)-y5 
| | F(t | ys)F2(to| v3 + 13) dn3 dys (3.76) 


—b/2 J —(b/2)— ys 


But since the correlation length of F2(t| y3)F2(to| ys + 73) is of the same 
order as the transverse turbulence correlation length, which we shall suppose 
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is much smaller than the span b, the length 43 over which the integrand 
in Eq. (3.76) is nonzero should also be small compared to b. The limits of 
integration in the inner integral can therefore be taken as —oo and re) 
so that Eq. (3.75) becomes 


é _x? 02 (2 fo o a 
x,t) = — > — ; 
(x, t) TR OEE - < F (t| y3)F2(to|_y3 +3) dn3 dys (3.77) 
One might at this point be tempted to neglect the retarded-time variations 
that appear in to by arguing, as we did in Chap. 2, that the decay time 
of the turbulence is large compared with its correlation length. But since the 
time is now measured relative to the fixed frame, its characteristic value 
can be much shorter than the time associated with the oscillations of the 
eddies. 


Since the intensity spectrum [,, is the Fourier transform of I, Eq. (3.77) 
implies that 


_ @? x2. [? WX3 
f = —,—_ > H ;—, d 3.78 
o(X) Bncdpo x* | 52 22 Y3 es @ } dy3 (3.78) 
where 


@ 


1 
A22(y3; k3,@) = ast | 


—o 


| elor—k) Fo(y3, t)F(y3 +n3,t+T7) dt dn3 


is the power spectral density of the fluctuating lift force on the body. 

We again suppose that the turbulence is effectively frozen during the 
time it takes an eddy to traverse the strut. Then, as long as U, is relatively 
constant, the fluctuating lift force resulting from a single Fourier component 


a2(k) eik *y’ 


of the turbulence upwash velocity will be given by Eq.-(3.72). If, on the 
other hand, the turbulence is also relatively homogeneous, the moving- 
frame turbulence correlation 


R22(no — iU,t) = ualy — iU,t)u2(y + yo — iU,(t +1) 


will depend only on the indicated argument, and, as shown in Appendix 1.A, 
will be related to the moving-axis spectral density ®5,(k) of the upwash 
velocity by 


R220 — pt) = {J | elk (no-1U.0) @0(k) dk (3.79) 


These results are used in Appendix 3.B to show that the lift power spectral 


density is related to ®2, by 
2 fa oO: 
5 ( © ks. My) [7 (Fk ks) dk» 


H2(y3; k3,@) = 27 ppc?U, 
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Hence, Eq. (3.78) becomes 


T..(x) = T(x, 8, 9) 
_ U,bw*npoc? sin? 0 cos? » 
Bex 


g(®@ @. 2 
U,"c9 sin 9. M,)| 


a eee 
02 U, 2 sin @ sin °) dk (3.80) 
where we have introduced the spherical coordinates @ and @ defined in 
Fig. 3.8. 


It remains to determine the spectral density function ®>>. This can be 
accomplished by assuming an idealized model for the turbulence. Thus, the 
isotropic turbulence spectral density tensor ®; ; can be written as?’ 


E(k) kik; 
eae eT (% 7 2) 
where 
k= /ki + ko + k3 
Hence, the upwash spectral density becomes 
E(k) 


t= 
22” Ank* 


(ki + k3) 
Then if it is also assumed that the moving-frame longitudinal correlation 
function #22(jé2) is given by 

RAGE 2) = u3 e 52" 


it can be shown?’ that 


E(k) = __ua8kS 
( )= nl(I- 2 4 ky 

and as a result that 
eae 2u3 ki + k3 


nl (I>? +k?) 
Substituting this into Eq. (3.80) and performing the integration now yields 
3bpou3 (2) M3 sin? 0 cos? @ h? oj} 


T(x, 0,0) = 32 “ Holt = + ys 


20, 20, : i ’ 
x | gl —, —M,sin 6sing, M, 
ec 


where the reduced frequency and the free-stream Mach caer Ate OS 
defined by Eqs. (3.60) and (3.69), respectively, h? = 03(1 + M? sin? 0 sin’ ¢) 
and, % = 2I/c. 
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See 
It follows from Eq. (3.73b) that 
3bpou3 (c\? M3 sin? 0 04 
32 \x/ ao(ag? + 03)?/? 
which shows that the sound field in the plane perpendicular to the strut is 
completely determined by the two-dimensional response function. This equation 
holds at the point @ = 2/2 even when the frequency is too high for Eq. (3.29) 
to be valid (since the sound field at this angle is unaffected by variations 
' in retarded time. over the strut). When both the reduced frequency and 


Mach number are sufficiently small we can replace S, by the approximation 
(3.64) to the incompressible Sears function to obtaint 


- 3bpou3 (c\? M3 sin? 0 o4 
T..(x, 8,0) = 3.81 
eet) 32) \x/ ao(ao ? + o7)9/2(1 + 2201) set) 
And, more generally, Mugridge’s approximation (3.68) can be used to obtain 
- 3bpoud c\? Mp sin? 6 cos? h?a?_ (a? + 2/n? 
Qo(%g 7 + h?)°/2(1 + 2n04)\ h? + 2/n? 


x 
Equation (3.81) can easily be integrated over all frequencies to establish 
that the mean sound intensity in the plane perpendicular to the strut is 
given by 


T(x, 0,0) = | S.(o1,M,)|? 


3bepouiM$ co 
16x? 


I(x, 0,0) = A(q) sin? 0 (3.82) 


ae { a" oat 4| 
~ 1 fe+i=1 )" 


ta 1+ 


2a 


7 ‘)? + u} 


and 


ch 
l 
Notice that A(x) becomes equal to 3 at large values of «. In fact, A(a) 
remains within 10 percent of this value whenever « is greater than 2. 

In order to verify this analysis, W. A. Olsen of the Lewis Research 
Center measured the sound emission for a long thin symmetrical strut in a 
turbulent jet. The strut was centered in the mixing region 4 diameters 


« 


; + Notice that when M, is not too large, the approximations made in replacing S, by the 
incompressible Sears function S$ is consistent with basing the analysis on the approximate 
Eq. (3.29), which amounts to neglecting variations in retarded time along the chord. 
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Observation point 


Fig. 3.9 Configuration of strut experiment. Nozzle diameter, D, 10 cm (4 in.); blade chord, 
c = 2D; blade span, b = ./3D; distance to observation point, x, 4.56 m (15 ft.). 


downstream from the nozzle, as shown in Fig. 3.9. The geometric para- 
meters that appear in the analysis are indicated on the figure. The aero- 
dynamic parameters can be estimated from the measurements summarized in 
Sec. 2.5.1 (page 90). These results show that U, should be related to the jet 
velocity U, by U, = 0.62 Us; and that it is reasonable to take | = (I; + !2)/2 
and (u2)"/2 = 1.2u'sax. Then Eqs. (2.42) and (2.43) show that | = 0.3 D and 
(u3)/2 ~ 0.129 U, (where D is the jet diameter). The theoretical directivity 
pattern, obtained by inserting these parameters into Eq. (3.82) is compared 
with Olsen’s experimentst in Fig. 3.10. The agreement is seen to be quite 
good. (It should be noted that the actual level of these curves is determined 
by the analysis and not adjusted to fit the data.) Nevertheless, the restriction 
¢ «1/M, which we imposed on the analysis is only moderately well satisfied 
in the experiment. And the requirement that U, be constant over the strut 
is not even approximately satisfied. Notice that the former restriction is most 
closely satisfied at the low velocities, where the agreement is best. 


3.5.2 Aeolian Tones 


The singing of the wind through telephone wires and leafless trees and the 
whistle of the tension rods of airplanes and the rigging of ships are but a 


_ _ + The first combined analytical-experimental study of sound emission from solid bodies 
in jets was carried out by Sharland.7° 
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Fig. 3.10 Comparison of data and theory for strut experiment. Nozzle diameter, D, 10 cm 
(4 in.) ; ratio of distance to observation point to nozzle diameter, x/D, 4; @, 0°. 


few examples of Aeolian tones. They were first studied in 1878 by Strouhal, 
who was primarily concerned with their frequency. 

The nature of the flow about a cylinder moving through a fluid with a 
subsonic velocity V° is largely determined by the Reynolds number po V°D/s 
based on the cylinder diameter D. When this quantity is sufficiently small 
the flow is steady and its main effect is to cause a drag force on the cylinder. 
However, the flow becomes unstable to small disturbances at a Reynolds 
number of about 50, and the wake starts to oscillate beginning at a point 
some distance downstream of the cylinder. Further increases in this para- 
meter cause the oscillations in the wake to move upstream until, when the 
Reynolds number reaches about 60, the oscillations appear as the alternate 
shedding of lumps of fluid from the top and bottom of the cylinder. Most 
of the vorticity in the wake is now concentrated in these lumps, which move 
downstream ina regular array called the Karman vortex street. This behavior 
persists up to a Reynolds number of about 10*. The periodic shedding of 
vorticity into the wake exerts a periodic lift force on the cylinder and, 
as was first recognized by von Karman and Ruback, it is this oscillating 
force which is principally responsible for the Aeolian tones. The angular 
frequency Q of the force is equal to the frequency of vortex shedding 


2nVv? 


Q=S, D 


(3.83) 


where the Strouhal number S, depends to some degree on the Reynolds 
number but remains close to 0.2. The vortex shedding also induces a periodic 
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drag force on the cylinder, which turns out to be quite small compared 
with the fluctuating lift, and will, therefore, be neglected in the pieaien 
. discussion. 

If the cylinder is not rigidly supported, the fluctuating lift might cause 
it to oscillate and (see Eq. (3.28)) thereby introduce an additional sound 
source. However, the term Aeolian tones usually refers to the sound generated 
by the oscillating force itself, and we shall limit the discussion to the case 
where the cylinder is rigidly supported. 

Thus, we consider a circular cylinder of length b and diameter D 
moving with a constant velocity V° in the x,-direction through a fluid at rest 
at infinity. The cylinder, whose long axis remains parallel to the x3-direction, 
carries along the ¢-coordinate system shown in Fig. 3.11. 

As in the last section we let F(t|¢3) denote the fluctuating lift force 
per unit length acting on the cylinder so that its total lift F2(¢) is given by 


F(t) = \ F2(t| 3) dfs (3.84) 

Phillips”? showed that F(t|¢3) can be approximated by 
Fafe| fa) = x LOD p enters enea G85) 
where x is a numerical constant which lies somewhere between 4 and 2. 
This variation is probably due to the sensitivity of the force to the amount 


of turbulence in the oncoming stream and the dependence of the phase ® 
on the length of the cylinder and the geometry of the flow system. The 


xed 


Fig. 3.11 Coordinate systems for sound emission from Aeolian tones. (Cylinder shown in 
its location at emission time t-.) 
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variation in ® along the cylinder reflects the fact that the vortex shedding 
is only in phase over a relatively short length, perhaps on the order of 3 to 
4 diameters. The frequency Q is given by Eq. (3.83). Hence, the characteristic 
time T; of the oscillation is 


The inequality (3.25) therefore shows that Eq. (3.28) can be used to predict 
the sound from this flow only if 


M 5D 
1—Mcos0~L 


where L is a characteristic dimension of the cylinder 


and 


Even though Aeolian tones are usually found only in very low Mach 
number flows, cylinder lengths are in many cases long enough so that the 
inequality is not satisfied. We therefore proceed as in the previous section 
and use Eq. (3.28) only on a unit length basis. 

Since the cylinder velocity V° is constant, we can put a° equal to zero 
and neglect the derivative of Ch with respect to t, (since it yields higher 
order terms in R;' when x is in the radiation field). Then inserting 
Eq. (3.27) into (3.28) yields 


F — (Re)2 OF (t,| £3) 
el ¢s) ~ 7 esRITI — (RR) MI? or. von 
where 
R, =x — k¢3 — icoMt, 
ila (3.87) 
R. 
oe 
Co 


and p’(x|¢3) is the density fluctuation at x due to a unit length of cylinder 
so that 


b/2 
p(x) = | p'(x| 3) dfs (3.88) 
-b/2 


Since Eq. (3.87) shows (R,)2 = X2, substituting Eq. (3.85) into (3.86) and 
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using Eqs. (3.83) and (3.87) yields 
aT iKS,po(V°)>x 
x (a ~ ee ie — i - Fi iD(> 
p'(x|¢s) 4cR2[1 — (RY/R)- Mp oe 8) 3.89) 
But for large x, 


R.e=|x — k = i — X3C3 
e | C3 ColMT, | = Ro eee | O(R ty 
where 


? 
Ro = icoMt, 


is the value of Re at the center of the cylinder. Hence, replacing R. by 
Ro — (x3¢3/Ro) in the exponent of Eq. (3.89) (and by Ro in all other places) 


and substituting the result into Eq. (3.88) yields 
ixS,po(V°)? sin 0 cos p 
4c8Ro(1 — Mcos 0)? 


b/2 Q 
x | ep} -if (2 )s, sin 0 sin p + oct df; — (3.90) 
—b/2 Co 


where, as shown in Fig. 3.11 (wherein the cylinder is shown in its position 
at the emission time T,) 


~ iO[T~ (Ryley) 


p’(x) ~ 


Ro ; 

fu. 

cos Ro i 
z Ro 2 X2 
sin 9 cos =p J=2, 
Ro X3 
i i ask = 
sin @ sing Ro Ro 


Since Ro and @ depend on t, the density fluctuation is not periodic. 
However, as shown in Sec. 1.8.4, the observation point can be moved far 
enough from the source so that @ and Ro(t) are nearly constant over one 
period of oscillation and hence equal to their values, say Ro(to) and 
9 = Oto), at some time to during this period. In fact, it follows from the 
results of that section that 


| __ikS,po(V°)? sin Oo cos o {ial = to se ue 2 wh 
4c§Ro(to)(1 — M cos 60)” 1 — Mcos0o a 


: i ies \- |(2)o sin Oo sing + oga|t dé; (3.91) 


—b/2 
nce, we can treat the motion 


for time i der of one period. He . 
se apr plage ty define an average intensity 


as periodic and use Eqs. (1.16) and (1.92) to 
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over the effective period 
Tp = =U — M cos 60) 


Consequently, 
— k?S?p0(V°)® sin? 4 cos? p 
32c8R&(1 — M cos 6)* 


b/2*b/2 Q 
x | | exp {H(2)< sin 6 sing + O(f3 + €) — oc. dl; dl 
—b/2 J —b/2 Co 
(3.92) 
where we have put 
=a — Os 
and dropped the zero subscript on 6 since, now that the intensity has been 
calculated, there is no need to distinguish between fo and t. 
We shall consider two limiting cases. First, suppose that the cylinder 


length b is small enough so that the vortex shedding is roughly in phase 
over the length of the cylinder.t Then 


el, +2)- OC) w 4 


But, since Eq. (3.83) shows that wé/co changes by an amount 
Q b 
— b~ (2z)(0.2)M — 
co 2 = 2n)(0.2)M 

and since the Mach number is fairly low, it follows that 

eliMlegé sinOsing ~ | 
over the range of integration. Hence, Eq. (3.92) becomes 
k?S7b7p(V°)® sin? 6 cos? p 


a 3.93 
32c8R3(1 — M cos 6)* ear) 


Now suppose that the cylinder is very long compared with the length | over 
which the shed vortices are correlated. In this case it is convenient to change 
the variables of integration in Eq. (3.92) to €3 and € so that 
k?S?po(V°)® sin? 6 cos? p 
32chR3(1 — M cos 6)* 


*b/2 (b/2)-C, 
x ei Q/c)é sin O sin p el C3 +5)- OEM ge de, (3.94) 
—b/2 — (b/2)-C3 


t The cylinder would then have to be less than 4 diameters in length, and end effects 
could become important. 
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Then since the correlation length is small compared with the length of the 
cylinder, we can (as in the last section) take the limits of the inner integral 
to be — co and oo. Moreover, it is reasonable to assume that the correlation 
coefficient 


1 b/2 
Al el®C,+E)-O€,)] dl; 


b J 1/2 
of the fluctuating force acting on the cylinder is Gaussian and therefore 
equal to e~ ‘*/?"). Then since 


[foo (Gano (Ss 


2 
= ,/2rl exp| -3(3)? sin? 6 sin? | 


co 
Eq. (3.94) becomes 
_ 2nk?S7Ilbpo(V°)® sin? 0 cos? @ 
32c8R3(1 — M cos 6)* 


; 2 
x jexr |- ; (ES) sin? @ sin? of (3.95) 


If the Mach number is so small that the exponent can be neglected, this 
formula differs from the short-cylinder formula (3.93) only in that b? is 


replaced by ./2zIb. 

These results (without convection effects) were obtained by O. M. 
Phillips”? in 1956. By using a specific model for the wake flow, Phillips 
determined that x should be approximately equal to 1. His measurements are 
compared+ with Eq. (3.95) (with the convection and exponential factors 
neglected) in Fig. 3.12. 

As the Reynolds number is increased and the wake behind the cylinder 
becomes turbulent, the vortex shedding mechanism appears to persist in a 
less organized state with randomly shed, large-scale vorticity causing broad- 
band lift fluctuations and hence broadband noise. In fact, a surprisingly 
distinct large-scale eddy structure is found to exist in the wakes of cylinders 
even at very high Reynolds numbers—with about one-half the turbulent 
energy in the wake contained in these eddies.?° Experiments at these higher 
Reynolds numbers tend to show that the sound intensity still follows the 
Prediction of Eq. (3.95)—provided / is taken to be independent of D. 

The formulas derived in this section are not restricted to circular 
cylinders and should apply equally well to bluff bodies with other cross 
sectional shapes. For streamlined bodies such as airfoils, random vortex 
shedding has been assumed to occur and be an important source of broad- 


ee 


+ Phillips took ,/2nl = 17D. 
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Fig. 3.12 Comparison of Aeolian tone measurements with experiment. (Data from Reference 
29.) Cylinder velocity 1300 < V° < 2000 cm/sec; Reynolds number, 110 < Re < 160; nozzle 
diameter, D, 0.0123 cm (0.0048 in.). 


band noise. However, Patterson, Vogt, and Fink*° recently found that 
certain typical two-dimensional helicopter rotor airfoils emitted only pure 
tonest when their pressure-surface boundary layers were laminar and that 
no sound could be detected above the very low level background noise 
when the boundary layers were turbulent. Although the data taken by these 
investigators correlated well with a Strouhal number of 0.2, based on the 
total laminar boundary layer thickness, Tam?! has shown that there are 
4 number of factors which indicate that these tones may not be produced 
by vortex shedding. Indeed, flow visualization studies of airfoil wakes show 
that the formation of discrete vortices is delayed until the flow has moved 
far downstream. Moreover, Aeolian tone theory cannot explain certain 
detailed features of the data such as the simultaneous occurrence of tones 
at more than one frequency and the jumps in frequency that arise when 
the flow velocity is increased through certain ranges. Consequently, Tam 
has postulated that these tones may be caused by a feedback mechanism 
that is very similar to those associated with edge tone production (see 
page 105) and jet “screech” (page 104). Thus, disturbances propagating down- 
stream from the trailing edge are assumed to be amplified by an instability of 
the flow. However, in this case the sound emission is the result of a lateral 
motion imparted to the wake by the disturbance. The sound wave then 
impinges on the pressure surface boundary layer and initiates a new 


+ Often called “propeller singing.” 
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disturbance which continues the cycle. This model is capable of explaining 
many of the observed features of the experimental data. Patterson, et al., 
even suggest that much of the broadband noise produced by actual heli- 
copter rotors may also be generated by this mechanism—with the variation 
in tone frequency that results from the spanwise speed variations causing 
the sound to be emitted over a range of frequencies. 

Blade boundary layer turbulence may be another source of broadband 
helicopter rotor noise. A simple theoretical model for predicting the sound 
generated by this mechanism was developed by Mugridge,*” and his results 
show fair agreement with experiment at low frequencies. Moreover, the 
analysis in Sec. 3.5.1 demonstrates that incident atmospheric turbulence is 
also capable of producing broadband helicopter rotor (or propeller) noise. 


3.5.3. Propeller Noise: Gutin’s 
Theory 


Up to this point the examples have been concerned with noise generated 
by the fluctuating forces exerted on a body. On the other hand, it was 
shown in Sec. 3.3.2 that a body in accelerative motion can generate sound 
even when these forces are steady. It is generally believed that this mechanism 
is responsible for the production of pure tones by airplane propellers 
operating at moderate tip speeds. In 1937, Gutin>* recognized the dipole 
character of this noise source and was able to develop the first successful 
theory of propeller noise.t 


The basic equation. Figure 3.13 shows a propeller rotating with angular 
velocity Q in the y,-y2 plane. The ¢-coordinate system is fixed to the blades 
with its origin at the hub and its ¢3 axis perpendicular to the y,—y2 plane. 

The noise produced by this propeller can be calculated from Eq. (3.23). 
We shall again suppose, for reasons discussed in Chap. 5, that the quadrupole 
terms can be omitted. Moreover, the noise generated by the volume displace- 
ment effects will also be neglected. Then, with this understanding, Eq. (3.23) 
becomes 


1 R; 6 L] 
hes Ry 8 fr) ase) (3.96) 
P ~ ance i Fes at] CT k=s. 


where we take S(to) to be the surface of the blades, and the retarded time 
te and the convection factor Ct are defined by Eqs. (3.17) and (3.18), respec- 
tively. The Mach number which appears in Eq. (3.18) is defined in terms 
of the velocity V of a fixed point in the t-coordinate system by Eq. (3.15) 


+ Earlier attempts at formulating theories of propeller noise were made by Lynam 


and Webb"? in 1919 and by Bryan®? in 1920. 
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Fig. 3.13 Coordinate system for propeller. 


while Eq. (3.13) and Fig. 3.13 show that 
V=Okxe (3.97) 


for a stationary propeller. 
We shall (for simplicity) limit the discussion to the case where the 


velocity V is everywhere subsonic. Then Eq. (3.17) has only a single root 
t for each value of t, and the integrand in Eq. (3.96) need not be interpreted 
as a sum of terms (see remarks following Eq. (3.17). 

The analysis is also restricted to the case where the sources, and hence 
the sound field, is periodic with angular frequency Q. This will occur when- 
ever the flow entering the propeller is steady—even if it is spatially non- 
uniform. It, therefore, follows from Eqs. (3.96) and (1.4.2) of Appendix 1.A 
that the amplitude p, of the nth harmonic of the density fluctuation is given 


by 
Q 2n/Q R; é fj oe 
are ae |g 98 

p 8278 Dons | E at | Ct iz “eee se 


Since the integrand is evaluated at ¢ and the retarded time 1,(¢,1), it is 
convenient to make these the variables of integration. But differentiating 
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Eq. (3.17) and using Eqs. (3.9), (3.15), (3.17), and (3.18) yields 


dt 

o- = ot 

os [C"]. =: (3.99) 
Then since t, is a single-valued function of t, changing the variable of 
integration from tf to t, in Eq. (3.98) we get 


Fa[ [emo BS 
pa ~ =-35 eintir, + (Reg) bP ad 100 
827Cd J suo J 4,0) R? ét,|CT| dtedS{) (3.100) 


where we have dropped the notation [ ],-,, with the understanding that 
all quantities in the integrand are evaluated at ¢ and the retarded time t.. 

Since R is a periodic function of t with period 27/Q, [R].=:, is a 
periodic function of t, with this same period. Hence, it follows from 
Eq. (3.17) that increasing t, by 27/Q increases t by the same amount. But 
since the velocity is subsonic, Eqs. (3.18) and (3.99) show that f is a mono- 
tonically increasing function of t,. Hence, increasing t by 27/Q must also 
increase t. by this amount. The limits of integration of the integral with 
respect to t, in Eq. (3.100) can therefore be replaced by [r-(C,0), t-(C,0) + 22/Q]. 
But since the integrand is a periodic function of t., the value of the integral 
cannot be changed by translating both limits the same amount, and Eq. 
(3.100) becomes 


Q Xj 2n/Q a a fi 
=e inQ{r, co) d 
Pn 809 x7 Jo \, . ét.|C*| a) oe 


where, since y(£,t-) is confined to the propeller disk and x is in the radiation 
field, we have replaced R,/R by its asymptotic value x;/x. 

. Since Ct > 0, integrating Eq. (3.101) by parts and using Eqs. (3.17) and 
(3.99) yields 


. 2 : 2n/Q 
inQ? x; | | eins, + (RIE f(C, 1) dS(L) de 
S(to) 


mee 
Pa 82208 x? Jo 
But since 


Rax-—-y¥ + Oe") 


whenever x is in the radiation field and y is confined to the propeller disk, 
this equation becomes 


inQ? Xj mane inQft. +(x/c0)] — inQ(x/x)+ y/e 
Pn~ — er cilia a hd é y/o F(C, Te) AS(C) dt. 
co xX” Jo S(to) 


(3.102) 


It is convenient to distinguish the front surfaces of the propeller blades, 
say S,(to) with unit normal fi’, from the back surfaces, say S2(to) with 
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Fig. 3.14 Propeller blade surfaces. 


unit normal A. Thus, as shown in Fig. 3.14, these two sets of surfaces join 
along the trailing edges of the blades and along the lines that pass through 
the fronts of each blade section at the points where the tangents of these 
sections are parallel to the (3-axis. The surface integral in Eq. (3.102) can 
then be written as the sum of two integrals—one over each of these two 
sets of surfaces. The latter integrals can be evaluated in the usual way by 
integrating over the projection A of the blade surfaces in the (,-C> plane. 
Then the inner integral in Eq. (3.102) becomes 

Xj 


e~ inUx/x)-¥leo F(L, 7.) dS(C) 


oe fa e~ (inQ/co)(x/x)y 
X JA |AS? | 

y “ints 

sae d€, dl, (3.103) 

AP| 

where C$ is the value of (3 on the front blade surface and more generally 

the superscript (1) indicates that the quantity on which it appears is to be 

evaluated at (1, C2, and C4. In order to transform Eq. (3.102) into a more 

explicit form, we first introduce the spherical coordinates x, 0, and for the 

observation point x and the cylindrical coordinates r’, g’, and ¢3 for the 

source point ¢, as shown in Fig. 3.15. Since the vector y denotes the location 

of the source point ¢ relative to the fixed y-coordinate system, it follows 

from this figure that 


y = {r’ cos (p' + Qr,), r’ sin (y’ + Qr,), C3} 
X = {x sin # cos gy, x sin 0 sin g, x cos 0} 


X J sito) 


+ 


(3.104) 
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Fig. 3.15 Polar coordinates for propeller. 


Moreover, when dealing with propellers it is customary to divide the force 
acting on the blades into a thrust component fr in the €3-direction and a 
drag component (equal to minus the torque) fp in the y’-direction. These 
are related to the components fj of fin the fixed y-coordinate system by 


f ={—fpsin(g' + Qt), fp cos (g’ + Qz,), —fr} 


Introducing this into Eq. (3.103), inserting the result into Eq. (3.102), and 
using the polar angles defined in Eqs. (3.104) now yields 


; 2 22/Q - U 
Pn ~ i | | exp {inal + (=) - (=) sin 6 cos (¢’ +0,-0)]| 
TM CoX Jo , | Co Co 
x [gr cos 0 + gp sin O sin (gp! + Qt. — g)] dter’ dr’ dy’ — (3.105) 


where 


= Ei fexo| -' = C4) cos of} 


(2) 
+ Ja exp] —i a c¥) cos aft fora=T,D (3.106) 
AS? | Co 


The factors 
Q.. 
exp| -i' i cos] ota he 
Co 
account for the difference in retarded time between the blade surfaces and 


the rotational plane of the propeller. However, it is unlikely that any pro- 
peller blade will be thick enough for the difference in retarded-time between 
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its front and back surfaces to be important. We therefore neglect this 
variation and thereby obtain 


Ja ~ [ex (-1 = £3 cos 0) fp for «= T,D 
0 


wheret C3(r’, ¢’) is the €3 coordinate of the blade chord and 


f@ fe 
= = T,.D 
i Aig] + Ai) for a = T. 


is just the net thrust or drag force per unit projected area acting on the 
blades at the point (¢,, £2). Hence, using the well-known generating function? 


eZ cosB — y (—i"5,iz)2"™" 
m=— 0 


for the Bessel function J,,(Z) of the first kind together with the derivative 
of this result with respect to 


oO 


=sin B e208? — z. 2! (—i)"mJn(Z) ei”? 
we can write Eq. (3.105) as 


2 


ike 5 — inky - . —i(m! + ks 
Pn ~ eth y ele 2 1 T (kyr’ sin ) e~ ime’ + k,b5 cos 6) 
4ncox m== © A 


x (<0s 1 ee “) Y dr' do’ —_ (3.107) 


k,r 
where Q 
ky = (3.108) 
Co 


is the wave number of the nth harmonic of the rotational frequency Q and 
Q 2n/2 F 
Fi= =| el FC',t)dt  fora=T,D (3.109) 
0 


is simply the pth Fourier coefficient of the force 7,. Finally, by shifting the 
index of summation to p =n -— mm, Eq. (3.107) can be put in the slightly 
more familiar form 


ik, 
Paw -—z- elle : ef the~ | Jn—p(kn?’ sin 0) 
A 


4ncox sats 


: aoe ,  Q6 cos 6 n—p 
x1 ¢ = pista | einen eh 1 dul ’ 
( xp {ro r(o + - P(e OF; LP ")r dr’ dp 


(3.110) 


t The definition of ¢§ in the region between the blades is irrelevant since 7, vanishes 


there. 
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This result is quite general and applies even if the flow approaching the 
propeller is spatially nonuniform and every blade is different from every 
other. However, we are usually interested in propellers that have B identical 
equally spaced blades. Consequently, let ,°(r’, @, t) denote the force per unit 
projected area acting on a particular bladet—individuated by setting an 
index s equal to 1. Then since the force distribution acting on the s= 1 
blade at the time t is the same as that which acted at the time 
t — (2n/QB)(s — 1) on the blade that is displaced from it by the angle 
(2n/B)(s — 1), the force distribution on the latter blade must be 


es ay. oT 2n 
f(r.0 HD. +25 (s~ 0) 
Hence, 
- 2n 2n 
= 0 d ‘_— = a - = 
I. 2 fe (0 2 (s I),t + Gas 0) fora=T,D (3.111) 
We can now insert this into Eq. (3.109) to obtain 
. —i2n(s-1)p/B FO [ »! A! 2n 
im > oe rg’ —pls-V for «=T,D 
s=1 
(3.112) 
where 
Q 2n/Q2 
Fo(r,.o) = al el f(r o't)dt fora=T,D (3.113) 
1 Jo 


is the pth Fourier coefficient of the force per unit projected area acting 
on the s = 1 blade. Then substituting Eq. (3.112) into (3.110), shifting the 
variable of integration from ¢’ to y’ — 2n(s — 1)/B, using the identity 

A for n= mB 


i m=0, +1, +2,... 
0 for n#mB i 


B 
>: e7 indn(s— 1)/B _ 


s=1 


and noting that 
2n 
MC.) = (r. o -Z6- 0) 
yields 


iBkng efken* ¥ eilnB- ple —(n/2)) | Jap-p(Kea? sin 0) 
Ao 


4nckx =n 


Png ~ 


x eiPe’— inBig’ +2L5 cos 4/¢9) (cos OFT. _ = —- F3.,)r dr’ do’ (3.114) 
nBl 


+ We can assume that f° is equal to zero when (r’,g’) does not lie in the projected 
area of the blade. 
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where Ag is the cross-sectional area of the s = 1 blade. In many cases C5 can 
be approximated fairly closely by 


C§ =r'g' cot x 
where the stagger angle y is shown in Fig. 3.18. 


Steady blade forces: Gutin’s theory. Now consider the case where the 
approaching flow is completely uniform in space and hence where the blade 
forces are steady in the rotating reference frame. Then Eq. (3.113) becomes 


——————— 


Q 2n/Q ; 
Fy = f(t’) al ef dt = f,0(C)5p,0 for a= T,D 
T Jo 


Thus, only the p = 0 term contributes to the sum in Eq. (3.114), and we 
obtain the following generalization of Gutin’s formula} for the “rotational” 
noise from propellers.*# 


. . Q , 
Pup ~ ins B elt kya + nBle — (e/ 20) | jew  nso'(1 + — cos 0 cot :)h 
4ncox As Co 


xX Jng(kngr’ sin ol cos 0 — = fs) dr’ do' for n= 1,2,... 


(3.115) 


In order to gain some insight into the properties of the sound field 
predicted by this result, notice that the Bessel function J,,(Z) can be approxi- 
mated by the first term in its series expansion 

ds 
In) = Sy (3.116) 
over much of the range, 0 < Z < m, where its argument is less than its order. 
But for r’ less than the tip radius r, of the propeller, 


where M, is the tip Mach number, which we have assumed to be less than 
unity. Consequently, Eq. (3.108) shows that the arguments of the Bessel 
functions in Eq. (3.115) are less than their orders and, as a result, that the 
approximation (3.116) can be used. Moreover, the variation over Ao of the 
exponent 


. Qr' 
a ino + — cos # cot 1) 
i) 


ft Unlike Gutin’s formula, Eq. (3.115) accounts for the variation in retarded time over 
the blades. 


will be less than 2nB/AR where AR is the aspect ratio of the blades. We 
shall suppose that AR is large enough and that the number of blades is 


small enough so that the exponent is nearly zer ‘ . 
o. Th y j : 
mations, Eq. (3.115) becomes : en with these approxi 


aL 


nB 


x (cos - te ry Or dr’ d ' S117 
M, Ao \"'t . ? a ) 


r’ nB 
rf (“) dy dr’ do’ 
Ao ry, 
yr nB 
| —) fPr dr’ dg’ 
Ao\!t 


is the ratio of the nBth drag moment to the nBth thrust moment, or roughly 
the drag—thrust ratio. 

Equation (3.117) shows that the phase of the nBth harmonic 
. pape \"®™ of the density fluctuation is (see page 14) 


where 


a, = 


nB(p — Qt) + kngx + Constant 


Hence, its phase surface rotates with the rotational speed Q of the propeller 
while it propagates in the radial direction with the speed of sound. The 
sound waves are therefore said to be phase locked to the propeller. 


The nBth harmonic of the intensity is 
B?k25(kngr, sin 0)2"8(cos 0 — a,/M,)" se , 
nB~ 2 2 52nB+4 F) | (=) Sr dy dla 
1” poCox” 2 [(nB)!] Ag \Ts 

As we have already indicated, this formula does not account for the “thick- 
ness noise” generated by the volume displacement effects of the blades. The 
extension of Gutin’s theory to include this effect was given by Deming?*"3’ 
and completed by Gutin himself? in 1942. However, this noise source is 
generally found to be unimportant until the tip speed approaches the 
speed of sound.®* 

Equation (3.118) shows that the intensity is always zero along the 
propeller axis (9 = 0 and 0 = z) and, since a,/M, is usually somewhat less 
than unity, that it has a strong peak just behind the rotational plane of the 
propeller. This peak rapidly becomes narrower as the number of blades 
increases. The intensity is also zero at the angle 0 = cos”! (a,/M,). The 


corresponding directivity pattern therefore has the general shape indicated in 
Fig. 3.16. 


2 


(3.118) 
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F Axis of rotation 


— ——_ ee 
Flow direction 


Fig. 3.16 Polar plot of intensity. 


For a given tip speed the fundamental frequency cokg = QB increases 
with increasing blade number because of a phase cancellation of the lower 
harmonics of the rotational speed Q. Increasing the blade number also causes 
the sound intensity to drop rapidly to zero, This is a consequence of the 
fact that the higher order Bessel functions are very nearly equal to zero 
whenever their argument is less than their order, which, as we have seen, is 
always the case for subsonic tip speeds. Thus, we expect that this type of 
noise will not be important for jet engine fans, which usually have larger 
numbers of blades. 

The fundamental harmonic tends to be dominant at the lower tip 
speeds, with the higher harmonics becoming progressively more important 
as the tip speed is increased. 

Hubbard and Lassiter?? compared Eq. (3.115) with sound pressure 
measurements in the rotational plane of a two-bladed propeller. (See Fig. 
3.17). These and other comparisons indicate that the theory developed in 
this section (extended if necessary to include thickness noise) is able to predict 
with reasonable accuracy the lower order harmonics (perhaps the first 10 
or so) for tip Mach numbers ranging from 4 to 1. On the other hand, it is 
found that the sound radiated by an actual propeller persists at considerably 
higher frequencies than those predicted by the theory. The additional sound 
is now believed to result from the nonuniformity of the incident flow— 
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an effect which is also believed to be responsible for the discrepancy between 
theory and experiment at Mach numbers below 4. 

.Flow distortion noise. There are many cases where propellers and fans 
must operate in much more nonuniform flows than those encountered by 
airplane propellers. Thus, for example, a ship’s propeller operates in the 
ship’s inhomogeneous wake, a jet engine fan frequently operates in the 
wakes of inlet guide vanes, and helicopter blades must often pass through 
their own wakes and operate in ground effect. Moreover, the noise due to 
flow inhomogeneities can dominate over the rotational noise even for very 
small nonuniformities. 


—O— Experiment 
<= == Theory 
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Fig. 3.17 Propeller noise measurement of Hubbard and Lassiter.2° Circumferential angle, 

0, 90°; distance to observation point, x, 10 m (30 ft). (a) Sound pressure as function of order of 

harmonic. Number of blades, B, 2. (b) Sound pressure as function of tip Mach number for 
three harmonics of a two-bladed propeller. 
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When the oncoming flow is nonuniform, it can no longer be assumed 
that the forces acting on the blades are steady in a reference frame rotating 
with the propeller and we must use the complete Eq. (3.114) to calculate 
the acoustic radiation. In order to evaluate the integrals in this formula, it is 
generally necessary to know the force distribution over the blades. However, 
we can obtain a qualitative picture of the sound field by assuming that 
the force on each blade acts through a single point whose radius is ry. Then, 
we can orient the {,-axis so that the force distribution /,° acting on the 
first blade becomes 


£202) = 5 50" — ry)S09%@) a= TD 


where 7.° denotes the total (thrust or drag) force acting on the blade. 
Inserting this into Eq. (3.113) and using the result in Eq. (3.114) now yields 


ik,pB ik = i - = i 
7 ik,,x imB- Po (e/2 Jo (Kanry Sin O 
Pne mCexX ‘ pa . : " as 
B _ 
si (<oso t= no! D,) (3.119) 
kup M 


where 


Lp = =- 
id 2n Jo 


Q 22/Q ; 
| e' Fr) dt = for a= T,D 


is simply the Fourier coefficient of the total (thrust or drag) force acting on 
the blade. This formula was obtained by Lowson*® starting from a circular 
array of point sources rotating with the same angular velocity about their 
common center.t 

The p = 0 term corresponds to the mechanism discussed in the previous 
section and its Fourier coefficients Ty and Do are equal to the time- 
averaged forces. Hence, we can think of these as the steady part of the 
blade forces with the Fourier coefficients T, and D, for p # 0 corresponding 
to the fluctuating or unsteady forces. Each of these contributes a term, or 


“mode”, to the nBth harmonic of the sound field, whose phase is (see 
page 14) 


kngX + (nB — p)p — nBQt + Constant 
The corresponding phase surface therefore rotates with the angular velocity 


nB 
nB — p 


+ The point force approximation can be justified rigorously in the limit where the 
wavelength is long compared with both the chord and span. Since it is more likely that 
the wavelength will be long compared with the chord, a better approximation might be to 
consider the force concentrated along a radial line. 
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Thus, the modes whose indices p and nB are of the same sign will rotate 
with greater angular velocity than the propeller rotational speed Q—which 
shows that subsonically rotating propellers can actually give rise to super- 
sonically rotating modes. On the other hand, the modes whose indices are 
of opposite sign will have angular velocities that are correspondingly less 
than Q. This type of interaction can be most easily visualized by considering 
asimple optical analogue called the Moiré effect.t If the periodic disturbance 
field is represented by an array of (say 48) radial spokes drawn ona stationary 
background (one spoke for each cycle) and if the propeller is represented 
similarly (by say 46 spokes) on a sheet of clear plastic, the interference of 
dark and light regions will produce an interference pattern whenever the 
two configurations are overlaid. If now the plastic sheet is turned slowly 
about the common center of the two arrays, the interference pattern will 
be observed to spin 46/(48 — 46), or 23, times as fast as the plastic sheet but 
in the opposite direction. 

When p and n are of opposite sign, the Bessel functions of order 
nB — p, which appear in the n,pth term, will be smaller than the Bessel 
function of order nB, which appears in the steady force term. And, since 
the unsteady forces are usually much smaller than the steady loads, it ought 
to be possible to neglect any modes whose indices are of opposite sign. 

On the other hand, the Bessel functions that appear in terms whose 
indices are of the same sign will be larger than the one in the steady force 
term. In fact, for any given n the absolute magnitude of the p = nB term is 


Kn 
2 
Ancox 


B| Jo(Knatm sin 8) cos 0 Thp| 


whereas the absolute value of the steady force (p = 0) term is 


aie Inalknptr sin 0) Ta(cos 0 a) 
where a is the drag-thrust ratio. Consequently, the relative magnitude of 
these two terms is primarily determined by the relative magnitude of the 
Bessel functions and the ratio T,;/Tp of the unsteady force to the steady 
force. The latter quantity should roughly equal the ratio of the magnitude 
of the nBth harmonic of the disturbance field to the mean flow velocity. 
Hence, the larger B is, the greater the importance of the disturbance 
term—which is not all that small even when B takes on its smallest 
possible value of 2. Thus, when n= 1, for example, the argument of the 
Bessel functions is 2Mo sin 6, where Mo = Qry/co is the Mach number at 
the radius ry. Consequently, Jo =1 and J2=0 at 0=0, and (taking 
Mo = 0.7) Jo = 0.57 and Jz ~ 0.207 at 0 = 1/2. Hence, the unsteady force 
term can be half as large at 0 = 0° as the steady force term is at 0 = 90° 


t This example is presented in Ref. 41. 
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a 
even when the amplitude of the first harmonic of the disturbance is only 
10 percent of the mean velocity. 


Determination of blade forces. The results obtained in the last section 
will only be complete when the unsteady blade forces are known. We shall 
now show how, once certain approximations are made, the results of 
Sec. 3.4.2 can be used to calculate these forces, Since it is assumed in that 
section that linearized-thin-airfoil theory applies, we require that the 
propeller blades have small camber and are at a small angle of attack to 
the oncoming flow relative to the blade. Of course, the fluctuating velocity 
must likewise be small. It is also necessary to suppose that the blades are 
separated enough to insure that their mutual interference effects can safely 
be neglected. Then, each blade will act like an isolated thin airfoil. Finally, 
we shall suppose, for the purpose of illustration, that the flow can be 
considered to be two dimensional and parallel. With these approximations 
the blade forces can be calculated from the two-dimensional model illustrated 
in Fig. 3.18. 


/ 


F Parallel to 
Y, axis 


Py, ? i . 
J : md Basis ) 
“7 


Fig. 3.18 Coordinate systems for calculating fluctuating blade forces. 
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The oncoming steady flow is parallel to the Y; axis, varies only in the 
Y,-direction,+ and consists of a uniform part U,, plus a small spatially 
variable part. Since (as we shall see) the problem is linear, we again need 
only consider (as explained in Sec. 3.4.2) a single harmonic component of the 
nonuniform flow—whose amplitude and wavelength we shall denote by w, 
and Ao cos v, respectively. Then, the incident velocity will be 


Us =f Wy e2tY 2/49 cos v) (3.120) 


To relate this problem to the one discussed in Sec. 3.4.2, it is necessary 
to introduce a set of coordinates, say y, and y3, that remain fixed relative 
to the blades. We suppose that the y,-axis is alined with the mean flow 
velocity relative to the blades—which we denote by U,. (See Fig. 3.18.) Then 
the y;, y2-coordinates will be rotated from the Y,-¥2 system by the angle yu 
between U, and the incident velocity U,, and in a time 7 will be translated 
a distance (Uo cos v)t by the component of the blade motion in the ¥- 
direction. Consequently, 


Y, = y; sin wp + y2 cos wp — Uot cos v (3.121) 


Then, since (Up/sin u) = (U,/cos v), as can be seen from the velocity triangle 
in Fig. 3.18, the incident velocity field (3.120) becomes 


t 
i inpenp| tet fg 
I U, 


Let ry, denote the radius corresponding to the plane of Fig. 3.18. 
Then, since the circumference 2zry must equal an integral number of 
wavelengths, 29 = 2ry/p, Uo = Qry, and the oncoming velocity becomes 


+ ot 
Us. + Wp exp|pa( "2 Se - ‘)| 


And since this velocity is in the Y;-direction, the velocity relative to the 
blades has the components 


+ y2 cot 
U, + wp Cos pL exp na For - :)| 


; a t 
—w, Sin Ll exp po( = te = ‘)| 


in the y; and y> directions, respectively. But these formulas clearly describe 
an incident gust of the type defined by Eqs. (3.54) and (3.55). The results 
obtained in Sec. 3.4.2, therefore, imply that the fluctuating lift force per unit 


and 


+ The mean flow is allowed to make an angle v with the perpendicular to the rotational 
plane of the propeller in order to include the case where the oncoming flow is turned by guide 
vanes. . 
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a cee pein Ec i 
span is related to the compressible Sears functions by Eqs. (3.72) and 
(3.73b), which, in the present notation, show that the amplitude F,,/b of the 
fluctuating lift force per unit span, (F,/b) e~'”*, is given by 


F ‘ 
a = —ncpoU,wpsin ft S.(op, My) (3.122) 
where the reduced frequency o, is now 
a pQce 
QU; 


This result shows that the lift force acting on the blade is periodic in time, 
that its fundamental frequency is equal to the blade rotational speed, and 
that its pth harmonic depends only on the pth spatial harmonic of the 
incoming disturbance field. The Fourier components of the thrust 7, and 
drag D, forces that appear in Eq. (3.119) are now given by 


T, = Fpsin x 
D, = Fpcos x 
where x is the stagger angle (Fig. 3.18). 


Helicopter rotor noise. Helicopter noise often places severe restrictions 
on the way in which these vehicles can be operated. In fact, it even limits 
the civilian application for which they seem best suited; namely, intercity 
transportation. In military applications the noise can provide an unnecessary 
early warning of the vehicle’s approach. 

A typical helicopter noise spectrum is shown in Fig. 3.19. Its complex 
nature is a result of the large number of individual sources, both mechanical 
and aerodynamic, that contribute to the sound field. The principal aero- 
dynamic sources are indicated in the figure. 

Since a helicopter rotor is a special case of a propeller, its sound 
field should be described reasonably well by Eq. (3.115) extended, if 
necessary, to include a coning force that acts in the radial direction. In 
fact, Gutin’s theory*? does fairly well in predicting the experimentally 
observed fundamental harmonic. But the higher harmonics fall off much 
more slowly with frequency than is predicted by the theory. This indicates 
that the fluctuating forces acting on helicopter blades should be considerably 
larger than those acting on propellers. It is therefore necessary to use the 
full Eq. (3.114) or, perhaps, the point force approximation (3.119) to calculate 
the sound field. This is often made difficult in practice by an almost complete 
lack of knowledge of the unsteady loading harmonics T, and D,, which, in 
any case, vary widely with operating conditions. Thus, the blade loading 
can vary from the impulsive-type force associated with “blade slap” to the 
nearly periodic force caused by the cyclic incidence variations of the blades 
in level flight (that must be used to compensate for the differences in 
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relative blade speed during forward and backward motion). Blade slap is 
the name given to the sharp banging or slapping noise heard under some 
operating conditions (such as low-power descent). It occurs at the blade 
passing frequency and, because of its impulsive nature, is very rich in higher 
harmonics, It is believed to be the result of a particularly severe interaction 
of the blades with the shed tip vortices. 

By using the blade loading harmonics measured by Schieman,** 
Schlegel, King, and Mull** calculated the tones produced by a rotor 
during hover and compared them with experiment. Their results are shown 
in Fig. 3.20 which is taken from Reference 45. Also shown in this figure is 
a calculation based on Gutin’s theory and a calculation carried out by 
Lowson and Ollerhead** using a larger number of unsteady loading 
harmonics. 


Fan noise. It can be argued that the theory developed in the first 
part of this section ought to be able to predict the essential features of the 
high-frequency noise from axial flow fans and compressors, which after all, 
are little more than ducted propellers. Consequently, propeller type models 
have been adopted by Morfey,*° Barry and More,*’ Lowson,*° and many 
others to analyze various aspects of fan noise. The main conceptual difference 
appears to be due to the cutoff phenomenon, which is discussed in Chap. 4. 
Thus, as we shall see, the modes generated by a fan in a very long (ie., 
infinite) duct will simply not propagate until the frequency is above a certain 


100 
L Experimental measurements (Ref. 44) 
O Calculated (Ref. 44) 
4 Calculated (Ref. 45) 
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Fig. 3.20 Comparison of rotor noise theory with experiment. (From Reference 45.) 
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“cutoff” frequency for that mode. However, due to the incomplete cancella- 
tions of the sound waves that result from small variations in retarded time 
over the propeller’s disk, the corresponding modes merely have small (but 
nonzero) far-field amplitudes when they are emitted by a propeller. This 
results in a gradual cutoff with frequency as opposed to the sharp cutoff 
that occurs in ducts. The effect of the duct on the sound field is assessed in 
Sec. 4.3.5 where it is shown that the free-space theory developed in this 
chapter becomes more accurate with increasing frequency. 


3.6 FLOWS WITH SOUND FIELD 
DETERMINED BY GREEN'S 
FUNCTION EQUATIONS TAILORED 
TO THE GEOMETRY 


Up to now our interpretation of the role played by rigid surfaces has, in the 
main, been based on Eq. (3.23) which was obtained by using the free-space 
Green’s function in the general formula (3.6). But, this result will sometimes 
lead to erroneous conclusions unless the surface forces that appear in its 
second member are known with extreme precision. Indeed, the dipole sources 
from the various portions of any noncompact boundary surface have a 
tendency to add destructively and thereby produce a sound field of quad- 
rupole order. In fact, there are even situations in which the opposite behavior 
occurs. In any case, the predicted sound field will then be in error unless 
we know enough about the surface forces to insure that these interference 
effects are properly modeled—a rather formidable task when the sound is 
caused by a turbulent flow. On the other hand, this difficulty can be avoided 
by using a Green’s function that is “tailored” to make the contribution from 
the surface dipole term as small as possible. 

It is therefore necessary to return to Eq. (3.6) which, since only 
stationary boundariest are treated in this section, can be written as 


1 [7 0G aif es 
3 Ty dy dt + — fidS(y) dt (3.123 
p sl lame say eng ae soy (y) dt (3.123) 


3.6.1 Sound Generated Near an 

Infinite Plane Surface 
The effects discussed at the beginning of this section become especially 
apparent when the sound is generated by an unsteady flow in the vicinity of 


a perfectly rigid infinite plane (shown schematically in Fig. 3.21). In this case, 


+ The treatment of moving boundaries by this approach is taken up in Chap. 4. 
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X2,Y2 


Unsteady flow 


Fig. 3.21 Infinite-plane boundary. 


we must use the Green’s function (1.C.1) whose normal derivative vanishes 
on the boundary. Thus, inserting Eq. (1.C.1) into (3.123) and noting that 


R’ = R when y2 = 0 yields 


a a 0?G(R) 1 {! | 67G°(R’) 
fimeme Se Tl deine Ty dy de 
: Bl elise dy,dy; coJ-rJy,>0 Ody; ” 


T 0, 
fm | | e'®) i dy, dy; dt (3.124) 
CoOJ-rJy=0 OY 

where we have used the notation (1.56), with the time dependence suppressed, 
and the repeated index o can assume only the odd values 1 and 3— 
corresponding to the coordinates lying in the surface. The second term in 
this equation can be transformed into an integral over the region y, <0 
within the solid surface by changing the variable of integration from yz to 


— y2 to obtain 
1 (7 0?G°(R) 
> —~—~—— Tj} dy d 
Al aes dydy, 2% 


where 


Tj = (—1)'/Tyly1,-y2,y3.7) (no sum on i,j) 


is the “mirror image” reflection of 7;; in the y, = 0 plane. 

It is convenient to introduce an extended quadrupole distribution 7; r 
that is defined on all space in such a way that it is equal to Tj; for y2 >0 
and to its mirror image T;} for y, <0. Then the first two integrals in 
Eq. (3.124) can be combined into a single integral over all space (where, as 


usual, the omission of the limits indicates that the integration is to be over 
all space) to obtain 


1 (7 [6?G(R) 2 T 8?G°(R) 
p cs {" dy; OY; yy ec ay, =f, V1 dy3 dt 
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Since G° depends on x and y only through R, the derivatives with respect 
to y; can be changed to derivatives with respect to x; and the integration 
over the delta function can be carried out to obtain 


1 6? R\ 1 Ll @ 
f= SS T i y,t— 
P * ance ax; Ox; | rt x) RY 2ncé OX, 


1 R 
x — fl y,t-— —] dy, dy 
La =) sits 


This equation was first derived by Powell.*8 


Since the surface normal fi is now in the y-direction, it follows from 
Eqs. (2.2) and (3.4) that 


0v2 00,5 Ov, 
Ss =e2,= (5 =) =H 


The strength of the surface dipole is therefore equal to the fluctuating 
viscous stress so that 


, 1 ar 1 R 
P * 4nce Ox; | Til yt 7 ) sd 
for an inviscid flow.t This shows that the net effect of an infinite-plane 
rigid boundary can be accounted for by introducing an image distribution of 
volume quadrupole sources obtained by reflecting in the plane surface the 
volume quadrupole distribution T;;. Thus the solid boundary does little more 
than reflect the sound generated within the flow. Nevertheless, it must be 
kept in mind that the presence of solid boundaries always has a strong 
effect on the unsteady flow which generates the sound. 

Of course, in any real flow the fluctuating viscous shear will produce 
surface dipole sources that are potentially more efficient sound generators 
than the volume quadrupoles. However, at the high Reynolds numbers 
where aerodynamic sound emission usually becomes significant the dipole 
term, being essentially a viscous quantity, ought to be quite small compared 
with the fluctuating Reynolds stress component of the quadrupole source 
(especially when the Mach number is sufficiently high). 

An interesting experiment that tends to verify this conclusion was 
conducted by Olsen, Miles, and Dorsch.*° It consisted of measuring the 
sound field that is produced when a turbulent jet impinges on a very large 
plate. The acoustic power showed a significant increase over that radiated 
by the jet itself—indicating that most of the noise was probably associated 
with the presence of the plate. However, the emitted sound intensity always 
varied as the eighth power of the velocity (which is characteristic of a 
volume quadrupole) and not as the sixth power (which is characteristic of a 


+ Compare this with Eq. (2.11), obtained for an unsteady flow with no solid boundaries 
present. 
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dipole)—indicating that the surface dipole term was indeed small. The 
noise emitted from boundary layers on large surfaces is usually found to be 
fairly small unless the velocities are extremely large (which is consistent 
with the relatively low efficiency of the quadrupole source). However, large 
surfaces inserted into jets often exhibit a ratio of turbulent pressure fluctua- 
tions to dynamic pressure that is an order of magnitude larger than what 
it would be in a turbulent boundary layer. 

The general conclusions of this section apply to any surface whose 
typical dimensions and radius of curvature are both large compared to the 
wavelength of the sound (see Refs. 50 and 63). Thus, under these conditions, 
each surface element merely reflects the incident sound field that results 
from the nearby volume quadrupole sources. Of course, such reflection 
effects can significantly alter the directional pattern of the radiated sound— 
by producing, for example, a shadow region on the side of the surface that 
is shielded from the acoustic sources. 


3.6.2 Sound Generated Near Finite 
Surfaces 


Up to now we have considered the sound generated by unsteady flows 
near surfaces whose dimensions are either large or small compared to a 
typical wavelength. However, practical surfaces at practical air speeds 
frequently generate significant sound at wavelengths that are neither small 
nor large compared to their dimensions. 


General equations. Fortunately (as pointed out by Doak°>!), the ideas 
developed in the last section can be extended to fixed boundaries of 
arbitrary size and shape simply by using (in Eq. (3.123)) the Green’s function 
whose normal derivative vanished at the boundary. Then since 

6G_—saG 
an ay, 


substituting Eq. (3.4) into (3.123) shows that 


1 [? 0G Lf? 0G 
‘= = Tj dy dt afm a. Gijni 
. al} Oy; Oy; ad © [[ogen ay) 
And if, as before, the sound generated by the fluctuating viscous stress is 
assumed to be negligible at the Reynolds numbers of interest, this becomes 


0 on the surface § 


fs ‘| a°G T;, dy d 3.125) 
et le lee @. 


; If we were to apply this result to a bounding surface that is compact 
in at least one of its dimensions, we would simply confirm our conclusion 
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that acoustic radiation is correctly predicted by the dipole term in Eq. (3.20), 
provided, of course, that the sound source is within a wavelength from the 
surface. Indeed surfaces at large distances from the source region should 
play no role at all in the sound generation process. 

It is frequently simpler to deal with the Fourier transform of Eq. (3.125) 
than with the equation itself. Thus, let A denote the Fourier transform 
of p’ and T;; denote the Fourier transform of 7;; Then since Eq. (1.C.5) 
shows that G depends on t and t only in the combination t — t, the last 
entry in table 1.1 (Appendix 1.A) shows that the Fourier transform of 
Eq. (3.125) is 


1 0G 
A=— ° Ti 3.126 

el dy dy; = 
where, as indicated in Appendix (1.C.2), G,, denotes an outgoing-wave 
solution of the Helmholtz equation 


(V2 + k2)Gu(y|x) = —d(x — y); ko = ~ 


Oo 


Edge noise. The half-plane problem: Perhaps the simplest geometry 
(after the infinite plane) to which Eq. (3.126) can be applied is the semi- 
infinite plate shown in Fig. 3.22. (Ffowcs Williams and Hall.>*) 

The far field expansion of the outgoing-wave Green’s function whose 
normal derivative vanishes on the half-plane y, > 0, y2 = 0 can be written 


as (McDonald,°*) 
1 eikoR eikoR’ 
~— d M27. 
Gs z| PO ria] (3.127) 


Fig. 3.22 Semi-infinite plane. 
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where, as usual, R = |x — y| is the distance between the source point and 
the observation point and R’=|x—y’| with y’={yi,—Yy2,ys3} is the 
distance between the image point (source point reflected in y,—y3 plane) 
and the observation point. F(a) denotes what is essentially the complex 
Fresnel integral 


ew inl4 a 
F(a) =4+ | e du (3.128) 
Jel 
and 
= + gy 1/2 Ly 
a= (2koro sin ud ; cos 20 Qo) (3.129) 
a’ = (2koro sin 0)'/? cos 3(p + @o) 
where 
ro= Jv t+ y3 
and 
a7 V2 
=tan '— 
= 1 


are the cylindrical coordinates of the source point shown in Fig. 3.23. It 
is important to notice that this Green’s function has a “potential-field 
singularity” at the edge which means that the acoustic field behaves like a 
potential flow in this region. 

Equation (3.127) closely resembles the reduced infinite-plane Green’s 
function (see Eqs. (1.C.1) and (1.C.5))—the principal difference being that 
each term is now weighted by a Fresnel integral that varies (roughly) 
between 0 and 1. Hence, any enhancement of the sound field over that 
which results from an infinite flat plate must occur through derivatives of 
the Fresnel integral (or more specifically derivatives of a and a’). 

Very little sound will reach an observer if the source is far from the 
edge and on the opposite side of the plate. When the source and observer 
are on the same side and the source is far from the edge, the plate will 
act like an infinite plane. We therefore anticipate that any substantial 
amplification of the sound field that results from the presence of the plate 


[ 


Vo 
\ Pl 7 
Fig. 3.23 Cylindrical coordinates for = 


source. To 
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must occur when the source is near the edge. Thus, we consider only the 
case where 

2koro «1 


that is, where the distance between the source point and the leading edge 
is very small compared to a wavelength. Then since 


i e™ du = a+ O(a?) 
for small a, Eq. (3.127) becomes 
eikoR en inl4 _ 
Gy = E + (2koro sin 0)'/? cos{ P —?° 
Jn 2, 
eikoR’ en inl4 ; + . 

+ anR’ E + WA (2kor'o sin 0)*/? cos( 252° 5 ) | + O((koro)*'?) 
And, since 

koR’ ~ koR + 2koro sin go sin ¢ sin 8 as R> 0 


we can neglect the difference between koR and koR’ to obtain 
JQeW inl4 
in 


Inserting this into Eq. (3.126) shows that the contribution from the sound 


sources near the edge is 
2rg\"* 
eikoR a ( 7) COS 290 
T} = dy 


Rf? OY, OV, 


tox 
G, = ick ent + (2koro sin 0)'/? cos 3p Cos 10 + O(koro) 


Iw? on in/4 


ails 4nc} Jn 


sin'/? 0 cos 49 | 


vo 


(3.130) 


where the integral is now evaluated over the cylindrical region vo wherein 
2koro «<1, and the repeated Greek indices are used to indicate that the 
sum is only over 1 and 2 (since the term in square brackets is independent 


of y3). 
Now suppose that Jj; can be approximated by Eq. (2.7). Then intro- 


ducing the radial and circumferential velocities shown in Fig. 3.23 and 
carrying out the indicated differentiations yields 


An 2m po e7inl4 


4ncé Jn 


1 ; elkoR 
° \. Thar) Live — vFY' cos bp0 + 2(v,¥9)' sin 40] —R- ay (3.131) 


sin'/? 6 cos 4 
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where the superscript t is used to denote Fourier transforms. The large 
factor (2koro)~ */* that multiplies the integrand of this result would not be 
present if the free space Green’s function had been used in place of Eq. (3.127). 
It is responsible for producing a significant increase in the far-field pressure 
over that which would occur if the edge were not present. Thus, the edge 
acts to increase the acoustic efficiency of the compact quadrupole sources 
by destroying, as it were, some of the phase cancellation that would other- 
wise occur between the radiation fields of the individual monopole com- 
ponents of the quadrupole sources. It occurs because the near field pressure 
fluctuations, which would otherwise only be weakly coupled to the radiation 
field, are scattered by the edge into strongly propagating sound waves. 

Only the Reynolds stress components pov;, Povg, and pov,v, produce 
sound fields that are augmented over the unbounded field by the factor 
(2koro) */?. The components pov,v3 and pov,v3, which are omitted from 
Eg. (3.131), are increased by a factor of only (2koro)~ '/”, while the sound 
field produced by the component pv} shows no increase at all. 

Now, suppose the acoustic radiation is generated by a turbulent flow. 
To estimate the sound field, we assume (as Lighthill did in his original 
papers on aerodynamic noise) that the flow is divided into a number of 
acoustically compact regions. The turbulence within each of these regions 
is regarded as completely correlated, while the turbulence in any two 
different regions is regarded as completely uncorrelated. Then the total 
acoustic intensity can be found simply by calculating the sound intensity 
from each of these volumes and adding the results. Thus, applying Eq. (3.131) 
to a single correlation volume No and supposing that v, and v, do not 
vary over this region yields 
—in/4 


20? elboR @ 
Po sin 


4nch R7 Jn 


cos 4 sin 4 | 
‘ [8 - a Gis ae dy + 2(0v,v,)! \, eet, ay| 


Then approximating the integrals in this equation by 


12 9 cos 4 


4 Pe (2ko<1ro>)~ VN 6 


where <go> and <ro> denote the polar coordinates of the center of “the 
eddy,” we find 


2 27709 _efteR~ai 
AS in “4nch TORO eal * 0. cos 3p AN (3.132) 


Effect of Solid Boundaries 179 


where 
A = (v2 — v7)! cos go> + 2(v,v,)' sin K po» 


is roughly equal to (v?)'. Hence, the average far-field intensity from each 
correlation volume is 
yt 2 
— MpPov No 7 
Ty, = eo 53 Sin 8 cos? $ 3.133 
von Qn c&<ro>* R? oP ( 
where «w, denotes a peak or characteristic frequency.t 
Since the total turbulence volume is equal to No times the number of 
correlation volumes, the sound intensity per unit volume of turbulence is 


7 Orbolv*)No 
2n3c3<1'9> 3 R? 


This result shows that the sound field produced in the vicinity of an edge 
should exhibit a distinct radiation pattern that is more or less independent 
of the sources and is characterized in the @ = 7/2 plane by the factor 
cos? (1/2)g. In Fig. 3.24 this prediction is compared with the radiation 
pattern produced by a slot nozzle attached to one side of a large flat plate 
(Hayden,>*). 

Equation (3.134) can also be used to obtain similarity estimates of the 
sound field. To this end, let | denote the correlation length and suppose 
that the turbulence velocity u’ is related to the mean flow velocity U 
by u’ ~ aU. Then, since the correlation volume is roughly |? and w, = u'/I, 
Eq. (3.134) implies that the maximum intensity behaves like 


55 3 
ip poUra" (<5) (3.135) 


max ~ 2n*c2IR? \<ro> 


which shows that the sound intensity varies as U*. Hence, the acoustic field 
generated near an edge will be even stronger at low velocities than the 
dipole field produced near a compact surface and certainly much stronger 
than the quadrupole field produced near a very large surface. 

It is instructive to compare the sound power output predicted by this 
equation with that which would be produced if there were no edge present. 
Now it was shown in Sec. 3.6.1 that sound produced in the vicinity of an 
infinite plate ought to be roughly the same as that produced by free 
turbulence (provided, of course, that the turbulence itself is the same in both 
cases). We can therefore use the results of Sec. 2.5.1 to estimate the power 
output from the turbulence far from the edge. To this end, we notice that 


sin 0 cos* 4 (3.134) 


_ t+ In order to obtain Eq. (3.133), it was assumed that the frequency could be replaced 
by its peak value in Eq. (3.132). The results of Sec. 1.7.3 and Eq. (2.6) were then applied 
to calculate the intensity, and the results of Appendix 1.A (Sec. 1.A.3) were used to relate the 
product of the Fourier transforms of the squared velocities to their time averages. 
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=1000 Hz 

10 log sin? (/2) 


Fig. 3.24 One-third-octave sound pressure level directivity pattern in plane perpendicular 
to edge (from Reference 54). (All data points from @ = 0° to 180° are reflection of opposite side 
of plate—spot checks were made.) 


Eqs. (2.44) and (2.42) show 


uo’ aU? 
—-2 


Te l 


where « ~ u'/U is roughly the proportionality constant between the mean 
velocity U and the fluctuating velocity u’. Hence, upon neglecting directional 
effects, Eq. (2.40) shows that the sound intensity from free turbulence is 
roughly 
I pow® U8 
tree 16n2c8R?I 


In order to get some idea about the relative importance of the edge, 
we use this expression together with Eq. (3.135) to estimate the plate size 
where the edge effects begin to play a dominant role. Thus, it follows from 
these two results that the edge regions will have equivalent sound-generating 
ability to the remainder of the plate when 


Eval? luisa) -_ 16 Col <ro> 
Tiree Lptate 7 Te) =e 


Lolate 
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where Ledge <To? is the length of the region where the edge amplifies the 
sound and Lpjate is the length of the total plate. But since the size of the 
edge region is determined by the inequality 
Co Ico 

<ro> « Xoo, ~ 5a 
this shows that the edge noise should be dominant when the plate is less 
than 64/(xaM) correlation lengths long (where M is the mean-flow Mach 
number). Of course, these estimates are highly approximate and could easily 
be off by an order of magnitude or so. It should also be noted that they are 
based on the assumption that the turbulence in the vicinity of the edge is 
the same as it is at the center of the plate, while pressure measurements in 
the vicinity of a trailing edge indicate that the flow is strongly modified in 
this region. Crighton and Leppington*® have shown that the general con- 
clusions of this section apply to any plate whose thickness is small compared 
with the wavelength, provided that the rounding of its edge occurs on 4 
scale that is not larger than a wavelength. 

In order to actually produce the turbulence, it is generally necessary 
to insert the plate in a mean flow. This raises the question as to whether 
it is not more appropriate to employ a Kutta condition at the edge rather 
than allowing Green’s function to have a potential flow regularity at this 
point. Jones*° analyzed the sound generated in a uniform flow by acoustic 
sources in the vicinity of the trailing edge of a semi-infinite flat plate—both 
with and without a Kutta condition. (See Sec. 3.4.2.) He found that the 
imposition of this condition can only alter the sound radiation in a region 
near the plane of the plate. 

Lip noise ; the semi-infinite cylinder problem. An analysis similar to the 
one described in the previous section was used by Leppington®’ to estimate 
the sound generated by turbulence in the vicinity of the exit plane of an 
open tube (such as shown in Fig. 3.25). The appropriate Green’s function 
was constructed by applying the reciprocity principle to the solution of a 
related scattering problem that had already been solved by the Wiener- 
Hopf technique.** The analysis is ultimately restricted to the case where the 
wavelength of the sound is long compared with the pipe radius. The 
conclusion is then that the sound power emitted by the turbulence now 
varies as the velocity to the sixth power as found by Curle rather than to 
the fifth power as found by Ffowcs Williams and Hall. 

It is also of interest to note that the trailing vortex sheet emanating 
from a nozzle lip is unstable to small disturbances (Kelvin-Helmholtz 
instability) and that the nonradiating instability waves can be scattered by 
the edge into propagating sound waves (Crighton®’). The radiation field 
generated by this process is, in both its directivity and parametric dependence, 
identical to the one found by Leppington. 

The analyses presented in the last two sections imply that there should 
be a noise source associated with the nozzle lip that contributes to the 
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Fig. 3.25 Semi-infinite cylinder. 


sound field of a jet. Its strength should increase with the velocity to the 
fifth or sixth power—so that it should be more important relative to the 
mixing noise when the jet velocity is low—and it should be detectable in the 
upstream direction where the jet noise is lowest. However, recent careful 
cold-jet experiments (e.g., Olsen and Friedman°°) show no indication of this 
noise source even at the lowest velocities. In fact, the sound radiated at the 
upstream angles always increased as the eighth power of the jet velocity 
and not the fifth or sixth. On the other hand, data taken by Olsen on an 
extended-core coaxial nozzle (shown schematically in Fig. 3.26) reveals the 
existence of tones that seem to exhibit the cos? (~/2) directional dependence 
found by Ffowcs Williams and Hall—but not the directional dependence 
found by Leppington for the edge of a circular duct. These tones, which can 
be detected whenever the ratio of the inner to outer stream velocities is less 
than 0.5, have peak frequencies that correspond to a Strouhal number of 
about 0.2, based on the nozzle lip thickness. On the other hand, flow 
visualization studies made on a similar configuration show that large, well 
defined vortices form at the nozzle lip whenever the inner to outer stream 
velocity ratio is less than 0.5 and disappear when it is greater than this 
value. Moreover, the strengths of these vortices appear to correlate with the 
intensity of the tone.°! 


3.7; CONCLUDING REMARKS 


We have shown how Lighthill’s theory can be extended to include the 
effects of moving surfaces. The development was based on a general integral 
formula (Eq. (3.6)) that relates the sound field to its sources by means of 
an outgoing wave Green’s function. The more or less classical theories were 
recovered by choosing this to be the free-space Green’s function. However, 
it was shown that this choice may lead to erroneous results when the 
surfaces are non-compact so that it often becomes necessary to use a 


specific Green’s function that has been chosen to eliminate extraneous 
surface sources. 
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Fig. 3.26 Extended core coaxial nozzle 


Nevertheless, a number of examples were worked out by using the 
free-space Green’s function and neglecting the resultant volume quadrupole 
source—a procedure that we justified only for compact surfaces. However, 
it will be shown in Chap. 5 that such an approximation is also justified 
for non-compact bounding surfaces that are suitably streamlined (as they 
were in these examples). 


APPENDIX 3.A 


REDUCTION OF VOLUME DISPLACEMENT 
TERM TO DIPOLE AND QUADRUPOLE 
TERMS 


We shall show that the apparent multipole order of the last integral in 

Eq. (3.8) can be increased whenever 
Mo 
Ovi 

To this end, let f(R,t) denote an arbitrary function of R and t that 

vanishes outside the interval —T <1t< T. Then, Eqs. (3.A.1) and (3.7) 

imply 

é of (R, 7) Of (R, 7) 6. Of(R,t) 

Oy; Hf ot 7% Ox; * Ot Ox; 


J 


(3.A.1) 


0 a 
= ox; a;f(R,t) — Bx VV f(R,t) — (3.A.2) 


where, in view of the chain rule and Eq. (3.9), 
OV; OV; (dV; OV; (Oy; OV; 
* (Fe), * * OY; el * ay, el ie c 


is the acceleration of a fixed point in the {-coordinate system. But applying 
Leibniz’s rule (Eq. (1.B.2)) to the region v, interior to S and using Eq. (3.10) 
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yields (upon noting that the direction of the outward-drawn normal changes 


sign) 
Tod 0 
=| —| Bo fee 
= =e hag) 


. @.a T | of 
= —V,—f dydt— V;njV; — dS dt 
ee at a” . i S(t) OX 


Hence, the divergence theorem implies that 


T 
| Woes” ¥oE as ae 
-r Js@ 


r af a, af 
7 ~[" alas Ze . " a as, Haya 


And as a result it follows from Eqs. (3.A.2) and (3.10) that 


T Tr 
| | ne Las éc=— 2 | | ajf(R,t) dy dt 
-T Js) Ot - OX; J =r Jee) 


(a) i 
—— iVjf(R, A. 
+ Bx, Ox; [_, I. VV, f(R,t) dy dt (3.A.3) 


APPENDIX 3.B 
LIFT SPECTRA 
Suppose the frozen upwash velocity u2(y — iU,t) is cut off outside some 


large volume element AV in the manner described in Appendix 1.A 
(Sec. 1.4.3). Then the Fourier-transform 


a2(k) = (2n)3 B a | | fw — 1U,t) e ik: (y—iU,t) dy 


exists and the lift force F 2(y3, t) produced by u2 can be found by superposing 
the elementary lift forces given by Eq. (3.72) to obtain 


F23.0) = mpoU;c {f] a2(k) G(k1,k3,M,) ess hU-9 dk 


= [| [koma + ky; — iU,0) dy’ 


where we have put 


K(y) = (Qn oat mpoU, | G(k,,k3,M,) e~'*'¥' dk 
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Hence, the cross correlation of the fluctuating lift is given by 


F2(y3,t)F2(y3 + 13,t + 7) 


= [J] | f] xterra.” — y +ky3 —iU,t) dy’ dy’ (3.B.1) 
where we have used the fact that the turbulence is assumed to be homo- 
geneous so that 

Raa = urly’ + Kys — iU,t)ualy" + K(ys + 3) — IU + 0) 


depends only on the indicated argument. Introducing the turbulence spectral 
density ®2, via Eq. (3.79) therefore yields 


F2(y3,t)F2(y3 + 13,t + 7) 


=> n”peU2c? jjenarr G(ky,k3, My) Zi ®>>(k) dk» dk, dk3 


We assume that this equation exists in the limit as AV grows to fill all 
space. Then taking its inverse transform with respect to k3 and w = k,U, 
shows that the function H22 (defined immediately below Eq. (3.78)) is related 


to O22 by 
7) =a li w 
ata ks, M,) \ 2.( Fb ks) dk 


H22(y3; ks, @) = 27poU,c? 
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dt EFFECT OF UNIFORM FLOW 


4.1. INTRODUCTION 


The formulation of the aerodynamic sound problem developed in the last 
two chapters is only useful when the acoustic waves propagate through a 
medium that is largely at rest relative to the observer. There are numerous 
situations, however, where the surrounding medium is more nearly in a state 
of uniform motion. For example, aircraft engine fans and compressors can 
often be modeled, in so far as their acoustics is concerned, as if they were 
embedded in an infinite straight duct containing a nearly uniform flow (as 


indicated in Fig. 4.1). 
4.2 DERIVATION OF BASIC EQUATION 
On page 16 we showed that it is often possible to transform problems 


involving sound propagation in a uniformly moving medium into equivalent 
stationary-medium problems. Thus, when the mean flow velocity U is 
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Fig. 4.1 Fan in an infinite duct. 


effectively constant and parallel to the y, direction, it is appropriate to 
introduce the transformation 


Yi = yi — 64;Ut (4.1) 


Then since the acoustic propagation is governed by a stationary-medium 
wave equation in the y’ frame, it ought to be possible to describe the sound 
emission from a localized source region embedded in a uniform flow by 
applying Lighthill’s equation in these coordinates. In fact, since Lighthill's 
equation is an exact consequence of the continuity and momentum equations 
and since the latter equations are invariant under the Galilean transform 
(4.1), Eqs. (2.4) and (2.5) show that 
2At 2 Af 27" 

A c a sil (4.2) 

Ot Oy; Oy; — OY; Oy; 


where 
Tij = pujv; + d:jL(p — po) — cd(p — Po)] — ej (4.3) 
is Lighthill's stress tensor expressed in terms of the velocity 
vj = v; — 64,U (4.4) 
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measured in the moving frame and as before p’ = p — po. But, since it is 
usually more convenient to work in a stationary coordinate system, we 
reintroduce the fixed-frame coordinates y; into Eq. (4.2) (but retain the 
moving-frame velocities) to obtain 

Ds a er a? Tj; 


Di? ia ° ay; Oy; oy; Oy; OY; 


(4.5) 


where 
D 0 0 
f= — (4.6) 
Dt at Oy 
The density fluctuations will therefore satisfy an inhomogeneous convected 
wave equation which, like Lighthill’s result, is an exact consequence of the 
continuity and momentum equations. Hence, the unsteady flow outside the 
source region should exhibit the characteristics of acoustic waves in a 
uniformly moving medium. 
A procedure similar to the one described above can be used to show 
that the momentum Eq. (2.3) can be put in the form 
7) OT;; 
j= 4 (4.7) 


Do, 4 
re 4 C; —_— = 
Dr PT ay ~ ay, 


Since Eq. (4.5) has the same form as Eq. (1.61), the integral formula 
(1.65) can be applied to this result in the same way it was applied to 
Lighthill’s equation in Sec. 3.2 to obtain, upon using essentially the same 
manipulations (but with Eq. (4.7) used in place of Eq. (2.3)), 


Tj,dy dt+— f, aS(y) dt 
=O" [soe inal alles 


papa .) nh; dS(y) dt (4.8) 
-T JS) 


2 
where G now denotes a fundamental solution of the uniformly moving- 
medium wave equation (i.e., it satisfies Eq. (1.62)) and h; is given by 


, Do _, ,0 4 , DoG 
nh, = n; (= pu;G + v; By, m6) — NjiPovi ie (4.9) 


rather than by Eq. (3.5). 

Instead of using Leibniz’s rule (Eq. (1.B.2)) to transform the last 
integral in Eq. (4.8) (as is done in Sec. 3.2), it is convenient to first add on 
the divergence theorem to obtain 


d Dop 
ae | F +| Vig aS( 
dt {2 vq) Dt S(t) pone) 
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where V; is defined by Eq. (1.64). Then upon applying this formula to 
dpviG/dy; in the same way as Leibniz’s rule was applied to OpujG/oy;, in 
Sec. 3.2 we find that the first term in Eq. (4.9) will not contribute to the 
last integral in Eq. (4.8), and as a consequence that 


| T 0G an | 0G 
p=, Tydy de+ |_| 5y, dSto) de 
p(x, t) | low dy; OY; — cé J -1 Js Oi 


T 
ie pov Poe as(y) dt (4.10) 


3 J-r 
where ' 
Vi=V, —mU (4.11) 


This equation differs from Eq. (3.6) in several respects. First, it involves 
a fundamental solution for the moving-medium wave equation (determined 
by Eq. (1.62)) instead of a fundamental solution for the stationary-medium 
wave equation. Second, Lighthill’s stress tensor is expressed in terms of the 
relative velocity vj = v; — 5,,U instead of the total velocity v;. And finally, 
the volume displacement term is expressed in terms of V, = V, — n,U and 
Do/Dt rather than V, and 0/ér. 


4.3. APPLICATION TO FAN AND 
COMPRESSOR NOISE 


4.3.1. Derivation of Basic Equation 


Equation (4.10) is especially suitable for predicting axial flow fan and com- 
pressor noise. We shall use it to calculate the sound emitted by a single fan 
(or compressor) in an infinite circular duct (see Fig. 4.1) containing a uniform 
flow with velocity U. In this case it is natural to use the Green’s function 
(1.C.14) whose normal derivative vanishes on the surface Sp of the duct. 
Then since the pressure component of the surface force f; (given by Eq. (3.4)) 
is in the normal direction, the contribution of Sp to the first surface integral 
in Eq. (4.10) is 


i Tr 0G 
al 5 3 uN AS) a 


Since this term represents the generation of sound by the fluctuating viscous 
stresses acting on the duct boundary, its contribution to the sound field is 
almost certainly negligible (see Sec. 3.6.1) at the high Reynolds numbers that 
are of interest in practical engineering devices. Moreover, since m = 
V, = 0 on Sp, this boundary will also not contribute to the third integral in 
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Eq. (4.10). Hence the surface integrals in this equation need only be carried 
out over the periphery S,(t) of the rotor blades so that 


; Sie G i a 
p= 3 | ip Fieve +3 | | oF 5 dSly) dt 


2 
Co J -T Jv) dy; Oy; CO J -7 J5p(t) OYi 


1 (7 'DoG 
+3 i i poVn — dS(y) de (4.12) 
where v(t) now denotes the region inside the duct, excluding the space 
occupied by the rotor blades. The first term in this equation can be 
interpreted as a volume quadrupole sound source while the second term 
can be interpreted as a dipole source arising from the fluctuating forces 
exerted on the flow by the rotor. The last term represents the sound 
generated by the volume displacement effects of the blades. 

We shall follow the procedure used for propeller noise in Sec. 3.5.3. 
Thus, we again neglect the contributions of the volume quadrupole term 
and the volume displacement effects} to obtain 


t i? 0G 
‘(x, t) == — f; dS(y) dt 4.13) 
p'(x, t) lle ay, (y) ( 


As in the case of a propeller, it is usual to express the force f exerted by the 
blades on the flow in terms of an axial thrust component fr and a 
circumferential drag component fp so that f= { fr, —fp sin @, fp Cos G} 


and 
Jn @ (4.14) 


where r’ = ./y3 + y3, 9 = tan~' (y3/y2) and y; are cylindrical coordinates 
of the source point (see Fig. 4.1). It is also convenient to introduce the 


cylindrical coordinates r=./x3+x3, g =tan”' (x3/x2) and x, of the 
observation point. Then inserting Eq. (4.14) and the Green's function 
(1.C.14) with the circular-duct eigen-functions (1.C.15) into Eq. (4.13), and 


carrying out the differentiations yields 


1 2 & JnlKmarye™ (2 €7 han too 
Raa 


p 


= feat 
4nco m=—-aon=1 Tue 


vi 
x | | Jalal) erin (™ te> rind) ei" dt dS(y) dw 
S,(t) r 


sa i 
(4.15) 


—o 


tIt can be shown that the sound produced by the volume displacement effects will not 
Propagate in an infinite duct at subsonic tip speeds (see page 198 below), while, as indicated 
in Chap. 3, the justification for neglecting the quadrupole source will be given in Chap. 5. 
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where 
= /1—-M?= /1- 
(Z) (4.16) 
n Kn m(Ko) = kg —_ Jie — Pin n 
Mko , kn,m(ko) 
Viim(ko) = Gar “s : (4.17) 


ko = @/co and the plus (upper) sign holds when the observer is upstream of 
the rotor (x; < y;), while the minus sign holds when the observer is down- 
stream of the rotor (x; > yi). The remaining quantities are defined in 
Appendix 1.C where the duct radius is denoted by rq. 

It is again convenient to express the source integrals in terms of a 
coordinate system ¢ that rotates with the blades. The cylindrical coordinates 
corresponding to this frame are r’, y,, and 


o' =G6-Qt (4.18) 


where Q is the angular velocity of the fan. Then the limits of integration in 
the surface integral over the rotor blades become independent of t, and we 
can interchange the order of this integration with the one over time to 
obtain 


% 3 Jm(Km,n") a @ Onn FH) 
-on=1 Nien =00 kam 


T 
x | Inna?) ert | & fo tints) elon dr d(C) do 

Sy <7 
The procedure developed for propellers in Sec. 3.5.3 can now be used to 
transform the integration over the front surfaces of the rotor blades (Fig. 
3.14), denoted by superscript (1), and the back surface, denoted by a 
superscript (2), to an integration over the projected area A of the blades on 
the rotational plane of the fan (or compressor). Then the preceding equation 
becomes 


1 ) «o Jin(Kmnt) e'™? (oe) Om ms Foe) 
— 0 


, 


ay PI I 

4ncé m=—-on=1 Rae Kum 

ei fi . 
x : J m(Kmnt’) e | & gi — rinot eilo-mQr gy 
=T 
ens ee ii 
—_ f@) iyt yl f2 fyt yt) 
Gn = [ah] ° Teel [P| elven” for « = T,D 


and, as in Chap. 3, fi!) denotes the y,-component as the unit normal a” 
to the front surfaces of the fan blades. We again assume that the variation 
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in retarded time between the front and back surfaces of the rotor blades 
can be neglected so that g* ~ f, exp (iy¢myi) where yi(r’,¢’) is the axial (1) 
coordinate of the blade chord (measured in the rotating reference frame) and 


tly a? 
«= tat? Ta = 
[a] [AP] for «= T,D (4.20) 


is the net thrust or drag force per unit projected area acting on the blades 


at the point 7’, g’. With this approximation, Eq. (4.19) becomes 


: . ~ Jm(Kmn?) =i" e~iOnmX1 +t) 


, 


Po anh mons lmp au Bex 
: 5 r m 
|, Sle er) et nm — MP ‘| (5 i= rind) gilo-mar dr 
A -r\r ° 
xr dr dg’ dw (4.21) 


4.3.2 Application to Pure Tones 


A typical subsonic aircraft engine fan noise spectrum is shown in Fig. 4.2. 
Figure 4.2(a) corresponds to the frequency range above 1 kilohertz (1000 
cycles/sec), while Fig. 4.2(b) corresponds to the range from 0.1 to 1 kilohertz 
(100 to 1000 cycles/sec) measured with a narrower bandwidth filter. As in 
the case of propeller noise, the spectrum consists of a broadband component 
on which pure tones (corresponding to fan whine) are imposed at various 
multiples of the shaft rotational speed Q.. 

Now Eq. (4.21) is quite general and can be used equally well to predict 
both pure tone and broadband noise. The latter is the result of essentially 
random blade forces, while the former results from periodic forces. In this 
section, Eq. (4.21) will be used to predict the sound generated by blade forces 
that are periodic at the shaft rotational frequency Q. Such forces are 
usually caused by steady but nonuniform flows that enter the fan or com- 
pressor as a result of upstream obstructions such as inlet guide vanes 
(stator) or the inlet flow distortions that arise from crossflows, streamwise 
vorticity sucked into the duct from nearby obstacles and very large scale 
inlet turbulence.f 

Derivation of equations. Since the blade forces are now assumed -to~be 
periodic they can now be represented by a Fourier series 


S(t) = y Fre for a= T,D (4.22) 


p=-o 


g from inlet guide vanes were 
s of Sears and Kemp 
The effect 


+ The first estimates of the pure tone fan noise resultin, 
made by Hetherington! in 1963, who combined the unsteady-lift theorie: 
with a free-space radiation model in which each blade was regarded as a line force. 
of the duct on the radiated sound field was first discussed by Tyler and Sofrin.? 
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Fig. 4.2 Typical sound pressure level spectrum. Azimuth angle, 40° from fan inlet. (Measure- 
ments taken at NASA Lewis Research Center.) 


whose Fourier coefficients are determined by (Appendix 1.A.1) 


Q 22/2 


rae i ep i pQt 
el ae ‘ J.P de (4.23) 


Then inserting Eq. (4.22) into (4.21), using the fact that 


tb 
lim | ef QH dr = 276(w — sQ) 
Cig 


T?0 


and putting 
~ s=mt+ p (4.24) 
we find after summing over s and p instead of m and p that the sound field 
can itself be expressed as a Fourier series 


p= ps(x) e7 (4.25) 


BD: 
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whose sth harmonic p, is given by 


p,(x) = 1 . JilKmanl) omg ~ri9.2°) 


2ch p=-aon=1 Linn Kn se 
x (mDiim,p — Vries 1 (4.26) 


where 
Q 22 
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and the thrust and drag coupling coefficient to T,,%,,, and Dj‘ m,, are defined by 


Trin.p = |, TinlKmynt’) et nms¥i— 0) FE r’ dr’ dep’ | 
(4.29) 
DiEwn = | Jin(Kmnl’) i Vai. s%1— me") FP dr’ do’ 

A 


Equation (4.25) shows that the density fluctuation is the sum of an infinite 
number of tones at multiples of the shaft rotational frequency 9. The 
amplitudes of these tones are expressed via Eq. (4.26) as a sum of terms 
called modes. When the tones result from a nonuniform flow entering a fan 
with B identical blades, the blade force distribution must satisfy Eq. (3.111). 
Hence, its Fourier coefficients (4.23) are related to the Fourier coefficients 
(3.113) of individual blade forces by Eq. (3.112). Upon inserting this into 
Eq. (4.26) and transforming the result in the manner described in Sec. 3.5.3 
we find that only harmonics of the blade passing frequency QB actually 
contribute to the sum (4.25) and, consequently, that 


Se I m(Kmqn!) 


el (M9 — Yiimsa* 1) 
p=-aon=1 Tin Kn,m,sB 


B 
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where 


, 


m= sB—p a (4.31) 
the single blade force coupling coefficients, Djim,p and Thm,p. are given by 
Tap =| Jin(Rian?) @! Onm.s0 1) Fig? dr’ do’ | 
= (4.32) 
Diimp - | Jin(Km,nt’) ele maa Ki 0) F}.p ar’ dg’ 
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and Ag is the projected area on the rotational plane of a single fan (or 
compressor) blade. In many cases, y{ can be approximated quite closely by 
y{ = rg’ cot x where x is the stagger angle of the blade (defined in Chap. 3). 

Equation (4.30) is based on the assumption that all blades are identical. 
and as a result it only predicts tones at harmonics of the blade passing 
frequency. However, nonuniformities in either blade geometry or spacing 
can cause tones to be generated at multiples of the disk or shaft rotational 
frequency. It can be seen from the fan spectrum in Fig. 4.2 that these tones, 
which presumably result from small nonuniformities in the fan geometry, 
are indeed much weaker than those at the blade passing frequency. 


Effect of duct on propagation. Equations (4.27) and (4.28) and the 
remarks following Eq. (1.C.11) show that 4 Ymm,sp > 0 and 4% Ynmsp <0 
whenever 

s??7B? 


4.33 
a (4.33) 


B?Kinn > 


Hence, any mode in Eq. (4.30) that satisfies condition (4.33) will decay 
exponentially fast at large values of | x; |. Such modes are said to be cut off 
since they do not propagate along the duct and therefore do not contribute 
to the sound field at large distances. Moreover, since Kz, 2 00 Whenever m 
or n becomes infinite,? only a finite number of modes contribute to the sound 
radiated in any given tone. 
: The index p in Eq. (4.30) individuates the harmonic of the unsteady 
force that generates the mode. The p =0 modes are generated by the 
steady, or time-averaged, force. They correspond to the Gutin mechanism 
for propellers and, since the unsteady blade forces are caused by nonuniform 
inflow (page 164), they will be the only modes that occur when the inflow is 
spatially uniform. But since Eq. (4.31) shows that m = sB when p is zero, 
Eq. (1.C.16) shows that the corresponding eigenvalues «,,,, are determined 
by Jis(Ksanta) = 0. Then since? the smallest root x,,,, of this equation is 
always larger thant sB/ra, the cutoff condition (4.33) shows that this mode 
will not propagate if 

p? s?B? Q?52B2 
ri . 3 
or equivalently if M? = M? + M? <1 where M, =rgQ/co is the Mach 
number based on tip speed of the blade and hence M, = ./M2 + M? is the 
Mach number of the flow relative to the blade tip. Thus, the p = 0 modes 
will not propagate unless the flow is supersonic relative to the blade tip.t 


+ For large values of sB, Ksg.1 ~ SB/ra. 
: } The precise value of M, at which cutoff occurs approaches unity as blade number is 
increased. 
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When the blade number B is large, the decay rates of these modes (which 
are determined by the magnitudes of kym,.sg) are enormous. This is clearly 
evident in Fig. 4.3 (taken from Ref. 2) which corresponds to the case where 
n=1and M =0. (The figure also serves to show the precise value of the 
tip Mach number at which cutoff occurs.) Thus, a fan (or compressor) 
operating at subsonic relative tip speeds (as many fans are designed to do) 
could not generate any sound if the inflow were completely uniform. How- 
ever, any high-speed fan operating subsonically in a duct certainly does 
produce a large amount of noise. It is generally believed that this sound 
results from a nonuniform flow entering the rotor. Thus, in the more general 
case where p is not necessarily zero, the smallest root Ksg-p,1 of Eq. (1.C.16) 
is Ksp—p,1 ~ (SB — p)/ra. Hence, the cutoff condition (4.33) becomes 


approximately 


sB —p M, 
SB | > 7i-m (4.34) 
Suppose that the mean-flow Mach number is negligibly small (i.e., 
M ~ 0). Then Eq. (4.34) shows there are modes (which can be generated by 
nonuniform inflow) that will propagate even at subsonic tip speeds. The 
index p of these modes must, of course, have the same sign as S. 
It can be seen from Eqs. (4.25), (4.30), and (4.31) that the phase 
surfaces of the propagating modes rotate with angular velocity (see Sec. 


1.3.2). 
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Fig. 4.3 Cylindrical duct decay rates. Mach number, M, 0; radial mode, n, 1. (From 


Reference 2.) 
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Hence, the circumferential velocity at the duct wall is 


sB 
sB—p 


M.Co 


Thus, the cutoff condition (4.34) shows that only modes that achieve super- 
sonic rotational speeds will propagate through the duct when M ~ 0. 


Radiated power. The quantity that is perhaps of most interest is the 
total acoustic power Y,, radiated in a given harmonic of the blade passing 
frequency. This can be calculated by integrating the axial component /,, of 
the sBth harmonic of the intensity over the cross-sectional area of the duct. 
Thus,t 


4.35 
P.3= F lim 2" \; I,,r dr dp ( ) 


x17 FO 
while Eq. (1.89) and Eq. (1.4.5) of Appendix 1.A show that 
Tg = (1 + M’)P,,U% + xa Psp|? + PocoM | Uss|? (4.36) 
where 
Psp = CoPsp (4.37) 


is the amplitude of the sBth harmonic of the pressure fluctuation and U,, 
is the amplitude of the sBth harmonic of the acoustic (fluctuating) selec, 
Since the axial component of the first Eq. (1.15) implies that Us, and P,y 
are related by 


we can use Eqs. (4.30) and (4.37) to eliminate P,, and thereby obtain 
— LBS SF Iml mnt) eilne ~ yEnan®y) 
Polo 2 p=-ao n=1 T ngiasneen 


x Aicm,s(MD i m,p = Vue Tioue (4.38) 
where 
Yam, spB° 
(QsB/co) at Mk,, m,sB 
Then gibesiatins Eqs. (4.30) and (4.38) into Eq. (4. 36), inserting the result 


£ a 
Anm,sB = = 


+ The factor 2 arises because both Tyg and T_ 


= I,, contribute to t in the 
sBth harmonic, sB = !sB he power in 
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in Eq. (4.35) and recalling that the duct modes (1.C.15) satisfy the ortho- 
gonality condition (1.C.9) we obtain 


_ BBY (OsB | mDiimp — Yim Trim 
Pse= Fooco\ co) | ai Da aw a 
a N 
cg ee (= + Mknm,sp 
prt. <(29) ’ 
where : 
m= sB—p 


And since the cutoff modes do not contribute to Eq. (4.35), the sum in 
Eq. (4.39) is only carried out over propagating modes. This result shows that 
the radiated power is just the sum of the powers radiated in each mode. Its 
properties are discussed further in Sec. 4.3.5. 


Calculation of blade forces from flow distortion. In order to use Eq. 
(4.30) to predict the sound emitted from a fan, it is necessary to determine 
the unsteady force harmonics F®, (for « = T,D) that appear in the single 
blade coupling coefficients (4.32). They can be related to the distortion 
velocity entering the fan by using the results already obtained in connection 
with propeller theory. In fact, if we suppose (for purposes of illustration) 
that the forces are concentrated along radial lines passing through the center 
ofthe blades (which for the s = 1 blade we can take without loss of generality 
to be the line g’ = 0), the results of the two-dimensional analysis developed 
on pages 166-168 can be used directly. Thus we assume that this analysis 
can be applied to predict the force per unit length at each radial position 
r’ in terms of the Fourier amplitudes 


1 2n - r . 
w,(r') = x, e'?? w(r', @) dp 


of the circumferential harmonics of the distortion velocity w(r’,@) which, 
as in the analysis just mentioned, is assumed to be in the direction of the 
oncoming flow. In fact, we suppose that all the assumptions on page 166 are 
valid. (The consequences of using such rough approximations will be 
discussed in Chap. 5.) Then it follows from Eq. (3.122) that the Fourier 
coefficients F¢., and F9,, of the torque and drag forces are given by 


d(g' ? ‘ 
Fo,=- wit TCPoU_Wp(r")S-(Fp, M;) sin x Sin fb 
¥ 


, 


} : 
FR p= mcpoU,w,(r')S-(op, M,) cos x sin 


where the various quantities appearing in these equations are defined on 
page 168 (Fig. 3.18). These results can now be substituted into Eq. (4.32) 
to calculate the coupling coefficients. When radial variations in the stagger 
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angle x, angle of attack yu, relative velocity U,, and chord length c can be 
neglected, the resulting formulas become 


c ; : 
Thee Thc = 5 poU, sin x sin 1 S.(op, My) Wain, p 


F (4.40) 
Deng = Dime = 3 Po U, cos x sin pt S.(op, My) Wim, | 


where 


r, 2n _ : 
ica \ | eP® In Kmal’)W(r', P(r’) 4 dr’ dp (4.41) 


are the distortion harmonics and c, U,, y, 4, and a, are to be interpreted 
as suitable average values over the duct radius. The coupling coefficients, 
and hence the sound field, can be calculated from these formulas once the 
distribution of the distortion velocity w(r’, @) over the fan face is known. 

It is easy to show from the orthogonality property (1.C.9) of the duct 
eigenfunctions that the distortion harmonics Wj,,, (with p given by 
Eq. (4.31)) are just the coefficients of the Fourier-Bessel expansion 


w(r’,@) = (ri ts : . Wamp 7 ( (Km,at”) en 380 (4.42) 


m=—o n=1 Tin,n 


of the distortion velocity in terms of the circular-duct eigenfunctions. This 
equation, together with Eqs. (4.30), (4.40), and (4.41), shows that the various 
radial modes in the acoustic field are each determined by the corresponding 
“modes” in the distortion field. Hence, the more radially nonuniform the 
distortion, the more higher order radial modes will appear in the sound 
field. An improved treatment of the radial velocity variation (over this 
simple strip theory result) can be obtained by using Eq. (3.72) to calculate 
the blade forces. However, this formula requires that the velocity be 
decomposed in an exponential Fourier series in r’ which is somewhat in- 
compatible with the natural Fourier-Bessel expansion (4.42). 


Sound generated by rotor-stator interactions. In the last section we 
showed how the sound field can be calculated once the distortion velocity 
distribution entering the fan is known. But it is frequently difficult to 
determine this quantity, since it can vary from fan to fan in a rather 
unpredictable manner and in any given fan it can vary widely with operating 
conditions. However, it is relatively predictable, when the rotor operates 
behind inlet guide vanes (IGV’s) or stators (as shown in Fig. 4.4). The 
stator-rotor interaction was first studied by Kemp and Sears.**> They pointed 
out that the IGV’s can affect the rotors as a result of both their potential 
flow fields and their viscous wakes. (Of course, the same is true for a rotor 


Effect of Uniform Flow 203 


ea 


Stator Stator wakes a 


Fig. 4.4 Stator-rotor interaction. 
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operating in front of a stator.)-Since the incompressible potential-flow field 
due to a two-dimensional object decays inversely with distance, while the 
velocity decrement in its wake decreases approximately as the square root 
of distance, Kemp and Sears concluded that viscous-wake interference effects 
will probably be important at large rotor-stator separations while potential- 
flow interactions will tend to dominate at small spacing. This is especially 
true for the high solidity stators used in current aircraft engines, since their 
potential flow fields actually decay exponentially fast at large distances. On 
the other hand, it should be kept in mind that the decay rate of a real 
compressible flow can be quite slow when its Mach number is in the high 
subsonic or transonic range—as it often is in fans and compressors. In any 
case, it appears that, in most instances, the wake effect will be of about the 
same order as the potential flow effects only when the rotor-stator separa- 
tion is equal to a small fraction of the stator chord length. Thus since 
rotor-stator separations in modern aircraft engines are usually greater than 
achord length, it is unlikely that the stator potential flow field will contribute 
significantly to the disturbance field felt by the rotor in such a device. 
Suppose the viscous effects in the wake can be neglected and that the 
two-dimensional model developed in Sec. 3.5.3 applies (Fig. 3.17). Then the 
coupling coefficients are related to the wake velocity profiles (roughly) by 
Eqs. (4.40) and (4.41). However, a rotor operating behind a stator with V 
blades will see a distortion pattern that is periodic with period 27/V. Hence, 
the distortion harmonics (4.41) will be nonzero only when the azimuthal 
index p is an integral multiple of V. It therefore follows from Eq. (4.40) that 
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Eqs. (4.30) and (4.31) become 


BS SB ImlKmnl) stop — 909%) 
pa= oy YS SE elie itn 


0 p=-aon=1 Dinan Kn,m,sB 


x (MDiim,pv = Vnmab Tr'm,pv) (4.43) 


and 
m= sB — pV (4.44) 


A very similar analysis can be used to predict the sound field resulting from 
the passage of the rotor wakes over outlet guide vanes (OGV s). However, 
in this case, there is no need to transform the variables of integration into 
a moving-coordinate system and the OGV blade forces will be periodic in 
time, with period 27/QB. The result 


ae y Jim Kmant) elle — Yiéms0* 1) 
and 28 p=-an=1 TinsnKn,m,sB 


x (mDyim,sB = YinmsB Thim,ss) (4.45) 


where m is still given by Eq. (4.44), is remarkably similar to Eq. (4.43)—which 
is indicative of the essential similarity of the two sound-generation processes. 
In fact, the principal difference between these equations is that the last 
argument of the coupling coefficients is changed from pV to the harmonic 
number sB of the radiated sound frequency. It can therefore be seen from 
Eqs. (4.40) that the sound radiated at any given frequency by a stator is only 
affected by the angular harmonic of the wake velocity field with the same 
frequency. On the other hand, the sound radiated at a given frequency by 
a rotor depends upon all angular harmonics of the wake velocity field, and 
any given harmonic of the wake contributes to all harmonics of the sound 
field. 

Increasing the rotor-stator separation decreases the wake velocity 
decrement at the downstream blade row. Hence, Eqs. (4.40) and (4.41) show 
that the wake interaction noise from both rotors and stators decreases with 
increasing separation from the upstream blade row. This effect is indeed 
observed in practice. 

Since (as shown in Sec. 3.4.2) the Sears function, or for that matter any 
other response function, approaches zero at high reduced frequencies, Eqs. 
(4.40) imply that the noise generated by a fan stage can be reduced by 
increasing the reduced frequency o, = pQc/2U, while holding c fixed. This 
can always be accomplished for a fixed relative velocity by increasing the 
frequency pQ of the gust. Then since Eqs. (4.40) and (4.45) imply that p oc B 
for rotor wake-stator interactions, it may sometimes be possible to reduce 
the stator noise by increasing the number of fan blades. 

The wake velocity profiles tend to be sharp in the region immediately 
behind an upstream blade row, with many circumferential harmonics 
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contributing to the wake disturbance velocity. However, they tend to smooth 
out further downstream, and the first few harmonics probably make the 
dominant contributions to the velocity in this region. Hence, we expect that 
the sound field radiated by a stator will contain many harmonics of the 
blade passing frequency at small rotor-stator separations and that increasing 
the separation will preferentially tend to reduce the higher harmonics of the 
sound field. On the other hand, increasing the separation between a rotor 
and an upstream blade row should tend to decrease the sound in all 
harmonics.t 

A wake that is highly nonuniform in the radial direction should 
contain a larger number of radial harmonics than one which is uniform. 
Hence, Eqs. (4.40) show that as the wake becomes more nonuniform there 
is a tendency to increase the higher order radial modes in the sound field. 
On the other hand, these modes are more likely to be cut off by the duct. 

In order to calculate the acoustic radiation, it is necessary to determine 
the wake velocity profiles that enter the coupling coefficients (4.40) through 
Eq. (4.41). Kemp and Sears® used the Silverstein, Katzoff, and Bullivant’ 
single-airfoil wake model in an analysis of the type described in Sec. 3.5.3 
to calculate the fluctuating blade forces in a cascade. Since then this model 
has been used by a number of investigators to study fan noise. However, it 
is currently recognized that, due to such effects as the thickening caused by 
strong axial pressure gradients, an isolated-airfoil wake model is wholly 
inadequate to describe the wakes that occur in modern turbomachines. In 
fact, it turns out that the wakes of real fans and compressors are highly 
skewed.® This introduces large streamwise vorticity components that are not 
accounted for by Silverstein’s two-dimensional model and causes large radial 
variations in the phases of the lift fluctuations acting on the stator. An 
improved wake model, based on data taken behind a low speed fan rotor, 
was developed by Raj and Lakshminarayana.° 

For high-solidity (i.e., high ratio of blade chord to interblade spacing) 
cascades the mutual interference effects between the blades could have an 
important influence on the fluctuating lift forces. This effect was analyzed 
by Henderson and Daneshyar'' for two-dimensional cascade in an incom- 
pressible flow (still using linearized theory). There have been a large number 
of studies (which we have not mentioned) of the fluctuating blade forces in 
cascades. Virtually all of these (except for some recent purely numerical 
studies) use linearized-thin-airfoil theory. This approximation implies (since 
the angle of attack and camber must be small) that the blades are lightly 
loaded. The effects of variations in retarded time over the blade chord, 
which can also be important at the high Mach numbers where jet engine 
fans and compressors operate, are discussed in Chap. 5. 


+ These conclusions appear to have been first obtained by Lowson® who used a free- 
space rotor model. 
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The dominant source of noise in modern high bypass ratio fan je, 
engines is the fan stage itself. However, most engine designs do not utilize 
inlet guide vanes for the fan. Therefore, the wake interaction mechanism of 
primary technological interest is the rotor wake-stator (OGY) interaction 
governed by Eq. (4.45). On the other hand, since this equation is composed 
of the same modes as Eq. (4.43), the cutoff condition (4.34) also applies to 
the rotor wake-stator interaction. But since p is now an integral multiple 
of V, this condition becomes 


Ba M, 


sB ./1 — M? 


Hence, the sound generated at the fundamental harmonic (s = 1) of the 
blade passing frequency will not propagate if 

| i vil M. 

B\ \/1—M? 

for every integer p. This implies that a subsonic fan stage (ie., M2= 
M2 + M? <1), should produce no fundamental blade-passing-frequency 
tones if its vane-blade ratio V/B is greater than 2. Nevertheless, many fan 
stages designed to take advantage of this cutoff phenomenon do exhibit 
spectra containing strong fundamental blade-passing-frequency (BPF) tones 
when tested on the ground. It is generally believed that these tones are 
caused by steady inlet flow distortions and large scale inlet turbulence 
entering the fan. 


Sound generated by inlet flow distortions. When aircraft engine fans 
are tested without being attached to aircraft the primary source of tones is 
often the flow distortion caused by the test rig.!? On the other hand, Filluel’® 
and Sofrin and McCann‘ have observed tones that under certain conditions, 
appear to be caused by inlet turbulence. Thus, inlet turbulence will always 
produce broadband sound by the mechanism described in Sec. 3.5.1. But a 
rotating fan is able to cut an effectively stationary turbulence pattern 
several times before the turbulent eddies decay—provided, of course, that 
its blade passing frequency is large compared with the frequency associated 
with the convection of the eddies past the fan. The radiated energy will then 
become concentrated around the blade passing frequency and its harmonics, 
and the acoustic spectrum will appear to contain tones of finite bandwidth 
(such as those in the experimental spectrum shown in Fig. 4.2). 

Thus, inlet turbulence can bea source of both pure-tone and broadband 
noise. Since the frequency at which the eddies pass the fan face is U,/I, where 
U, is the convection speed and | is a typical turbulence correlation length, 
we expect the tones to become narrower and more pronounced as | is 
increased. In fact, the inlet turbulence interaction was analyzed by Mani'® 
(who used a model similar to the one described in Sec. 3.5.1 but applied it 
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to a moving cascade rather than to a single stationary strut). His results 
indicate that these tones will be much broader than those observed experi- 
mentally unless the turbulent eddies are extremely long (typically of the 
order of a couple of feet). However, there is now considerable evidence that 
large-scale eddies in the atmosphere become very elongated when drawn 
into a stationary fan and as a result are the dominant source of pure tones 
from engines operating on the ground. (In fact, recent measurements carried 
out by Hansen at Hamilton Standard!° indicate that these eddies may be 
over a hundred engine diameters long.) Conversely, the eddies are not 
stretched when the aircraft is in forward flight and as a result are so large 
in the direction transverse to the flow that they simply pass over the engine 
without generating any noise. Supporting this conjecture are recent measure- 
ments by Cumpsty and Lowrie*° which indicate that the tones produced 
by the RB.211 engine are considerably reduced in amplitude and frequently 
much less fluttery in forward flight. 

Of course, the most intense eddies entering the fan are confined to the 
casing boundary layer. But since the characteristic scale of the turbulence 
in this region is usually quite small, it is probably not responsible for 
producing blade passing frequency tones. 

Inlet turbulence can also produce sound in an isolated rotor through 
a quadrupole interaction that was first proposed by Ffowcs Williams 
and Hawkings.'° Thus, a loaded rotor induces a spinning “rotor-locked” 
asymmetric pressure field in the fan duct which, as we have seen, cannot 
propagate at subsonic tip speeds. But when this pattern interacts with inlet 
turbulence, it produces a fluctuating Reynolds stress that can act as a 
quadrupole sound source. 

This process has been studied in some detail by Chandrashekhara‘’ 
for low-speed (tip Mach number less than 0.3) fans. A free-space rotor model 
of the type described in Sec. 3.5.3 was used. He found that the dipole noise 
always exceeded the quadrupole noise and, that Mani’s dipole theory’* 
actually agreed fairly well with his measurements of the sound field. How- 
ever, the ratio of the strength of the quadrupole to that of a dipole varies 
as a typical Mach number squared, while the intensity of the quadrupole 
increases in direct proportion to the blade loading. Hence, it is quite possible 
that the quadrupole source will dominate at the higher Mach numbers and 
high blade loadings where real aircraft engine fans operate. In fact, the 
amplitudes of the blade passage frequency tones produced by actual aircraft 
fans do not always increase with tip Mach number as the dipole model 
seems to predict. Thus, as pointed out by Mani,'® recent experiments by 
Gelder and Soltis!® on very clean inlet fans show that the inlet BPF power 
levels often increase with increasing blade loading even when the relative tip 
Mach number decreases—a behavior that is not uncharacteristic of the 
quadrupole source. 

On the other hand, it is shown in the next chapter that the quadrupole 
source will not be significant, even at very high subsonic Mach numbers, 
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unless the turning of the flow produced by the fan is a significant fraction 
of the flow velocity relative to the blades—a condition that does not usually 
occur at the blade tips where most of the sound is generated. : 

The possibility that the quadrupole term in Eq. (4.10) dominates the 
dipole term at higher Mach numbers also exists for other rotor noise 
sources. Thus, Goldstein, Dittmar, and Gelder?° developed a combined 
dipole-quadrupole model for predicting the noise caused by a steady inlet 
flow distortion interacting with a fan rotor. Their analysis indicates that the 
quadrupole term may begin to dominate the dipole at a tip Mach number 
of about 0.9 or so. 


4.3.3. Broadband Noise Sources 


Aside from inlet turbulence, there are a large number of other possible 
sources of broadband fan noise. For example, the noise produced by the 
turbulence generated in the blade boundary layers (discussed at the end of 
Sec. 3.5.2) may make a significant contribution to the broadband spectrum. 
Another source could arise from nonuniform wake profiles. Thus, measure- 
ments of the “mean” velocity profiles of wakes show that they are not the 
same from blade to blade but vary in a random manner about some mean 
value. This random component of the nonuniform flow impinging on the 
downstream blade row could certainly generate broadband sound. 

There are, in addition to the fan and compressor stages, a number of 
other broadband noise sources that can occur in the interior of an aircraft 
engine. These include the turbulent wakes from struts and splitters as well 
as the turbulence in casing wall boundary layers. However, such sources 
are usually relatively weak compared with those associated with the fan. 
Davies and Ffowcs Williams?! analyzed the sound radiation from a finite 
volume of turbulence that is carried along by a uniform flow in an infinite 
straight duct. Their results show that the radiated sound increases as the 
sixth power of the flow velocity at low frequencies; while at higher frequencies 
(above the cut-off frequency of the second mode) this changes to nearly an 
eighth power dependence on the flow velocity (at least when the scale of the 
turbulence is sufficiently small). 


4.3.4 Multiple Pure Tones 


Most of the noise mechanisms discussed up to now can occur at both 
subsonic and supersonic speeds. However, at supersonic relative tip Mach 
numbers the phase-locked rotating steady pressure field (associated with the 
p = 0 modes in Eq. (4.30)) can propagate out of the duct. Since the strength 
of this field is proportional to the steady blade forces, which are considerably 
larger than the unsteady forces, we would expect it to dominate at supersonic 
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Fig. 4.5 Multiple-pure-tone noise at supersonic tip speeds. 


speeds. But, due to nonlinear effects associated with the formation of shock 
waves, Eq. (4.30) does not actually hold at supersonic speeds—though there 
is some reason to believe that it will be adequate at slightly supersonic 
relative tip Mach numbers. Thus, the shock wave structure attached to the 
leading edges of the blades of a perfectly periodic rotor would appear as 
shown in Fig. 4.5(a). To the right of the figure is a schematic of the 
pressure-time history that would be observed by a probe microphone. 
However, the small nonuniformities in blade geometry and spacing that 
occur in any real rotor cause perturbations in the shock pattern. And, as 
shown in Fig. 4.5(b), the dynamics of the propagating shock train tends to 
emphasize these imperfections through the mechanisms of shock overtaking 
and coalescence.} The pressure-time history observed by a probe microphone 
will therefore appear as shown at the right of Fig. 4.5(b). In this case there 
is no longer any evidence of blade-passing-frequency periodicity, but the 
pattern does repeat itself with every turn of the rotor. Thus, the sound 
is produced at the shaft rotational speed. A typical supersonic fan spectrum 
is shown in Fig. 4.6. It is evident that this spectrum (unlike the subsonic 


+ Recall, for example, that higher amplitude shocks propagate faster than lower amplitude 
ones. . 
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Fig. 4.6 Typical narrow-band spectrum from a supersonic fan. 


fan spectrum shown in Fig. 4.2) is dominated by tones at the shaft rotational 
speed. They are called multiple pure tones (or combination tones) and 
produce a sound described as “raspy” or “buzz saw.” 

Morfey and Fisher?” and Hawkings** have analyzed the shock wave 
coalescence by using one-dimensional saw-toothed shock models. Their 
analyses describe how an initially nonuniform wave. train evolves to become 
increasingly irregular with distance. They show that the shock strength 
eventually becomes independent of the initial conditions and decays as the 
inverse power of distance. They also show that the axial-flow Mach number 
has a strong influence on this decay rate. Hence, changes in cross-sectional 
area of the flow duct (that result in changes of axial Mach number) can be 
very significant. However, analyses of this type cannot be directly related to 
the irregularities in fan geometry. The drawback was overcome by 
Kurosaka,24 who used the method of characteristics and oblique shock 
relations to carry out a two-dimensional analysis. He showed that errors in 
blade stagger (and contour) are much more important for producing multiple 
pure tones than errors in blade spacing. Indeed spacing errors only cause 
changes in upstream shock spacing, while stagger errors cause changes in 
both position and strength. 

At supersonic speeds there is the possibility of an additional broadband 
noise source associated with the passage of turbulence through the shocks. 


4.3.5 Effects of Finite Duct Length 

The analyses developed in the previous sections do not directly predict the 
sound in the far field, where it is of principal interest. However, this 
limitation can be removed by using the semi-infinite-duct Green’s functiont 


(Fig. 3.25) in Eq. (4.13) instead of the infinite-duct Green’s function. 


+ This Green’s function can easily be obtained from the results given in Ref. 25. 
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In addition to being able to calculate the sound in the far field, this approach 
has the advantage of including the effects of reflection from the end of the 
duct and diffraction by the duct lip. An analysis of this type was carried 
out by Lansing.”°~ 78 

A more approximate analysis which uses the infinite-duct solutions 
was given by Tyler and Sofrin? for the case of zero mean flow. Thus, if the 
reflections from the end of the duct are neglected, the sound field at this 
point can be calculated from the infinite-duct model. Tyler and Sofrin 
réplace the duct opening by a flexible diaphragm in an infinite rigid baffle 
(as indicated in Fig. 4.7). They then assume that the diaphragm vibrates 
with the acoustic velocity predicted by the infinite-duct solution (4.30). Thus, 
inserting the half-space Green’s function (1.C.1) into the Green’s formula 
(1.68) shows, upon recalling that @p/6n is zero on the rigid boundary, that the 
far-field pressure fluctuation is given by 


1 (2 ap R sin 8 cos (p — 91) 
mts _ dr d 
p al \, s(x. at me r dr dg. 


where 
y ={-Lrcos g1,r sin 91} 


with the polar coordinates defined in Fig. 4.8. For a single harmonic com- 
ponent p = P,,e ‘** of the blade passing frequency, this becomes (upon 


using Eq. (4.37)) 


etek (8 T* Coaly) ik cin deccle~ 
7 s e7 itksgsin 0cos (9— 91) » dr d. 4.46 
PsB~ OER \, a Oy, ” aii 


where 


Fig. 4.7 Flanged duct. 


) “Infinite baffle 
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Fig. 4.8 Fan ina semi-infinite duct. 


Then setting M =0 in Eq. (4.30) (so that yimse = t+knmsp) and 
inserting the result in Eq. (4.46) yields 


ao wo s 
B a sik gk Tn(Kmnl ad) ity +k 


p=-@ n=1 Daan n,m,sB 
x Ham(Ksp, 0)(mDyim,p = Kysaiae lyase) (4.47) 
where the directivity factor Hn m(ksg, 9) is defined by 


Kn.m,sBKsB sin 0 esis) 
Kes al k2, sin? 0 
and the prime on the Bessel function J,, denotes differentiation with respect 

to its argument. 

The sum in Eq. (4.47) must now be carried out over all modes, whether 
or not they correspond to propagating waves in an infinite duct. But, due to 
the exponential factor exp (ilkn.m,s3), the nonpropagating modes contribute 


only weakly to the sound field whenever the duct length / is larger than its 
radius. 


Ay m(ksp, 9) = —i Jin(kspra sin 0) (4.48) 


+ Of course, this result cannot be used to calculate the sound field in the region behind 
the duct opening (@ > 90°). 
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Fig. 4.9 Radiated sound power due to torque and thrust. Ratio of torque to thrust, 0.75; 
sB— pV =5;1/R=1. 


When Lansing’s more exact solution is used, Eq. (4.47) remains the 
same but the directivity factor (4.48) becomes”’ 
0 zx : 
Hy m(ksp, 9) = —i tan ie Jin(raksp sin 0) 


(ksp + Kn.m,sp) (Ksp cos 6 F Kn,ss) K  (kn,m,sB) 
(Kn — kg sin? 0)K(ksp Cos 0) 


where the term Ka) is defined to be the limiting value lim K(o + ig); 


e70 


¢ > 0 of the Cauchy integral.t 


In K™(A) = 2ni oh 


y= fhas/o? — ‘kop 


and the primes on the Bessel functions Jim, Km, and I, denote differentiation 
with respect to their arguments. 

Lansing?® compared the Tyler and Sofrin result with his exact semi- 
infinite-duct solution. He also compared these equations with solutions 
obtained by Lowson® from a free-space rotor model. The total radiated 
power calculated by these three methods is plotted as a function of frequency 


1 {" In[=2K mm] 4, 


+ In taking this limit, it is necessary to use the Plemelj formulas (see Ref. 29, page 42). 
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Fig. 4.10 Radiated sound power for circumferential mode m = 5; third radial mode, n = 3. 
(From Reference 28.) 


in Fig. 4.9. Notice that at all frequencies shown, Tyler and Sofrin’s solution 
is in close agreement with Lansing’s result. 

Due to the factor kpmss (which vanishes at resonance) in the de- 
nominator of Eq. (4.39), the infinite-duct model predicts infinite acoustic 
power as the cutoff frequencies of the various modes are approached from 


Lansing theory” 
6 ——— Lowson® 
J wEeeeer Synthesized from 
0 \ Tyler and Sofrin? 


40 30 20 10 0 10 20 30 40 
Sound pressure level, dB 


Fig. 4.11  Directivity patterns due to thrust and torque. Ratio of torque to thrust, 0.75; 
sB — pV = 5;sQBR/co = 12. (From Reference 26) 
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Fig. 4.12 Radiation patterns for a research compressor. (From Reference 27.) 


above.t The sharp peaks exhibited by Lansing’s solution (see Fig. 4.9) also 
occur at these cutoff frequencies. But, these peaks remain finite. The Tyler- 
Sofrin solution also tends to increaset abruptly as these frequencies are 
approached but does not seem to exhibit the sharp peaks found by Lansing. 

A comparison between the infinite-duct solution (Eq. (4.39)) and 
Lansing’s result is shown in Fig. 4.10. In this figure (taken from Ref. 28) 
the normalized sound power radiated in the n = 5, m = 3 mode is plotted 
against the dimensionless frequency sBrgQ/co. It shows that the infinite-duct 
model provides an excellent method for calculating the total radiated power 
as long as the frequency is even slightly above cutoff. 

Lansing also compared the directivity patterns predicted by these three 
solutions at the dimensionless frequency sQBrg/co = 12. This comparison is 
shown in Fig. 4.11. In Ref. 27, directivity patterns calculated from Lowson’s 
and Lansing’s solutions are compared with data from a research compressor. 


These results are shown in Fig. 4.12. 


4.4 CONCLUDING REMARKS 


The material of this chapter is for the most part developed from the general 
integral acoustic analogy Eq. (4.10). Moreover, Eqs. (3.6) and (2.9), which 
serve as a basis for the material in Chaps. 2 and 3, are themselves special 
cases of this equation. Hence, Eq. (4.10) serves as a unifying base for most 
of the material developed up to this point. 

In the remainder of the book the Lighthill analogy is abandoned, and 
alternative approaches are evolved. 


+ It is shown in Chap. 5, however, that cascade interference effects will change the blade 
forces in a way that keeps the power finite. 

t The radiated power predicted by Eq. (4.39) can differ from that predicted by the 
Tyler-Sofrin method since the latter procedure does not require that continuity be satisfied 
across the duct exit plane. 
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5) THEORIES BASED ON SOLUTION 
OF LNEARIED VORTICIT 
ACOUSTIC HELD EQUATIONS 


5.1 INTRODUCTION 


The last three chapters were in the main based on the acoustic analogy 
approach, wherein the sound field is calculated by constructing a model for 
an equivalent acoustic source term. Because of the inherent limitations of 
this procedure (which are discussed in detail in Chap. 2), we would like 
to calculate the sound emission by solving the differential equations 
governing the flow. Unfortunately, this is nearly impossible for most real 
flows. But recall that the sound field produced by the dipole term is linearly 
related to the surface forces, which in most cases were calculated from the 
oncoming flows by using linearized equations. It, therefore, ought to be 
possible to obtain solutions to certain aeroacoustic problems by directly 
solving the linearized momentum and continuity equations. In this chapter 
we shall, by considering a specific example, show how this approach can 
be carried out. Before proceeding with this, however, we shall first establish 
certain general properties of these linearized solutions. 
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5.2 DECOMPOSITION OF LINEARIZED 
SOLUTIONS INTO ACOUSTICAL AND 
VORTICAL MODES: SPLITTING 
THEOREM 


When the mean velocity U is constant, the linearized continuity ang 
momentum Eas. (1.15) become (in the absence of volume sources) 


Dou 
o> —Vp (5.1) 
1 Dop 
a ec ca a a V . 
poco Dt " ma 
where, as usual 
D 0 0 
> = —— + U (5.3) 


Dt ~ Ot Oy 


We shall now show that the velocity u can be decomposed into solenoidal 
(zero divergence) and irrotational (zero curl) parts in such a way that the 
pressure fluctuations are determined solely by the irrotational part. Thus, we 
shall show that there exist vectors u, and uz such thatt 


u=u,+u, (5.4) 
Vxu,;=V-'u,=0 (5.5) 
Dow, si 
° Dt ve 
-_ (5.6) 
oP 
td ee VAC 
pocs Dt "i 
Dou2 
=0 5.7 
Dr (5.7) 


To this end, notice that since every vector field can be decomposed into 
solenoidal and irrotational parts there must certainly exist vectors u, and 
u> such that 


u=uj +) (5.8) 
Hence, Eq. (5.1) can be written as 


Dt 


¢ This result is called the splitting theorem. 
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Then since the second member of this equation has zero curl and the last 
member has zero divergence, the vector A must be both solenoidal and 
irrotational. It follows that the vector uy defined by 


A ofl ‘ 
eaves | Aly + i(t — 1)U,¢] dt (5.11) 
0 
has the property that 
V X Up = Vi up = 0 (5.12) 
and satisfies the relation 
Doo 
=A 5.13 
po > (5.13) 


Hence, inserting Eq. (5.13) into Eq. (5.10) shows that the vectors 


Sa a (5.14) 
Uy = U2 + Ug 

satisfy the first Eq. (5.6) and Eq. (5.7), respectively. Moreover, it follows 
from Egs. (5.9) and (5.12) that Eq. (5.5) holds, while the last Eq. (5.6) is a 
direct consequence of Eqs. (5.5) and (5.2). 

Since (as can be seen from Eq. (5.6)) the irrotational vector u, is the 
part of the velocity associated with the pressure fluctuations, it is called the 
acoustical particle velocity. And since the vorticity 


o=Vxu=Vx lt 


is determined solely by the velocity uj, the latter quantity is called the 
vortical velocity. Thus, within the flow the interactions between the acoustic 
and vortical motions must occur through second (or higher) order nonlinear 
terms. 

We have seen that the sound source in Lighthill’s theory can be 
modeled by the fluctuating Reynolds stress pou;u;, with u; and u; effectively 
taken as the vortical part of the velocity field. Thus (at least for sufficiently 
small motions) the generation of sound by Lighthill’s quadrupole mechanism 
is just such a second-order interaction process.+ Equation (5.7) shows that 
the vortical modes, aside from being convected by the mean flow, remain 
unchanged. This is consistent with the results described on pages 87-90 
(Taylor’s hypothesis), which show that jet flow turbulence} decays only 
slowly in the moving frame. 

Although the acoustic and vortical modes each behave, in the linear 
approximation, as if the other were not present, they can easily be coupled 


_ 1 The sound field can generate vorticity through a second-order interaction. In fact, 
this problem was studied by Rayleigh nearly 100 years ago. The second-order interactions 
were later studied in detail by Chu and Kovasznay.' 

t Which is essentially pure vortical motion if the Mach number is not too high. 
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by any rigid surface that bounds the flow. Thus, since the normal component 
of the total velocity u must vanish on any such surface, it follows that u, 
and u, must be related by 


u,;‘h=-—wu)‘f 


where fi is normal to the surface. In fact, it is this coupling between the 
acoustic and vortical modes that is responsible for the dipole-type sound 
sources that often occur at solid boundaries. And since these sources are 
linear in the perturbation quantities, it is not surprising that they dominate 
over the nonlinear quadrupole volume sources wherever the fluctuating 
velocities are small. 


5.3 SOUND GENERATED BY A BLADE 
ROW 


5.3.1 Formulation 


We shall now show how the sound generated by the mechanism described 
above can be calculated by solving the linearized acoustic-vorticity Eqs. (5.4) 
to (5.7). To this end, we shall reconsider the problem of a fan rotating with 
angular velocity Q through a stationary convected disturbance. 

The problem is formulated in this section and is reduced to solving 
an integral equation in the next section. After discussing the various methods 
that have been used to solve this equation, we show how the results can be 
used to predict the sound field, and in the last section the connection with 
the acoustic analogy approach is made. This allows us to assess the 
importance of including the cascade effects as well as chordwise retarded 
time variations in the source model. 

In order to simplify the problem, suppose that the hub-tip ratio of the 
fan is close enough to unity so that curvature effects can be neglected and 
the blades can be “unrolled” to form a linear cascade. Thus, we consider 
an infinite row of blades moving transversely between two infinite parallel 
plates as shown in Fig. 5.1. The linear velocity of the cascade is 


Uo = Qry (5.15) 


where ry denotes some mean radius of the fan and the spacing b between 
the plates is equal to the blade span. 

We suppose that the vortical velocity field u,, is specified upstream 
of the blade row. Moreover, it will be assumed that the blades are thin and 
at a small angle to the oncoming mean relative velocity U, which in turn 
is assumed to be large compared to u,,. Then the flow will be governed 
by the linearized Eqs. (5.1) and (5.2). On the other hand, it was shown in 
Sec. 3.4.2 that the unsteady part of a linearized incompressible flow past an 
airfoil is independent of the camber and angle of attack. It can be shown 
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Mean flow 
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Ueo 


Fig. 5.1 Infinite cascade. 


that this decoupling between the steady and unsteady flows also occurs in 
the compressible flow problem being considered in this section. Hence, we 
can replace the blades of the cascade by flat plates at zero angle to the 


relative flow U,. 
Now let the Y-coordinate system be alined with the oncoming mean 


flow velocity U,, as shown in Fig. 5.2. Upstream of the blade row the 
nonuniform velocity consists of a vortical part u,, and an acoustic part. We 
shall require that the latter represent an outgoing wave far from the blades 
but it will otherwise be left unspecified. On the other hand, the vortical flow 
is steady (relative to a fixed observer) and can therefore depend only} on 
Y, and Y3. Moreover, if the problem is to correspond to an unrolled 
annulus, u,, must be periodic in the direction of motion of the blade row 
with the circumferential distance 2zry being equal to an integral multiple 
of its wavelength. Then since the dimension in the Y3-direction is finite, 
u,, can be represented by the double Fourier series 


2, c pat JB pa) ¢ cos (ee e) +RC,_8 sin (2) | gS 


Pq 
(5.16) 


+ Equation (5.7) shows that the vortical motion depends on Y; and t only in the 
combination Y, — Ut. 
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Fig. 5.2 Flow into cascade. 

where 
Lo = 2ary (5.17) 


is the circumference at the mean radius ry; A pq Bp and C,,, are complex 
constants; I, J, and K are unit vectors in the Y,-, Y2-, and Y3-directions, 
respectively; and v is the angle between the oncoming flow direction and 
the perpendicular to the blade row. Notice that the Y3-component (normal 
component) of each term in this series vanishes at the end walls, Y; = 0,b. 
Since u,, represents a purely vortical velocity, it must certainly satisfy 
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the solenoidal condition Vy-u,,=0 (where Vy denotes the divergence 
operator in the Y-coordinate system). But this will occur only if the co- 
efficients B,,, and C,,, in Eq. (5.16) satisfy the condition 


2ip q 
B 
Locosy ”"4 + b 


Moreover, due to the linearity of the problem, it is only necessary, as 
explained in Sec. 3.4.2, to calculate the flow field generated by a single 
harmonic component 


* Y: 2ipb mq Y: 
wo =| (Ap, + JB,,) cos (4 = in| = 
u [ P.4 p,q) COS ( b K Loom By,q Sin b 


x el2tiPY2)/(Lo cos v) (5.18) 


Cy.q = 9 


of the sum. This disturbance pattern is a generalization of the one considered 
in Sec. 3.5.3 and, as in that section, it is again convenient to express the 
disturbance velocity in terms of a coordinate system y fixed to the blades. 
We choose a typical blade, individuated by means of a subscript 0, and 
suppose that the origin of the coordinate system is centered at its root (as 
shown in Fig. 5.2). Then the coordinate transformation Y > y is the same 
as in Sec, 3.5.3, and hence Y3 is related to the y-coordinates by Eq. (3.121). 
Inserting this equation into Eq. (5.18) and using Eqs. (5.15) and (5.17) to 
simplify the result now yields 


1qY3 2ipb in ( 
Usp = [are + JBp.q) cos ( x ) ~ RT acosy 7 in( b ) 


x eiPOLW: + ¥2 cot w)/U, 1] (5.19) 


(where the unit vectors I, J,. and K are still oriented in the Y-coordinate 
directions). The orientation of the blade row in the y-coordinate system is 
shown in Fig. 5.3. In these coordinates the blades are stationary and parallel 
to the mean relative velocity U,. Hence, the unsteady flow, which is caused 
by the small amplitude gust (5.19), must satisfy the linearized Eqs. (5.1) and 
(5.2) (with U replaced by U, in Do/D7). 

As in Sec. 3.4.2, it'is again convenient to explicitly separate out the 
disturbance velocity by putting 


u=u,.+W (5.20) 


where w is sometimes called the “scattered” velocity. Then since u, is 
solenoidal and satisfies Eq. (5.7), the scattered velocity w must itself satisfy 
Eggs. (5.1) and (5.2). Thus, 

Dow 


a —Vp (5.21) 


: + We can associate w with the acoustic velocity defined in Sec. 5.2 if we ignore its 
discontinuity across the trailing vortex sheets. 
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—, — =-V-w (5.22) 


Since the flow is assumed to be inviscid, we impose the boundary 
condition that the normal velocity u-j = (u.. + w)*j (where j is the unit 
vector in the y-direction) vanish at the surface of the blades. Then inserting 
Eq. (5.19) shows that w must satisfy the boundary condition (Figs. 5.2 and 
5.3) 


Ww2=—a (cos aa ei PAL, + ms cot w)/U,— 1] 


y2 = ms 
c c 
for — 5 <1 — ms! <5 m=0, +1, +2,... (5.23) 
0< yW3< b 
where a= —A,,, Sin u + By Cos and, as indicated in Fig. 5.3, s is the gap 


distance measured normal to the chord, st is the stagger distance measured 
parallel to the chord, and c is the chord length. 

We must also require that the normal velocity vanish on the walls at 
Y3 = 0,b. But since (by construction) u,, already satisfies this requirement, 
Ww must satisfy the boundary condition 


w3 =0 at y3 =0,b (5.24) 


Vorticity-Acoustic Field Equations 227 


Thus, the problem has been reduced to finding an outgoing-wave 
solution to Eqs. (5.21) and (5.22) that satisfies the boundary conditionst 
(5.23) and (5.24). However, as explained in Sec. 3.4.2 it is also necessary to 
require that this solution satisfy the Kutta-Joukowski condition at the 
trailing edges of the blades, and as a consequence, allowance must be made 
for a trailing vortex wake. The continuity of pressure across these wakes 
therefore suggests the adoption of this quantity as a dependent variable. Then, 
since Eqs. (5.21) and (5.22) are special cases of the first two Eqs. (1.15), we 
can follow the procedure used in Chap. | to eliminate the velocity and 
thereby obtain the wave equation 


2 
s=35-V*p=0 (5.25) 


It follows from the y3-component of Eq. (5.21) that the boundary 
condition (5.24) can be replaced by the condition 


op 
—=0 at y,=0,b 5.26 
ay3 y3 ( ) 
And since the pressure is entirely associated with acoustic motion, we 
require that 
p — Outgoing-wave solution as y;— 00 


The w2-component of the velocity, which enters through the boundary 
condition (5.23), is related to the pressure by the y2-component of Eq. (5.21). 


5.3.2 Reduction to Integral 
Equations 


It can be seen by inspection that the solutions to Eq. (5.25) and the 
y2-component of Eq. (5.21) that satisfy the boundary conditions (5.23) and 


(5.26) must be of the form 


p = —poU,aP(y1, y2) e'®" cos (=) (5.27) 
w2 = —aV(y1, y2) e §* cos (*) (5.28) 
where we have put 
U 
o=pQ=p = (5.29) 


+ The effects of the vorticity generated by leakage at the blade tips is being neglected. 
The inclusion of this effect would introduce unsteady crossflows (in the Y3-direction) with a 
considerable increase in complication. There is some experimental evidence to indicate that 
the elimination of tip leakage has little effect on the sound produced by fans. 
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and P and V are determined by the equations 


o?P 6?P oP w\? (nq\? 
ia mF OP (2) 2 + [(S) -(F ome iat) 


oP iw é ) 
M,—={ ——-M,3—]V 53 
y2 ( co Os ve 
with the relative Mach number M, defined by 
M,= us (5.32) 
Co 


The boundary condition (5.26) is automatically satisfied, and the boundary 
condition (5.23) becomes 


y2 = ms 
V = cio tims cot wu, for i ee m=0.¢1, +2... 
_—_— — < _ 
iad (5.33) 
At this point, it is convenient to assume that @ has a small positive 
imaginary part that will be set to zero at the end of the analysis. The net 
effect of this is to replace the usual outgoing-wave boundary condition at 
infinity by a boundedness requirement. Physically it amounts to introducing 
a small amount of damping into the system.!3 
It is shown in Appendix 5.A that the outgoing-wave solution of Eqs. 
(5.30) and (5.31) that satisfies the boundary condition (5.33) is given in terms 
of the dimensionless Prandtl-Glauert coordinates € = y,/c, n = B,(y2/c) by 


Vien = el” AO) Liaatiedaiel: | Miliieincame, alien 1% 
. : K + Me sinh3A, sinh $A_ 
for 0<n< (534) 
c 


where the function fo(x) is the solution of the simultaneous integral 
equations 


1 = 7 1K/M B78 lim V(E,n) 


n7O0 
., SBrY 
. co y sinh — 
= iB, Sola) ~ iat (K/M Ng c 
e da 
2 J-0 K sB,y ast 
mt” cosh Be cos(r +) 
r Cc Cc 
for -$<E<4 = (535) 
f : 
So(a) = |. ah ele tM KE ge (5.36) 
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that causes the pressure jump [P] = lim [P(é,2) — P(€, —¢)] to vanish at 
+0 


the trailing edge (€ = 4) of the m=O airfoil.+ The functions A. (x) and 
y(a) are defined by 


Asta) =i(T +" =) 4% 4 eel (5.37) 


(x) = ./a? — K? + K? (5.38) 
where the branch of the square root is chosen so that its real part is 


always positive. Furthermore, the parameters ,,K,K,, and I that appear 
in these equations are defined by 


B,=/1-—M? (5.39) 


wc pQe pUoc 
a Sg ree 5.40 
CoBr coBr Brraco ( 
qc 
K,= 5.41 
c= Bb (5.41) 
and 
st K (st 25 
Pao+MKo= 5 (5+ : cot) (5.42) 
where 
t 
eee (2 po t\-5 (st + scot 1) (5.43) 
M, c 


is called the interblade phase angle. Finally, outside of the range of y for 
which Eq. (5.34) is defined, the solution can be determined from the 


periodicity condition 


, 
v(e+ Ment  p,) = om Vin (5.44) 


5.3.3. Solution of Integral 
Equations 


In order to complete the solution, it is necessary to solve the coupled 
integral Eqs. (5.35) and (5.36) for fo and [P] subject to the Kutta condition 


[P]=0 até=4 (5.45) 


+ Notice that these equations simultaneously determine the two unknowns fo() and 


[P(é)]. 
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This has been done for the two-dimensional case (corresponding to K, = 0) 
by Lane and Friedman’ and more recently by Whitehead.* The method 
used by these authors consists of expanding the pressure jump [P] across 
the blades in the trigonometric series (commonly used in both steady- and 
unsteady-thin-airfoil theory) 


[P] =4A0 cot(5) + ¥ An sin mb 
m=1 


where cos 0 = —2€. This expansion ensures that the Kutta condition (5.45) 
will always be satisfied at the trailing edge. When it is substituted into 
Eq. (5.36), the various integrations can be carried out to obtain an expansion 
of fo(w) in terms of Bessel functions. Then this series can in turn be 
substituted into Eq. (5.35), to obtain an equation for the expansion co- 
efficients A, (which can be solved by collocation methods, i.e, by requiring 
that the equation be satisfied only at a finite number of points along the 
airfoil chord). This approach entails the use of relatively large amounts of 
computation time. However, the problem can also be solved by combining 
Eqs. (5.35) and (5.36) into a single integral equation for the weighed pressure 
jump 

gO = [P] en (5.46) 


Thus, substituting Eq. (5.36) into Eq. (5.35) yields (assuming the order 
of integration can be interchanged) 


1/2 
1 -| i KH (E — &')g(¢') de’ (5.47) 
where the kernel function .#%(& — ¢’) is given by 


an e7 la + (KIM ME- 2") y sinh sB,y/c 

4n }- K/M,) + « Fe + 

2 (K/M,) cosh HH — cos(r + **) 
é 


H(E-o)= da 


(5.48) 


Since the integrand in Eq. (5.48) goes to +1 for large values of «, the 
integral does not exist in the usual sense and must be treated as the Fourier 
transform of a distribution. 

The effect of the various airfoils in the cascade on the m= 0 airfoil 
(which passes through the line y = 0) is accounted for by the term 


sinh sB,)/c 
cosh sB,y/c — cos (T + ast/c) 


Hence, if this term were put equal to unity in Eq. (5.48), Eq. (5.47) would 
become the integral equation for the force on an isolated airfoil. On the 


+ A very clear and concise discussion of the ideas involved can be found in Lighthill.° 
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other hand, we can express Eq. (5.48) in terms of convergent integrals by 
first subtracting out the single airfoil contribution to obtain 


iB, (2 en HeKIM E29) 
H(E-O)= tae yaa 
: iB, o e7 Hat (KIM NE -8') ; sinh sB,y/c ae 
4n}_. K/M,+a cosh sB,y/c — cos (T + as*/c) 


Then the first integral can be computed from Eq. (5.B.1) in Appendix 5.B. 
And since the integrand of the second integral goes to zero exponentially 
fast as a— +00, this integral is absolutely convergent and therefore 
represents a bounded function of € — ¢’. However, the results of Appendix 
5.B show that the first integral is singular at € — &’ = 0. In fact, it follows 
from Eq. (5.B.2) that # can be expressed in the form 


1 iK 
HE - o-E (sy +5, In|é- 1) +H(E-E) (5.49) 


where # denotes a nonsingular function. Thus, as is usual in thin-airfoil 
theory, the kernel of the integral Eq. (5.47) has a nonintegrable singularity 
of the type (€ — é’)~'. This equation is, therefore, said to be singular and it 
can be shown that the integral must be interpreted as a Cauchy principal 
value. 

Equation (5.47) is known to possess a single eigensolution. Since the 
complete solution to this equation consists of a particular solution added 
to an arbitrary multiple of this eigensolution, there is enough arbitrariness 
in the result to accommodate the imposition of the Kutta condition (5.45). 
However, we must then allow g(é) to have a square-root singularity at the 
leading edge € = —3. 

Although these results reveal the general structure of the kernel 
function, they do not provide convenient formulas for computing this 
quantity. However, notice that the integrand of Eq. (5.48), being an even 
function of y, will have only simple poles in the complex a-plane. But since 
it does not vanish at infinity, the residue theorem cannot be used to evaluate 
the integral. If, on the other hand, we delay taking the limit 7 > 0 in Eq. 
(5.47), we find that the kernel function can be written as 


ip 6? oo e7 ila + (K/M ME —8") 
— lim — 
8 i ay? | (K/M, + 9)) 


en elt/2IA, any git/2)A_ 
x : = = dx 
sinh 4A, sinh $A_ 


H(E— o) = 


Then since, as can be seen by replacing y by —y, the integrand is still an 
even function of y, it again possesses no branch points even when n is 
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eee 


finite. However, it now behaves either like 


zy e7 iae-5') 
a 
or like 
i e7 ig —8'—nst/sB,) 
a? 


as |«|— oo. Consequently Jordan’s lemma’* insures that the integration 
contour can be closed on a large semicircle and therefore that the residue 
theorem can be applied. (The location of the relevant poles is discussed in 
the next section.) The contour must be closed in the upper half-plane when 


Ge (5.50) 
and in the lower half-plane when 


ns 
sB, 


Two different expressions are obtained depending on whether condition 
(5.50) or condition (5.51) holds. And since there are infinitely many poles 
in both the upper and lower half-planes, these expressions are infinite 
series. The resulting expansion of the kernel function turns out to be 
identical to the one obtained by Kaji and Okazaki,’”’* who used an entirely 
different approach based on an ingenious application of the Poisson 
summation formula. The Kaji-Okazaki series is rapidly convergent when- 
ever € — & is bounded away from zero and provides a convenient method 
for calculating the kernel function. 


>< > 


(5.51) 


5.3.4 Acoustic Radiation 


From the point of view of acoustics, our main interest is in the pressure 
field at large distances from the blade row. We shall show that the solution 
in this region is determined by the poles of the integrand in Eq. (5.34). One 
of these occurs at the point 


4=—-— 


M, 
and the remainder occur at the points where 
A, =i2nn for n= 0, #1, $2)00: 
It fdllows from Eqs. (5.37) and (5.38) that the latter points are given by 


ep SS Be (Tn)? pay gr = 
ite rarer (SF K* + Kj for n= 0, 41, £23 0. 


(5.52) 
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where we have put 


dt = ,/(st)? + p?s? (5.53) 


and 

I, =I — 2nn (5.54) 
The plus sign in Eq. (5.52) refers to the poles lying in the upper half-plane 
and the minus sign refers to those in the lower half-plane (provided we 


adhere to our convention about the branch of the square root). 
These poles will approach the real axis when .%o K > 0 only if 


r,\? 
(3) + K?2<K? (5.55) 


in which case, Eq. (5.52) can be written as 


+ T.\2 
at = Tyee He [x KG -(F) =KsinO@z (5.56) 


where in this expression ./ denotes the positive square root, 


k = ./K* — Kj (5.57) 


and ©; are always real. Then it follows from Eq. (5.37) that 


cos 6, + sin y* sin = 
(ai) =F i( £ 


etre + 
Sonat ) = Fix cos 0, (5.58) 


We can simplify the notation somewhat by introducing the angle 


i 
o,= on : 
n = COS cdi (5.59) 
and the stagger angle 
‘ 
ee elle 
v4 tan a 
in the Prandtl—Glauert plane. Then Eq. (5.56) becomes 
“sin @¢ = —cos 6, sin yt + cos yt sin 5, = sin (— yt + dn) 


so that with no loss of generality we can put 
Or =-x +6, (5.60) 


Upon separating out the singularities that occur in its integrand when 
Fm K — 0, Eq. (5.34) becomes 
=f A(én) we [ Br(é,n) | Ba(é.n) 
V(E,n) = —— ae a | t+ D(E,n, a)} d 
n= |" lemenat > + BAO) 4 eenayh do 


Sf la-a a-— 


n=m, 
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where D(é, 7, «) possesses no real poles as 4m K—0; A and By are the 
residues at the poles at — K/M, and aj, respectively ; and m, and m, are 
the minimum and maximum values of n for which the inequality (5.55) holds, 
Then, evaluating the residues and using Eqs. (5.56) through (5.60) to simplify 
the results yields 

iB,M,ck cos2 (Fs elk sin @* +M ,K)é—K(cos OF )y] folk sin OQ) 


F 2d'(K + M,x sin ©2) sin 6, (5.61) 


Br(é,n) = 


and 
A(E, 1) = h(y) eX 5/Mr (5.62) 


Now it follows from the theory of Fourier transforms that D(é, 7, «) does 
not contribute to the integral in the limit as | | oo. The remaining terms 
can be evaluated by closing the contour in the appropriate half-plane and 
using Cauchy’s theorem to set the integrals equal to 2zi times the sum of 
their residues. Hence if € « 0 (corresponding to a position far upstream), 


V ~ 2Qni 5 Bt (é,n) (5.63) 


n=m, 


and if € » 0 (corresponding to a position far downstream), 


V ~ —2niA(E,n) —2ni > Br (én) (5.64) 
The term A(é,7) represents a convected (but non-vortical) disturbance and 
therefore does not contribute to the pressure. In fact, it can be seen from Eqs. 
(5.62) and (5.A.6) that this term makes no contribution to and therefore 
(in view of Eq. (5.A.2)) no contribution to the pressure P. Equation (5.61) 
shows that the remaining terms in Eqs. (5.63) and (5.64) satisfy the periodicity 
condition (5.44). Hence, these solutions apply for all values of 4 and not 
just those in the range 0 < 7 < sB,/c where Eq. (5.34) holds. Finally, these 
results can be inserted into Eqs. (5.A.6), (5.4.2), and (5.27) to show that the 
asymptotic pressure field is given by 


p~ spt as E> —o© 


— (5.65) 
po y Pn as €> +0 
where 
De 2s 5 EET 4s — 
poaU, _— dt sind, acai @) 


x em ilort (c sin OF +M K)E- (cos @2)nl Cog (= (5.66) 
b 


Vorticity-Acoustic Field Equations 235 


Thus, at large distances from the blade row, the pressure can be expressed 
as a finite sum which contains only those p,; that satisfy the cutoff 
condition (5.55). In fact, if we let 


: 
y= tan7? = (5.67) 


denote the stagger angle and introduce the stationary coordinate system 
(see Fig. 5.4) 
X1 = 1 COS x — y2 sin x 
X2 = y; sin y + y2cos xy — Uot (5.68) 
Xs = )3 


into Eq. (5.66) we can show, by using the results of Appendix 5.C, that 


+ 
Pn bg AmB + MB— Py) +% 74 pt 
poaU, 
TEGX3 c nB — p . ‘ eae 
x COS COS X — Ya-pn SiN x } 2mfo(K sin ©, ) 
b Kg,p.npd ry 
(5.69) 
where 
Mko , ka,pnp 


x2 


Uy 
Fig. 5.4 Duct-oriented coordinates. 
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ko = (nBQ/co) + M(p — nB) tan v/ry, B = ./1 — M?, M =(Uq/co) cos v is 
the Mach number of the oncoming flow in the axial direction (perpendicular 
to the blade row) and d = ,/(st)* + s? is the interblade distance. Thus, p+ 
is simply a wave which propagates down the duct in the x,-direction (with 
propagation constant yj png) while it moves in the transverse direction 
(x2-direction) with the phase velocity ry(nBQ)/(nB — p). Moreover, it is easy 
to see from the results of Appendix 5.C that the condition (5.55) does indeed 
correspond to the cutoff condition 


= gNe 
k3 > (=) ” 
™ 


for this wave. Thus, for any given spatial harmonic of the disturbance field 
(characterized by the indices p and q), the sound field consists of all those 
blade-passing-frequency harmonics whose frequency is above the cutoff 
frequency for the p,qth mode. These results are qualitatively the same as 
those given in Sec. 4.3.2 for a circular duct. The principal difference is that 
there is now a mean crossflow coM tan v in the transverse direction in 
addition to the axial velocity coM. In fact, since Eq. (5.36) shows that? 


1/2 


2nfo(k sin O7) = | elesiner Me | P] dé (5.70) 


= 1/2 


and since a[P]poU, sin x is the amplitude of the thrust force per unit area 
acting on the blade while a[ P]poU, cos y is the amplitude of the drag force 
per unit area, we see that Eqs. (5.65) and (5.69) are indeed similar to Eq. 
(4.30). 


5.3.5 Implications of Solution 


The resemblance of Eqs. (5.69) and (5.70) to the terms in Eq. (4.30) is not 
coincidental since the former are precisely the results that would be obtained 
if the acoustic analogy approach of Chap. 4 were applied to the infinite - 
cascade configuration analyzed in this chapter. The new feature introduced 
in the present approach is the integral Eq. (5.47) for calculating the blade 
forces, which were determined from a single-airfoil two-dimensional flow 


t+ For real compressors the flow at large distances from the blade row will be oriented 
mostly in the x,-direction. A possible way of compensating for this is to set v = 0 in ko while 
leaving it unchanged in the integral (5.70). This can be justified by arguing that the terms in 
the integral, being associated with the local unsteady lift, are relatively uninfluenced by the 
turning of the flow in the axial direction. The net effect of this turning is to eliminate the 
crossflow in the propagation terms of Eq. (5.69). 
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model in the last chapter. Consequently, we are now able to account for the 
mutual interference between the airfoils of the cascade. Such effects are 
particularly important near cutoff, where they cause the blade forces to 
vanish* and thereby keep the radiated power from becoming infinite at 
this condition as predicted by the isolated airfoil model used in Chap. 4 (see 
discussion near end of Sec. 4.3.5). 

The exponent in the integrand of Eq. (5.70) is associated with changes 
in retarded time. If we neglect its variation along the blade (as is done in 
Chap. 4), the integral reduces to the response function (see Sec. 3.4.2) 


F i 1/2 . 
a al 7 [P] aé (5.71) 
It can be seen from Eqs. (5.C.3), (5.C.4), (5.40), and (5.41), that both this 
quantity and the radiated sound field can be completely characterized by 
the following parameters: The transverse wave number zq/b, the relative 
Mach number M,, the interblade phase angle o = 2zp/B, the stagger angle 
y, the solidity c/d, and the reduced frequency B?K/2M, = wc/2U,. But since 
the wavelength A, of the incident gust (see Fig. 5.2) is equal to 2zry/p and 
since 2zry = Bd, the ratio of the gust wavelength to the interblade spacing 
d is related to o by Ao/d = 2n/c; while Eq. (5.29) shows that the reduced 
frequency is related to the ratio of the transverse to relative velocity Uo/U, 
by (see Fig. 5.2) we/2U, = (c/d)(a/2)(Uo/U,). Hence the parameters Ao/d and 
U,/U, can be used in place of the reduced frequency and interblade phase 
angle. 

The response function (5.71) was calculated by Fleeter® for various 
values of these parameters in the range of interest for compressors. Typical 
results taken from his paper are shown in Fig. 5.5. Also included is the 
corresponding incompressible flow solution. The figure shows that compres- 
sibility effects can change the response function by more than a factor of 2. 
We anticipate that they will cause similar changes in the magnitude of the 
acoustic pressure fluctuations. 

Notice that, as the Mach number M, increases, the magnitude of the 
fluctuating lift force increases toward a maximum and then decreases 
rapidly to zero. It becomes equal to zero at the Mach number where the 
blade passing frequency becomes equal to the cutoff frequency for the 
lowest-order mode, But, as we indicated in Sec. 4.3.5, the expression for the 
radiated power has a zero in its denominator at precisely this frequency. 
The corresponding zero in its numerator caused by the vanishing of the 
blade forces therefore serves to keep the radiated acoustic power finite—an 
effect which would not occur if an isolated airfoil analysis were used to 
predict the blade forces. This behavior is an example of how a sound field 
can exert a powerful back reaction on its source (the fluctuating blade 
forces). 
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Kaji’? used an analysis of the type given in this chapter to calculate the 
intensity of the fundamental blade passing frequency tones radiated both up- 
stream ofand downstream from a rotor. His results are plotted against Jo/d in 
Fig. 5.6. However, in this case, the velocity ratio Uo/U,, rather than the 
reduced frequency, is held constant. The dashed curves are obtained by 
neglecting the retarded time variations in Eqs. (5.69) and (5.70). They show 
that such an approximation can overestimate the upstream radiation by as 
much as 5 to 10 dB. After carrying out a number of similar calculations, 
Kaji concluded that reasonable predictions of the downstream radiation can 
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Fig. 5.6 Variation of sound intensity with wavelength of incident gust. (From Reference 12.) 


be obtained when the retarded time is neglected but that the use of this 
approximation to calculate the upstream radiated sound will generally 
result in overestimates of from 3 to 10 dB. On the other hand, Fig. 5.5(a) 
shows that the response function for a cascade with unit solidity can be 
considerably greater than the isolated airfoil response function (which 
should be fairly well approximated by the curve for the lowest solidity 
cascade) so that, due to two compensating errors, the results given in Chap. 
4 could be reasonably accurate even at high Mach numbers. 

The curves in Fig. 5.6 are cut at the values Ao/d = 2, 1.4, 1.0, and 0.8 
where higher order modes begin to contribute to the sound field. 
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5.4 CONCLUDING REMARKS 


We have shown that exact aeroacoustic calculations can be carried out for 
flows that can be treated as small perturbations about a uniform motion, 
The results indicate that the volume quadrupole sources can always be 
neglected for such flows even if the source region is not compact. This may 
explain why the dipole model can often be used to obtain good predictions 
of the sound emissions from fans and compressors even at high subsonic 
Mach numbers. 


APPENDIX 5.A 
SOLUTION TO CASCADE PROBLEM 


In this appendix we shall obtain an outgoing-wave solution to Eqs. (5.30) 
and (5.31) that satisfies the boundary condition (5.33). 

In order to transform this problem into an equivalent (and somewhat 
more familiar) stationary-medium problem, we introduce the dimensionless 
Prandtl—Glauert coordinates 


goat 
c 
(5.A.1) 
_32 
= Be 
and the new dependent variable 
Wop ih (5.A.2) 
where — 
ac pe pUoc 
K= = = A. 
coy Coby — Bru Co ona 
and 


B,=/1-—M? (5.A.4) 
Then Eqs. (5.30), (5.31), and the boundary condition (5.33) become 
ary ary 
wet at + (K*— KO¥ = 0 (5.A.5) 


e(tB7K/M Je a eW (BPKIM XE Y — — Be MKE ay (5.4.6) 
ag dn 
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V = ef K/M)BrLE + (ms/e) cot x] fog m= 0, +1,... 
mst 
-4<f-—<} 
Cc 
(5.4.7) 


where 


(5.A.8) 


Notice that Eq. (5.4.5) possesses a separation-of-variables solution of the 
form 


enn (5.A.9) 


where the branch of the square root 
y= fF —KtK 


is chosen so that its real part is always positive (in the complex a-plane).!? In 
order to apply this solution to the present problem, it is convenient to 


introduce for each integer m = 0, +1, +2,..., a coordinate system 
ms 
Nm =n — ee B, 
; (5.A.10) 
ms 
Gin = € i one 
C 


that has its origin on the mth blade. Then, superposing the solutions (5.A.9) 
with respect to the separation parameter « yields the following outgoing- 
wave solution to Eq. (5.A.5): 


P(E, 7) = 2 | ” f(a) en ital” do (5.A.11) 


where f;,(«) is an, as yet, undetermined function and 


| 1 for x >0 
sgn x = 


-1 for x <0 


This solution possesses a jump discontinuity 
[Ym(S)] = | Sm(oe) em dor (5.A.12) 


across the line 1 =(ms/c)f, passing through the mth blade. Since the 
boundary conditions can only be satisfied if the pressure function P is 
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discontinued across the blades, we seek a solution in the form 


Y= YY YP, (5.4.13) 
of a superposition of the solutions (5.A.11). Then the jump [‘¥] in ¥ across 
the mth blade is given by ['Y,,] alone. Hence, it follows from Eq. (5.A.2) that 
the jump [P] in the pressure function along the line 7 = (ms/c)B, is 


nec 


We shall subsequently eliminate the portion of the discontinuity that lies 
outside the interval | € — (mst/c)| < 4. 

Since the upwash velocity wz vanishes at € = — oo, Eq. (5.A.6) can be 
integrated to obtain 


ao 


Sm(a) e~'5» dax (5.A.14) 


é 
V = —B, ef ?KM J | 


—o 


eo eamne (€,n) dé’ (5.A.15) 


Then substituting Eq. (5.A.11) into Eq. (5.A.13), inserting the result into 
Eq. (5.A.15), interchanging the order of integration, and integrating with 
respect to € yields} 


—_ 2 M, kad at 
y= Bema |” Mt fale) etd da (5.816 


And, since the boundary condition (5.A.7) can be written as 


t 
v (& gs p) = pliK/M )B2,, pima 
c' Cc 


for m= 0, +1, +2,...;-4<Em<4 (5.4.17) 
where 
_K .,/st+scotp\) ow, 
ad a (eee) u, + scot p) (5.A.18) 


is called the interblade phase angle, we can ensure that satisfying this 
condition on the m=0 blade will also cause it to be satisfied on the 
remaining blades if the functions /,, can be related to fo in such a way that 


ms* ; 
v(é +— n+ = t) = om V(E,n) (5.A.19) 

We shall now show that this occurs when 
Simla) = e'™™ fo(a) (5.A.20) 


_t Where we use the fact that the imaginary part of w, and hence of K, is slightly 
positive to show that the integrated term vanishes at minus infinity. 


Vorticity-Acoustic Field Equations 243 
where 
st yb 
T=o+M,K—= —cot (5.A.21) 
c Zz Cc 
To this end, insert Eq. (5.4.20) into Eq. (5.4.16) to obtain 


V(é,n) = el" Mr yfol@) ot) oe H@tM KE 3 ell + GSN —Inal ¥ dey 


K + M,a + Ma” m=— 
ip, ss Mz fol) ~ ima — i(a+M K)Eq—| ml Y 
_ iB, ima ~ ie +M KE nm 5.A.22 
| eee! = 4 


Then the fact that 
+ 
v(e + me +p) 
c c 


2 co foo} 
= iB, Mr yfo(a). ye gina — ila +M KME— (n— m)(st/e)] —|n— (n= mVS/EIB | ¥ dey 
2 Sea K+ Men 


_ iB, ee) M,yfo(a) eima 3 eiPa 1 +M,KIE,—Ipl Y dey 
2 J-o0 K+ M,a p=-a 


= e'™ V(Z,n) 
proves the assertion. 

The remaining condition that must be imposed on the solution is that 
the pressure jump (5.A.14) vanish outside the interval | € — (ms*/c)| < 4. But 
it follows from Eqs. (5.4.20) and (5.A.14) that this condition will hold for 
every m if it holds for m=0. Hence, the problem will be solved if the 
function fo(«) in Eq. (5.4.22) can be chosen in such a way that condition 
(5.A.17) is satisfied on the m = 0 blade while [P] = 0 along the remainder 
of the line 7 = 0. Before showing that this can be done, it is convenient to 
simplify Eq. (5.A.22). Thus, it follows from the geometric expansion 


o . 1 
Py. i 


for |z| <1 


that for 0 < 4 < sB,/c 


eu” e1” ell + (ast/c)] ~ sB yie 


ioe) 
2, eim(l +ast/c)—| nal Ye 


m=—-0 


etl tase + | gl Faso ae 


1 e nyt (1/2)a, ery t (1/2)a_ 
~ 2] sinhdA, — sinh 4A_ 


where 


+ 
A.= i(r 4 =) fy (5.4.23) 
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Inserting this result into Eq. (5.4.22) shows that the upwash velocity is 
now determined by 


iB, (2M, folay ent tM KH ent (/2)4, pny + (1/24 


b Nags K + M,a sinh$A, sinh SA_ 
for O<n< = (5.A.24) 


While for the remaining values of yn, V(é,n) can be determined from the 
periodicity condition (5.A.19). 

Inserting Eq. (5.A.24) into the boundary condition (5.A.17) with m = 0 
yields (after using the addition formulas for the hyperbolic functions to 
simplify the results) 


1 = eM 6X Jim V(E,n) 
170 


= ipr . Sola) en ila + (K/M NE y sinh (sB,y/c) de 
2 J-«o K/M, +o cosh (sB,y/c) — cos (T + ast/c) 


for -4<E<4 (5.A.25) 


On the other hand, Eq. (5.4.14) (with m = 0) shows that 


[P] = | * fafa) eH MANE dy 


But since [P] = 0 for || > 4, we can invert this Fourier transform to obtain 
1/2 


fola) = x ie [P] elt xn ge (5.4.26) 


Thus, the boundary conditions on the blades can be satisfied by requiring 
that fo(«) be a solution of the coupled integral Eqs. (5.A.25) and (5.A.26) 
wherein, in order to ensure that the Kutta condition holds at the trailing 
edge (see Sec. 3.4.2), we must also require that [P] = 0 at € = 4. 


APPENDIX 5.B 
EVALUATION OF SINGLE-AIRFOIL 
INTEGRAL 


It is shown in tables of Fourier transform? that 


cp ixa—y./a?—n? 


HY(k./x? + y?) -3| ———————- da 
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where H{) denotes the Hankel function of the first kind. Hence,+ 


ip, oo e7 a+ (K/M NE~E") 
a Mea '* 


ip, .. i 1 2 5 8 
= — lim (ixim jx © ay = HS "x ./x? + y?) dx 
y70 J-o@ 
But by using the identity !° 


= AP (k./x? + y?) = -= oo HY. /x? + y?) — x7 HY'"(K ./x? + y’) 
and integrating twice by parts we can put this result in the form 


Be" ela + (K/M NE-e") 


4n mee 


= ~ Femme 0-1 sgn ( (E- t') AYP (k|é- é’|) 


as _y _ LS (s- 8) 
+ ing HO (k|é ep] + (« wa) tim | 
x eW UKM) HY (K [x2 4. y?) as} (5.B.1) 


Since the integral on the right side of this expression remains bounded as 
é — & 0, it is easy to show from the small-argument asymptotic represen- 
tation for the Hankel functions’? that 


an e i@+K/IM )JE-S') 


24 (ee Seine 
dn iow K/M+a °°" 


Br (1 
= F(a at le e|) +010 as§—% +0 (5.B.2) 


APPENDIX 5.C 
EVALUATION OF TERMS IN DUCT 
COORDINATES 


Since (Figs. 5.2 and 5.3) 


Uo = U; _ CoM, (5.C.1) 
singe cosy cos(z— yp) ia 


+ wis defined by Eq. (5.57). 
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and since the number of blades is related to the interblade distance d by 
(Fig. 5.4) 
2nrmu 


B=— (5.C.2) 


it follows from using Eqs. (5.29) and (5.67) in the definition (5.43) of the 
interblade phase angle that 


goles (5.C.3) 


while inserting this into Eq. (5.42) implies 


d 
r=? 4K £ sin x (5.C.4) 
B c 
Then Eq. (5.54) becomes 
d d. 
T, = — (p — nB) + M,K — sin x (5.C.5) 
Tu c 
and Eq. (5.59) implies that _ 
d 
K COS dy = 5|= (p — nB) + M,K sin | (5.C.6) 
dl ry 


and, consequently, that 


¢  @.if@\ a |e | 
K sin 6, = 7 (5) K* — |ce —nB)+ M,K sin | (5.C.7) 


It follows from Eq. (5.53) that 


d\2 
(5) = 1—M? cos? x (5.C.8) 
and it can be seen from Fig. 5.2 that 
CoM, cos x = U,, cos v (5.C.9) 
coM, sin y + U,, sin v = Uo (5.C.10) 


Hence, it follows from Eqs. (5.40), (5.41), and (5.57) that 


qd. 
5 Br sin by = a to. (5.C.11) 


nq\? 
(#4) | (5.C.12) 


where we have put 


Bic 2 
Kapnp = _/k5 — B? (P=) + 
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BQ M(p— 
ky = — a sas) EN v (5.C.13) 
Co lm 
B= //1-—M? (5.C.14) 
and 
U, 
M = M, cos xy = —cos v (5.C.15) 
Co 


is the axial-flow Mach number. 


Upon using Eq. (5.60) and the addition formulas for the sines and 
cosines, the exponent 


E=ot+(ksinO7 + M,K)é — k(cos OF )n 
that appears in Eq. (5.66) can be written as 
E = —x(€ sin y* + 4 cos x") cos 6, 
+(écos yt — 7 sin y*) sin 6, + KM, + wt 
But since the blade spacing d and the stagger angle y are related to the 
Prandtl—Glauert plane blade spacing d' and stagger angle y' by 
dsin y=d' sin zt 
B,d cos y = d' cos y* 
we can use Eq. (5.68) to eliminate the dimensionless variables €, 7 to obtain 


(5.C.16) 


Kd 


xX2 ‘ 
=—|M,K - 
E r | sin ¥ 7 


(1 — M? cos? x) cos | 
X14 ie ea 
+ —|M,K cos x — 7 (M; sin x cos x cos 6, F f, sin 6,) 
c 
U ' dU 
+ sl x (2 + —°M, sin 1) seen (1 — M? cos? x) cos | 
c Co dt Co 
Finally, it follows from Eq. (5.40) and Eqs. (5.C.6) and (5.C.8) to (5.C.12) 
that 
ot + (k sin O7 + M,K)é — k(cos OF)n = nBOQr + > (nB — p) + X17g@pnB 
where 
1 
YapnB = Bp? (Mko + ky.qnB) (5.C.17) 
Equations (5.60) and (5.C.16) and the addition formulas for trigono- 


metric functions imply that 


c cos OF cd 


d sind, (dt) sin d, 


(B, cos x cos 6, + sin x sin 6,) 
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which, in view of Eqs. (5.C.6), (5.C.8), (5.C.11), (5.C.14), and (5.C.15), becomes 


ccos O* 1 ,[ ¢ ; 
Saale y] —(p — nB) + M,K sin x | cos x + ck, ; 
d' sin 6, Br he oun iP E (P . ) si | SX X CKq,p.ng Sin i} 


Then, inserting Eqs. (5.40), (5.C.1), (5.C.9), (5.C.10), (5.C.14), (5.C.15), and 
(5.C.17) yields 


c cos O# c ae nB — ") 
aa q.p.n. — | —]COs $C 
d' sin dn — ka,pnp EE Sin x ( i z (5.C.18) 
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5 EFFECTS OF NONUNIFORM MEAN 
FLOW ON GENERATION 
OF SOUND 


6.1 INTRODUCTION 


The last two chapters were, for the most part, concerned with the generation 
of sound in the presence of a uniform mean flow. However, real flows usually 
have velocity gradients in the vicinity of the source region that can affect 
the acoustic impedance acting on the sources enough to significantly 
influence the radiated sound. For example, Lighthill’s theory of jet noise 
treats the sound sources as if they were moving through a stationary 
medium. In fact, the entire directivity pattern of the radiated sound is 
accounted for by the convective amplification that results from this aspect 
of the theory. However, it is the motion of the sound sources relative to 
the mean flow in their immediate vicinity (i.e., within about a wavelength 
or so) rather than their motion relative to the medium at infinity which 
should have the dominant influence on the sound emission process. Indeed, 
there should be no convective amplification of the overall power when the 
wavelength of the sound is small relative to the dimensions of the jet—since 
the sources will then, in essence, be stationary relative to their surroundings. 
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In order to include these effects in Lighthill’s theory it is necessary to adjust 
the source term in some manner. But since this can not be done without 
prior knowledge of the sound field a better approach might be to develop 
an appropriate moving-medium wave equation to describe the sound 
emission process. 

One possible way of obtaining such a result is by extending the 
linearized acoustic analysis developed in Sec. 1.2. Thus, it is shown in 
Sec. 5.2 that, while the generation of sound through surface interactions is 
accounted for by the linear terms, the generation of sound by the volume 
quadrupoles depends upon the second-order nonlinear coupling of the 
acoustic and vortical modes. Hence, if the first-order perturbation equations 
developed in Sec. 1.2 were extended to next higher order, all the interactions 
involved in the sound generation processes would be included. This approach 
was developed by Chu and Kovasznay.' Rather than pursuing these ideas 
further, however, we shall attempt to extend Lighthill’s approach by putting 
the full nonlinear equations into the form of a moving-medium wave 
equation. Equations of this type were derived by Phillips? and Lilley,} and 
much of the material in this chapter is based on their results. In developing 
such formulae—wherein more of the real fluid effects are included in the 
wave operator part of the equation and less in the source term—vwe are, 
to some extent, moving away from the acoustic analogy approach and 
toward a direct calculational approach similar to the one developed in 
Chap. 5. 


6.2 DERIVATION OF PHILLIPS’ 
EQUATION 


Thecontinuity and momentum equations given in Sec. 2.2.1 can be put in the 
form 


1Dp 00; 

gel AY ce I 6.1 

pDt oy; wy 
Du __ Lap , Léey 5 
Dt poy; p oy; , 

where 

D_ 2a 6 

BO ge 5 63 

Dt at a Oy; 6) 


+ Fourth Monthly Progress Report on contract F-33615-71-C-1663. Appendix : Genera- 
tion of Sound in a Mixing Region. Lockheed Aircraft Company, Marietta, Ga., 1971. 
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denotes the substantive derivative. We shall, for simplicity, limit the discus- 
sion to the case of an ideal gas. Then 


p= pRO (6.4) 
de =c,dO (6.5) 
and 
Cp=tBA 


where as before # denotes the gas constant; e denotes the internal energy; 
© the absolute temperature; and c, and c, the specific heats at constant 
pressure and volume, respectively. Hence, the second law of thermodynamics 
© dS = de + pd(1/p) can be written as 


dp _\d _4s (6.6) 


where 


k= 2 (6.7) 


is the specific-heat ratio. 
In order to obtain an expression that resembles the moving-medium 


wave equation, we generalize the approach used in Sec. 1.2 to derive the 
wave Eq. (1.17) from the linearized continuity and momentum equations. 
Thus, substituting Eq. (6.6) into Eq. (6.1) yields 


DI , dv; _ 1 DS 
ft ae (6.8) 


+ pean 
Dt dy; cy Dt 
where 


Ly 
=—In— 6.9 
K Po (6) 
and po is some convenient (constant) reference pressure. Then it follows from 
Eq. (1.25) that the momentum Eq. (6.2) can be written as 
Dov; 2 oll + 1 dei; 


Dt . Oy; p Oy; 
The close resemblance between Eqs. (6.8) and (6.10) and the first two 
Eqs. (1.15) suggests that a moving-medium wave equation can be obtained 
(as was done in Sec. 1.2) by differentiating these equations and subtracting 
the results. To this end we take the divergence of Eq. (6.10) and use the 
identity 


(6.10) 


aD _D2@_ ,@ 


dy; Dt Dr dy; * ay, ay, (6.11) 
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to obtain 
D dy, 8 20M _ _ dn dy , O 1 dey (6.12 
Dedy, ay, dy, dn dy; Oy: p OY; 12) 


But applying the operator D/Dt to Eq. (6.8) shows that 
Dl D éy, D 1 DS 


Dt? * Dz dy, Dt ec, Dt 


We can now subtract Eq. (6.12) from this result to obtain Phillips’ equation 
DT 0 2 anu; 00; o 1 dey D 1 ODS 
Dr? dy, Oy; Oy, Oy; Oy p Oy; Dt cp Dt 


(6.13) 


The left side of this result is seen to correspond closely to that of 
the linearized moving-medium wave Eq. (1.17), the principal difference 
being that the left side of Eq. (1.17) contains an additional term which 
accounts for certain mean flow acoustic interaction effects. On the other 
hand, the left side of this equation differs from that of Lighthill’s Eq. (2.5) 
mainly in that the time derivative @/dt in Lighthill’s result is replaced by 
the substantive derivative D/Dt. Thus, Phillips’ equation ought, at least 
partially, to account for the interaction of the mean flow with the sound. 
As in Lighthill’s theory the quantities on the right side are to be interpreted 
as source terms. 

In fact, Phillips concluded that since “the terms on the left hand side 
of [his] equation are those of a wave equation in a moving medium with 
variable speed of sound,” the first term on the right side represents the 
generation of pressure fluctuations by velocity fluctuations in the fluid, while 
the remaining terms describe the effects of entropy fluctuations and fluid 
viscosity. However, as pointed out by Lilley and Doak? this interpretation 
is not strictly correct since the left side of this result does not contain all the 
terms that appear in a moving-medium wave equation—even for a unidirec- 
tional transversely sheared mean flow. As a consequence, the remaining 
terms must be contained in the first member on the right side which 
therefore cannot be treated as a pure source term. Thus, suppose that the 
mean flow can be characterized by Eq. (1.12). Then upon neglecting squares 
of small quantities we can write the left side of Eq. (6.13) as 


t DIO + sex 
(Bit - av P 


while the right side can be written as 


Comparing this with Eq. (1.17) shows that (in this limit) the “source term” 
in Phillips’ equation actually contains a term associated with the propagation 
of sound waves. 
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6.3 DERIVATION OF LILLEY’S EQUATION 


In order to obtain an equation in which all the “propagation effects” 
occurring in a transversely sheared mean flow are accounted for in the wave 
operator part of the equation, Lilley} derived a third-order equation 
analogous to Eq. (1.22). Thus, applying the operator D/Dz to both sides of 
Eq. (6.13) yields 


> (32 é oe) 5 00) D du, dD @ 1Loey D? 1 DS 


Dt\ Dt? dy; dy;) ~ dy; Dt Oy; ~ Dt dy p dy; Dt? cp Dt 


which, with the aid of Eqs. (6.10) and (6.11) can be transformed into 
Lilley’s equation 


2 ) i 
ere 2) 4 2fu 2 29M _ _ 4 Oj OO yy 6,14) 


Dt \ Dt? ay; Oy; oy; ay; * ay: Oy; OY; OYE 
where 


_ Ov; 0 1 Oe, Do 1 ej; D? 1 DS 
~~ Ay, Oy; p Oy, = =Dt dy; p Oyj ~~ Dt? cy Dt 


be 


represents the effects of entropy fluctuations and fluid viscosity. 

Notice that when this result is linearized about the unidirectional 
transversely sheared mean flow Eq. (1.12), its left side reduces to that of the 
moving-medium wave Eq. (1.22). Thus, at least in the case of parallel or 
nearly parallel mean flows (such as those which occur in jets and axial-flow 
fans), no inconsistency is obtained when we interpret the right side as a 


source term. 


6.4 INTERPRETATION OF EQUATIONS 


Lilley’s, Phillips’, and Lighthill’s equations, being exact consequences of the 
momentum and continuity equations, are all equivalent to one another. The 
associated jet noise theories differ primarily because of the interpretation that 
is ultimately given to the various terms in these equations. Thus, in Lighthill’s 
theory the interaction between the sound field and the mean flow (which 
includes such effects as convection and refraction of the sound by the flow) 
must be accounted for by adjusting the source term—which, as we have 
already indicated, cannot be done until after the equation is actually solved. 
In the theories of Phillips and Lilley these effects have, to some extent, been 
- moved from the source term to the wave-operator part of the equation 
and can therefore be calculated as part of the solution. On the other hand, 
the mean velocity variations normally occur in the vicinity of the source 


} Fourth Monthly Progress Report on contract F-33615-71-C-1663. Appendix: 
Generation of Sound in a Mixing Region. Lockheed Aircraft Company, Marietta, Ga., 1971. 


254 Aeroacoustics 


region where the unsteady flow is usually governed by nonlinear equations. 
Hence, we cannot be sure that it is physically realistic to separate the 
mean flow-acoustic field interaction effects from the sound generation process 
itself. Indeed, it is not even possible to unambiguously determine what part 
of the unsteady flow in this region is actually associated with the acoustic 
field. Nevertheless, the equations of Phillips and Lilley do seem to predict 
certain aspects of the sound field surrounding a jet that are not accounted 
for in Lighthill’s theory. 

The price which must be paid for including the convection and refrac- 
tion effects in the wave-operator part of the equation is a great increase 
in the complexity of the solutions. In practice, this turns out to be a serious 
drawback, and to date only limited solutions of Lilley’s and Phillips’ 
equations have been found. 


6.5 SIMPLIFICATION OF PHILLIPS’ AND 
LILLEY’S EQUATION 


Another disadvantage of Eqs. (6.13) and (6.14) is that their left sides involve 
the total velocity v and not (as in the case of the linearized equations in 
Sec. 1.2) just the mean velocity. Thus, these equations are, in general, 
nonlinear even when the source terms and the mean flow are assumed to be 
known. However, in many cases of interest (e.g., sound generation in jets 
and aircraft engine fans and compressors), it is reasonable to replace the 
velocity and the square of the speed of sound by their mean values Vj = 0; 
and c?, respectively. In Phillips’ equation the former approximation amounts 
to replacing the operator D/Dt by the operator 

D_ 0 6 

Dt Ot om oy; 
Thus, the sound which is generated by the unsteady flow in the vicinity 
of a fan or compressor frequently propagates through a relatively long duct 
containing a steady shear flow. Hence, it can be argued that the propagation 
terms appearing on the left sides of Eqs. (6.13) and (6.14) will be determined 
mainly by this large region of steady flow and not by the usually much 
smaller region of unsteady flow in the vicinity of the fan. 

On the other hand, the turbulence velocities in a jet are fairly small 
(usually less than 20 percent) compared to the mean velocity while the 
acoustic quantities are almost certainly even smaller. Hence, it is reasonable 
to neglect any terms on the left sides of Eqs. (6.13) and (6.14) that involve 
only products of fluctuating quantities compared to the terms that involve 
products of fluctuating quantities with mean quantities. But this again 
amounts to replacing v; by V; and c? by c? since the time averaged pressure 
in a turbulent jet is so nearly constant that I can be treated as a fluctuating 
quantity, provided, of course, that po is suitably chosen. Physically, this 


(6.15) 
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has the effect of suppressing such phenomena as the scattering of sound 
by turbulence. However, due to the mismatch between the turbulence scales 
and the acoustic wavelengths—the acoustic wavelength being for the most 
part much largert®’’—turbulent scattering is generally considered to be 
relatively unimportant in jets.° In fact, it has been found® that the introduc- 
tion of a series of vortex generators into the nozzle of a subsonic jet failed 
to influence the directivity pattern even though a noticeable increase in the 
volume of strong turbulence is presumed to have resulted. But since the 
dominant effect of scattering should be to change the directivity, we tend to 
conclude that scattering is not important over most of the spectrum.t 

We now consider the terms on the right sides of Eqs. (6.13) and (6.14). 
In the absence of chemical reaction or other heat sources the energy equation 
can be written as 

DS 0 060 
OF ie ae ay 

where K is the thermal conductivity and Y denotes the volume rate of energy 
dissipation due to viscous effects. Thus, the second two terms on the right 
sides of Eq. (6.13) and the last term on the right side of Eq. (6.14) represent 
the effects of heat conduction and viscous dissipation. Hence (assuming that 
the Mach number is not too large) the arguments used in connection with 
Lighthill’s equation in Sec. 2.2.3 show that these terms should be negligible 
at the Reynolds numbers which are usually of interest in aerodynamic 
sound problems. 

Upon making these approximations in Eqs. (6.13) and (6.14) (ie., 
replacing v; by V; and c? by c” on the left sides and neglecting viscous 
and heat conduction effects on the right sides) we obtain 


Do 6 ON _ 00; dv; 


Dt? ay; dy; Oy; Oy; es) 
D(DN @é@ aI oV; @ — all Ov; Ov, Ov; 
al = 2 a e pipet) 6.17 
Dt & Oy; . =) * Oy; Oy; 7 OY; Oy; OY; OVE eet) 


where D/Dt is defined by Eq. (6.15). 


6.6 EQUATIONS FOR TRANSVERSELY 
SHEARED MEAN FLOWS 


Since we are, for the most part, interested in sound generation by flows 
whose mean velocity field can be approximated fairly well by Eq. (1.12) (or 


ft Except, of course, at high acoustic frequencies. 
t This may not be true for multitube nozzles containing large numbers of tubes or for 
the noise generated within the nozzle itself. 
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perhaps by its generalization (1.23)) it is reasonable to suppose that 
v; = 6,;,U (t) + uj (6.18) 


where the transverse coordinate variable r(y2,y3) is discussed in Sec. 1.2 
and u; represents the fluctuating part (i.e., the part with zero time average) 
of the velocity v;. Then since 

D D._@ é 


= = U 6.19 
Dt Dt a oy; bas) 


substituting Eq. (6.18) into Eq. (6.16) yields 
dU du, _ uj Ou; 


pal — -2V2T] — ened ras el 
Tc — 29 Fay, ay OY, 


(6.20) 


where c? is replaced by c3 = Constant and as in Sec. 1.2 g=|Vr|, while 
u, = (Vr/| Vr |) - urepresents the transverse velocity in the r-direction. Notice 
that the quantity 2g(dU/dt)(6u,/0y1) has been removed from the source 
term in Phillips’ equation and that, as a consequence, the left side of this 
result now closely corresponds to the linearized Eq. (1.17). Then since 
taking the dot product of Eq. (6.10) with Vr/| Vr | yields 


Do am vw (/ a 
ie ap ee 6.21 
Di 08 & | Vr | ‘ ay (921) 


we can proceed as in Sec. 1.2 and eliminate u, between Eqs. (6.20) and (6.21) 
to obtain the third-order wave equation 


Do 202 D3 2 , dU o7rl Do Ou; Ou; 
“9 >) iy oss and 
Dt (av a " 9 ik Oy, Or Dt \ dy; Oy; 


dU 0 | Vt 0 


Although the left side of this result is the same as in Lilley’s Eq. (6.17) the 
right side is somewhat different. 

- Since the velocity u only appears in the terms on the right side of 
Eq. (6.22) and since these terms are to be interpreted as sources, it is 
reasonable to suppose that this quantity satisfies the solenoidal condition 


V-u=0 (6.23) 


Thus if Eq. (6.22) were applied to a turbulent jet u could be associated with 
the fluctuating turbulence velocity which is at most 20 percent of the mean 
flow velocity. Hence, it would certainly be reasonable to impose the in- 
compressibility condition (6.23) in this case. Then since it follows from this 
condition that u;(d/dy,)u = (0/dy,)uju and (du;/dy,)(duj/dy,) = O7uju,/Oy; Oy;, 
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Eq. (6.22) can be written as 


D Ds dU , 9 3 
pe (<even - pom) - = a(ev-y a ah) 


Dt a? aya Dr a 96 
(6.24) 
where we have put 
1 duju; 
i=-s (6.25) 
h co Oy; 


This result is identical to Eq. (1.22) with the mass source q put equal to 
zero and the external force # determined by Eq. (6.25). We have seen (in 
Sec. 1.5.2) that an external volume force # acts like a volume dipole 
source (of strength / ) in flows with no mean velocity. But in such flows a 
dipole source of strength /; will act like a quadrupole source (of strength 
Wij) if there exist nine functions w;; such that 


_ Wij 
oy; 


fi 


We can therefore use these relations to extend the definition of a quadrupole 
source, which was given only for a stationary medium, to a transversely 
sheared mean flow. Then the right side of Eq. (6.24) can be interpreted as 
an acoustic quadrupole source of strength —u,u,/cé. But since this quantity 
depends only on the fluctuating velocities and not on the mean velocity 
U, there is now no shear noise term—at least not in the same sense that 
there is in Lighthill’s theory. 

On the other hand, it is well known that a stress acting on a fluid 
can be represented by a tensor, say W;; and that the net force per unit 
volume, say /;, that results from this stress is given by /; = 0W;,/0y;. 
Consequently, Eqs. (6.24) and (6.25) imply that there is an approximate 
analogy between the variation in I that occurs in certain real flows and the 
acoustic pressure fluctuation imposed on a transversely sheared mean flow 
by an unsteady externally applied stress equal to — uju,/cé. 

Equation (6.24) can be generalized to account for variations in cé 
with r simply by replacing the first term in parentheses on the left side by 
V-(caVI). 

It is shown in Appendix 6.A that, when restricted to the parallel shear 
flow (1.14), Eq. (6.24) can be further transformed to obtain 


—af ver ay (6.26) 
where 


r=—T (6.27) 
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and 


a (a d a [du a 
=| ——|— + U— ](yju) | —-4 — : 2s 
. E: ey; (F an) "| : oy E oyi ill cad | 


o[@u,. , 
“Fy, Ee (uz + <a (6.28) 


Although the left side of this result formally resembles Phillip’s equation, 
both the dependent variable and the source term are quite different. The 
latter quantity has been adjusted to account for a portion of the acoustic 
field-mean flow interaction effect that originally appeared on the left side 
of Eq. (6.24). As a result it now contains the pressure IT. But for jet-like 
flows where the mean velocity gradients only occur in the source region, the 
most important part of this dependence can be eliminated. Thus since we 
have already assumed that u satisfies the condition (6.23) in this region, 
Eq. (6.21) can be written as 


wee u; + d3,c3T1) = © te (6.29) 
ay; U2u; 2iC0 = 3. ayy 2 F 


And since the second term on the right side of Eq. (6.28) contains a factor, 
dU/dy2, that vanishes outside the mixing region, we can use the approxima- 
tion (6.29) in this term to obtain 


@ Do 0 [dU Do a [aU 
~ 2 (uu) | + 42—(—— Pus )— 5 -| Fy ud + call 
: ae ia ay a Dr?) dy,| dy} (uz + coll) 
(6.30) 


The solenoidal condition (6.23) implies that (e.g., Sec. 5.3 of Ref. 10) the 
vector potential 


satisfies the relations 

u=VxA (6.31) 
and 

V:-A=0 


Hence, introducing the permutation tensorf éjjx and using Eq. (6.31) to 
eliminate u. in the second term on the right side of Eq. (6.30) we find that 


+ ein = Oifi, j, and k are not all different ; 
tia = lif i,j, kisa cyclic permutation of 1, 2, 3; 
tin = —1ifi,j, kis an anticyclic permutation of 1, 2, 3. 
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Eq. (6.26) can be written in the form 


D3 2 2 
(55- av?) fees & r3) e Ee (u3 + amp | (632) 


Dz? © dy dy;\Dt 4) dyi | dy3 
where 
d 
Ti? iit; PAbiieg ay (6.33) 
dy2 


6.7. APPLICATIONS OF ACOUSTIC 
EQUATIONS TO ROUND JETS 


We have now derived a number of equations (Eqs. (6.16), (6.17), (6.24), and 
(6.32)) which are designed to account, in some sense, for the effect of the 
mean flow velocity on the sound generation process. In a circular jet this 
velocity field can be fairly well approximated by a transversely sheared flow 
with its transverse coordinate variable given by Eq. (1.13)—in which case 
Eas. (6.16), (6.17), (6.24), and (6.32) can be written ast 


60; Oy Oi. AW Do O7ujuj dU, Pun 


oi = — ; = - V 6.34a,b 
as ' Oy; Oy; OVz ‘ Dr Oy; Oy; dro " Oy OV; ( 7 
Ov; Ov; 0? Do é Ee | 
OT —2 : LPL = nO uz + c2I 
my a OY; Oy; - OY; Oy; Dt 4 Oy; dy3 ( ‘ 2 ) 
(6.35a, b) 


where rg is defined by Eq. (1.13), 
and 


We have therefore arrived at several wave equations that presumably 
describe the same sound generation process. Although they all have wave 
operators which exhibit the correct behavior outside the source region, their 
source terms are radically different from one another. If this seems some- 
what surprising, it should be recalled that Kirchhoffs theorem (derived in 
Sec. 1.5.1) shows that there is always more than one source distribution 
that can produce any given sound field. 


t In Eq. (6.35b) we have reinserted the geometric factors for the cylindrical coordinate 
system in the wave operator part of the equation, even though this equation was originally 
derived for a parallel mean flow in which these factors are unity. 
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But even if these equations are all correct, we are still left with the 
problem of not knowing the source terms very well. In fact, since only a 
small fraction of the flow energy gets radiated as sound, it could happen 
that even relatively small errors made in accounting for phase cancellation 
in the source term could cause some of the nonpropagating energy to appear 
in the theory as sound—resulting in large errors in the predicted sound 
field. Ultimately, of course, we must rely on experiment to test the validity 
of the theory. 
The final difficulty involves finding the solutions to these equations. 


6.7.1 Formal Solutions to Acoustic 
Equations 


In Sec. 2.3, a solution to Lighthill’s equation was obtained by using the 
free-space, stationary-medium Green’s function in the integral formula (1.66). 
A similar approach can be used to solve Eqs. (6.34) and (6.35). Thus, let 
gi(x,t|y,t) and gp(x,t|y,t) denote outgoing-wave (in the variables x,t) 
solutions to the inhomogeneous equations 


12g. = ce O(x — y)d(t — 7) (6.36) 
Igy = cm O(x — y)d(t — 7) (6.37) 
where c,, is the ambient speed of sound, 
Do (Di o 420 dU @ 

@ — 2 2 

o= Dt (Fs Ox; eo x) hme Fy dr @x, Or (6.38) 
D3 0 0 

(( ) ye se aS” a 

ee 7 Dt? OX; on OX; (6.39) 
Do @ 


ke Mam Ce 2 and r=,/x3+ x3 
Ot Ox 


Then it is easy to see upon reinserting Eq. (6.27) that the outgoing-wave 
solutions to Eqs. (6.34) and (6.35) are given by 


2 {7 Ov; Ov, OV; 
ma) =—— | | ove ay 


1 (T Do 0 2 
mx.) == | a(R BGG ppc pe (6.40a, b) 


Dt dy; dy; dro Oy, Oy, 


a il Ov; Ov; 
nen=a |. [a 9 3, ay, dy dt 


@ a i a Do a 
aero ee | ee 0 
(5+ =) RO = 3 "fe Napa ay; 
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dy3 
When the observation point x is outside the jet the mean velocity U is 
zero and the operator on the left side of Eq. (6.41b) can be replaced by 
0/ot. 
It is frequently assumed (e.g., in Reference 24) that the first term on 
the right side of Eq. (6.34b) can itself provide a good approximation to the 
source term. Equation (6.40b) can then be integrated by parts to obtain 


2 
x E (uz + cary |} dy dt (6.41a, b) 


(x,t) = 5 [’ | oS ay dy dt (6.42) 
, Cy J-T Oy; OY; ie 
where it follows from Eq. (6.36) that 
Do 
gLr=—- Dt gi 


must satisfy the equation 
Ig, = —c?, a d(x — y)d(t — t) = cZ, - O(x — y)(t— 1) (6.43) 
Rather than imposing the strict causality condition 
Do 
peg 92=9 for i<t.a=p,L 
we only require that g, behave like an outgoing wave at infinity and 
remain bounded. These two sets of conditions are equivalent for gp. But the 
expression for g, resulting from the former conditions may differ from that 
resulting from the latter by a linear combination of unstable “eigensolutions” 
of the operator (6.38). These solutions, which grow with time, are associated 
with the hydrodynamic instabilities that occur whenever the mean velocity 
profile of the jet has an inflection point. However, there are a number of 
real fluid effects that have either been omitted from Eq. (6.34) (or are 
included only in the source term) which could act to damp these instabilities. 
These include such things as non-linear dispersive phenomena, jet spreading, 
viscous effects, and the interaction of the instability waves with the turbulent 
flow. In fact, it has frequently been conjectured that the principal effect of 
the small scale turbulence is to cause an apparent large increase in viscosity 
and thereby inhibit the large scale motion of the flow. If such effects were 
retained in the wave operator part of the equation, they would presumably 
either limit the growth of the unstable solutions or else eliminate them 
almost completely. If only the former is true the unstable solutions could 
(as indicated in Secs. 2.5.2 and 2.5.3) play a role in the sound generation 
process. However, our interest here is in the direct jet mixing noise and we 
shall therefore eliminate any unstable solutions that might otherwise occur 
by requiring that g, remain bounded. 
Because of the relative coarseness of the theory developed in Chap. 2, 
quantitative comparisons with experiment were, for the most part, attempted 
only for overall sound pressure levels. But the presumably more detailed 
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theories developed in this section ought to be capable of predicting spectral 
characteristics of the sound field. Rather than calculating such characteristics 
from I and FL at the end of the analysis, it is simpler to take the Fourier 
transforms of Eqs. (6.36) to (6.43) and thereby deal with spectral quantities 
at the outset. To this end, notice that since Eqs. (6.36), (6.37), and (6.43) 
do not introduce a characteristic scale for the time variable, their solutions 
gt, Jp and g, can depend on this quantity only in the combination 1 — rt. 
Hence, as long as the observation point x is outside jet, the last and first 
entries in Table 1.1 of Appendix 1.4 show that the Fourier transforms of 
Eas. (6.41b) and (6.42) are 


. 2 t 
seca P a Do 0 oO au 2 277 dy (6.44 
ay Cw | oct im oy; Dt My ey, dy3 a a om 


P(x) = 


20L 
= = [=feelo (u;u;)' dy (6.45) 
Coo 


oy; oy; 


where the superscript t is used to denote the Fourier transforms of the 
source terms while 


P : | ' el TI (x, t) dt 


= nt aad 
is the Fourier transform of the pressure variable and 


fo) 


G?(x|y) = elt—9 gy dt (6.46) 


Ghix|y) = eit) g dt (6.47) 


are effectively the Fourier transforms of the Green’s functions—sometimes 
called the “reduced” Green’s functions. 

The characteristic frequency w, of the jet turbulence is inversely 
proportional to the turbulent decay time 1, introduced in Sec. 2.4.2. Hence, 
Eqs. (2.43) and (2.44) show that @, varies inversely with distance from the 
nozzle lip for at least four diameters. Then since «, is a measure of the 
frequency of the acoustic field produced by the turbulence, the high frequency 
sound should, in the main, be generated in, the jet mixing region. But, as 
indicated in Sec. 2.5.1 the mean velocity gradient dU/dy2 is very nearly 
constant over the relatively narrow strip in the center of this region where 
most of the sound is actually produced. Hence, it should be possible to 
neglect the second term in the integrand of Eq. (6.44) when w is sufficiently 
large. The result can then be integrated by parts to obtain 


i 07G2(x|y) Do ' 
Awa 0 
&) cw | dy,dy; \Dt Ty } dy one) 
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The problem of calculating the sound field has now been reduced to 
that of finding the Fourier transforms G‘ and G?, of the solutions to 
Eqs. (6.37) and (6.43). But since the coefficients of these equations depend 
only on the radial coordinate r = \/x3 + x3, GL and G?, must be of the 
form 


1 2 . fe . 
Go(x | y) = (2x)? wee ee [’ Grr | ros w,k;) e7 tir — yi) dk 
for «= L,p (6.49) 


where Ag = tan™' (x3/x2) — tan~' (y3/y2) is the difference in azimuthal 
angles of the observation and source point coordinates and rp is defined by 
Eq. (1.13). Upon inserting this into Eqs. (6.37) and (6.43) and using the 
fact that the cylindrical coordinate representation of the delta function is 


i} 
6(x — y)= 7 or — 19)6(A@) (x1 — y1) 


we find that the Fourier coefficients G7 are determined by the ordinary 
differential equations 


@? (d /r dGt K? nv | il o(r— ro) 
7) aes 


2 am 
: | : (a “) re a7 Kao? —~2)r— = ez} ~— ba (6.51) 


Ir 


®= ed] (6.52) 
a(r) 
ky = o/c, K = k,/ko is the wave number ratio, a(r) = co(r)/c,, is the speed 
of sound normalized by the ambient speed of sound co, and M(r) = U(r)/cx 
is the local Mach number based on the ambient sound speed. 

Weare only interested in the region r > r; > ro where the observation 
point is outside the jet and the source point is inside. Then the results 
given in Appendix 6.B show that the solutions to these equations can be 
expressed in terms of any two linearly independent homogeneous solutions, 
say wi(r) and wa(r), by using the relation 


G3(r| ro) = Ae for a = L, p (6.53) 
where 
W(r) = w,(r)w2(r) — w2(r)w4(r) (6.54) 


is the Wronskian and the primes denote differentiation with respect to r. 
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The Green’s function will satisfy the same boundary condition at infinity 
as w, and the same boundary condition at r = 0 as w2. Hence, it is necessary 
to require that w, remain unbounded at r = 0, and it is not hard to show 
that g, will behave like an outgoing wave only if we require that 


w,~r!exp(iko./1—K?r)  asr 00 (6.55) 


There are three procedures that have been used to solve Eqs. (6.50) 
and (6.51). The first of these amounts to solving the equations numerically, 
as was done for example by Tester and Burrin.2* The second approach is 
to replace the actual jet velocity and speed of sound profiles by idealized 
shapes which are uniform inside the jet and zero outside. When this is done, 
it is necessary to obtain separate solutions for the interior and exterior 
regions and to match the results by using appropriate “jump” conditions 
across the velocity discontinuity at the edge of the jet. Conditions appropriate 
for the “acoustic limit” were deduced in Sec. 1.3.2 (Eqs. (1.45) and (1.46)). 
It is usually assumed that these requirements should also be imposed on 
yg... The corresponding jump conditions for G can then be found by taking 
Fourier transforms. Perhaps the earliest work along these lines was done 
by Gottlieb.'° But he only used his results to calculate the sound emission 

from a single monopole source embedded in the mean flow and his analysis 
was subsequently extended by Slutsky, Tamagno, and Moretti'’~'° to 
include quadrupole sources and distributions of sources. Finally, the effects 
of source convection were included by Mani?° who showed that this model 
is able to qualitatively explain a number of the discrepancies pointed out 
in Sec. 2.5.1. The corresponding two-dimensional problem, including source 
convection effects, was treated by Phillips,? Pao,*? and Graham and 
Graham.?!:? 

The third approach is to consider only the limiting cases of high and 
low frequency. In these limits the equations become simple enough to be 
solved analytically. Since the relevant physical facts emerge most easily 
and directly from this approach, it is the only one which will be worked 
out in detail. Thus, suppose that the radial variable r in Eqs. (6.50) and 
(6.51) is nondimensionalized by the jet radius r;. Then the wave number ko 
will appear only in the dimensionless combination ryko = ry@/ca, which 
is the ratio of the jet radius to the wavelength of the sound divided by 2z. 
We shall consider the two limiting cases wherein this parameter becomes 
very large and very small while the remaining dimensionless quantities M, a, 
«, and n/r;ko remain finite. We first deal with the high-frequency limit. 


High-frequency solution. For simplicity, only Eq. (6.50) will be treated 
in detail. It is convenient to first express the homogeneous solutions w, 
and w; to this equation in terms of a new set of variables, say v, and v2, by 


P(r) 


Jr 


v;(r) for j= 1,2 (6.56) 


wr) = 
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Then inserting this into Eq. (6.50) shows that vi and v2 must satisfy the 
equation 
vo” + [kéq,(r) + s(r)]v = 0 (6.57) 


where 


q, = 0? — 1%? — Ri ; (6.58) 
oa kor 


_ oO" @ 3 @'\? 1\= 
M=ote (3) +(5) 

In this section our interest is in obtaining solutions to this equation that 
are valid in the limit where rk — 00 while x and n/kor, remain finite. This 
can be accomplished by using the methods outlined in Appendix 6.C. 
However, it is first necessary to locate the turning points. For simplicity, we 
restrict our attention to the case of a simple isothermal subsonic jet so that 
a= 1, M(r) < 1, and dM(r)/dr < 0. However, the principal conclusions that 
we reach will also apply to simple subsonic heated jets. Finally, we require 
that rp # 0. 

It follows from Eqs. (6.52) and (6.58) that the turning points of Eqs. 
(6.57) are the solutions to the equations 


n 2741/2 1 


First consider the case where x < 0. Then since 1 + (n/xkor)? > 1 and 
M(r) < 1, Eq. (6.59).can only hold if the sign of the first term is negative. 
But then the right side will be a monotonically increasing function of r 
while the left side will be a monotonically decreasing function. Hence, there 
can only be a single turning point, say rs, which satisfies this equation. 
Moreover since gn is equal to 


22 4a \P pe » <4 
Tb \—rat E . (=) | + (4) ; 


at this point, the condition M’ < 0 ensures that qj, 4 0 and as a result that 
qn has a simple zero at r;. The situation is considerably more complicated 
when xk > 0. In this case the number of turning points and the order of the 
zeros of g, will depend on the detailed shape of the velocity profiles. How- 
ever, it appears that the important features of the sound field are more or 
less independent of these characteristics and we shall suppose, for simplicity, 
that the conclusions reached for x <0 will apply for all values of x that 
influence the sound field. The situation is then covered by case (b) in 
Appendix 6.C, and it follows from Eq. (6.C.6) that Eq. (6.57) possesses the 
two linearly independent asymptotic solutions 


and 
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kon &3!4 
ee | ~— an HY Gk E3/?) efSw12 


a 2 mal | 
v= HY?) kf?!) e iSn/12 


| as ko > 00 


where 


en ie 2/3 
(3 / Gil) ar) for r>rs 
Gee pn 
| - (3 J —Qn(r) ar) for r<rg 


and the H’s denote Hankel functions. When r is not in the immediate 
vicinity of the turning point, ko&*/? will be large and we can replace these 
functions by their large-argument asymptotic expansions (Reference 25, 
p. 364) to show that 


exp( ike Jair 
Lan(r)]"/* 

provided we choose the branch of the square root so that ./q, =i | /an | 

when gn < 0. Then it follows from Eqs. (6.52) and (6.58) that \/qn ~ i|n/kor| 


as r—>Oand ./qn~ \/1 — kK? asr— o so that vz ~ constant x A“/2)F Ini] 


as r>0 and vx ~ constant x exp (tiko,/1— xr) as r> oo. Equations 
(6.55) and (6.56) therefore show that we must chooset 


® 


Wy = V4 pia? W2 = VL yi2 (6.61) 


V+ = 


r#15; ko 0 (6.60) 


Then Eq. (6.60) can be inserted into these results to show that 


exp( - (—1)4iko / J ant?) ir) 


a <r asr— 0; for j= 1,2 (6.62) 
But inserting this into Eq. (6.54) and using Eqs. (6.52) and (6.58) yields 
- zB W(r) ~ 2iko as r—> 00 


Hence comparing Eq. (6.50) with Eq. (6.B.1) and using Abel’s formula 
(Appendix 6.B) we find that the left side of this result is independent of r 


ft Actually, we have only established the necessity of this choice for the case where 
n # 0. When n = 0 the argument is more complicated but the conclusion is the same. 
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and, consequently, that 


F 2 
Wij a = 2iko®7(r) 
r 
for all r. Inserting this together with Eqs. (6.60) to (6.62) into Eq. (6.53) now 
yields 
if exp( it |” V 4K) me) 
Gh(r|ro) ~ as r— 00 


2ko reat) ii~ K) dul (ro)]*"* 
and finally inserting this into Eq. (6.49) yields 
1 2) einde 


(Qn)? . 5 ko A,(r | ro, ko) as r—> oo 


L 
Go~ 
where 


™ exp] tho |. va x/ anit) dr — ik y( -»] 


1 
ko) = dk 
Ade |tor be) = 5 {. aro) O(ro)[(l — x2) aa ! 


(6.63) 


Although we have already expanded this result for large r the expressions 
for the phases of the various terms have not as yet been altered and therefore 
apply at all values of r. But since q,, will be positive when r > r, Gt will then 
be a linear combination of modes whose phases are to within a constant 


koS = ko (7) i i Sarr) dr = K(x — on) 


where S(x,, 1, g) denotes the eikonal introduced in Sec. 1.3.2. Hence, it follows 
from Eqs. (6.52) and (6.58) that | VS| = |®| = [1 + «M(r)]/a(r). And since 
VS is normal to the phase surfaces of the modes, the angle © that this normal 
makes with the x,-axis is given by 


_ OS/Ox, _ Ka(r) 
cos O = Ts, = 14+ eM 


Consequently, « = —cos @/[a(r) + M(r) cos ©] and the phase velocity Vp 
of the modes is 


V,= = 
Tal = C,(r) + U(r) cos O 
This result is identical to the expression given in Sec. 1.3.2 for the phase 
velocity of a wave traversing a uniformly moving medium and its interpreta- 
tion is the same. However, the nonuniformity of the mean velocity profile 
will now cause the wave to alter its direction. Thus, when the wave front 


268 Aeroacoustics 


has a component of its motion in the downstream direction, the higher 
mean flow velocity on the part of the wave near the center of the jet will 
cause it to be bent away from the jet axis. This refraction effect is completely 
analogous to the behavior that was shown (in Sec. 1.3.2) to occur when a 
wave impinges on a region of velocity adjustment. 

On the other hand, waves originating at ro <r do not actually 
propagate when r < rs but rather suffer a progressive decay with distance 


due to the factor 
exo(- ko | as "09d 
ro 


Once the signal reaches the turning point, however, this decay will cease 
and the wave will propagate in the manner described above. 

The radius rg of the source point will be greater than r,; only if 
Qn(T'o) > O, i-e., only if 


[wo + ky U(r]? > colro ki + n7/ro) (6.64) 


However, the n,kith-component of the Green’s function will be weighted 
by the n, kith-spectral component of the turbulence in the actual formula for 
jet noise. Consequently, only the spectral components of the turbulence 
that satisfy the inequality (6.64) will be able to generate a sound field that 
does not initially suffer a strong exponential decay. Moreover, it is easy to 
show—by applying the procedure used in Sec. 1.3.2—that the left side of 
this inequality represents the frequency w’ of the k1,nth-spectral component 
of the turbulence as seen by an observer moving with the mean flow. But 
since, as shown in Sec. 2.5.1, w’/coki is typically an order of magnitude 
less than the mean flow Mach number, these results imply that only a 
small fraction of the available turbulent energy should actually be radiated 
as sound. 
It is convenient to introduce the usual polar coordinates 


R= J/(r—1ro)? + (x — y,)? 


0 =cos~! (1 
z) | 


with origin at the source point. Then the integral in Eq. (6.63) can be 
expanded for large values of R by standard methods (e.g., Reference 26, 
p. 51) to obtain 


hace ak exp {ik [oun dr + (x1 — y1) cos oft te Pickus 
. V 2ro 


a(ro)R[1 — M(ro) cos 0],/Q,(r0) 


(6.65) 


where 


_ 1—M oi}? 4 
Q,(r) = Q,(r, cos 6) = He" | — cos? 6 — (<) (6.66) 
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the square root has a positive imaginary part for negative arguments and 
since R is large, 6 is independent of r. Hence, we find that at large distances 
from the jet (ie., in the radiation field) the reduced Green’s function for 
Lilley’s wave operator behaves like 


0 y 
GE(x| Y)Ao(X|y) asf (6.67) 


L ~ 
Go(x|y) a(ro)[1 — M(ro) cos 6] R->o@ 


where G° is the reduced free-space Green’s function defined by Eq. (1.57) 
and 


ae Tp {indo + iko \, [On(r) — On(20)] | 
Ralk|y) = — Jed me , Outro 


(6.68) 
An almost identical procedure beginning with the reduced Phillips’ 
Eq. (6.51) yields 


GB(x|y) ~ 


0 > 
einai) yf ogy 


a(r'o) R- oo 


The reduced Green’s function G!,(x|y) associated with g, is given by 
i{koCal1 — M(r0) cos 6]}~! G(x). 

Recall that the reduced free-space Green’s function is the correct 
solution to the present problem when the mean flow is zero and the sound 
speed is constant. The factors multiplying this quantity in Eqs. (6.67) and 
(6.69) can therefore be thought of as correction factors which, in the high- 
frequency limit, account for embedding the sound sources in a mean flow 
containing density gradients. Since the Lighthill theory developed in Chap. 2 
is based on the free-space Green’s function and since the source terms in 
both Phillips’ equation and Eq. (6.24) are not radically different from the 
one in Lighthill’s equation, there is hope that these factors can, in some sense, 
also be thought of as corrections to the acoustic spectra predicted by 
Lighthill’s theory. 

In order to interpret the effect of the factor Z,,, notice that (since the 
imaginary part of the square root in Eq. (6.66) is positive when its argument 
is negative the nth term in Eq. (6.68) will contain the factor 


exp | —ko {: | Qn(r)| dr + iko [ | Qn(r) | i 


whenever r; (the point where the argument of Q, goes through zero and 
changes sign) is greater than the source radius ro. Moreover Eq. (6.66) shows 
that this occurs whenever 


2 
[1 — M(r) cos 6]? < wr) cos 0+ (2) | 


koro 
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that is, whenever @ is outside the range 0”) < 0 < 0” where 


z 
| are) /1— | 2) [a?(ro) — M?(ro)] — M(ro) 
6 = cos! | wal | 


a?(ro) — M*(ro) 


when the argument of the cos! is greater than —1, and 6 = a when the 
argument is < — 1. (When M(ro) is reasonably large 0 will always be close 
to x where the sound field is small and difficult to measure.) Thus, for 
angles outside the range 0") < @ < 0, the nth term in &,, will contain the 
exponential damping factor 


exp ( ~ ike | "10,()| ir) (6.70) 


which, since ko is assumed to be large, will strongly diminish the contribution 
of this term. And since 6”) increases with increasing n, all of the terms in 
Eq. (6.68) will be subjected to this damping when 0 < 0, = 6?) where 


: 1 


Notice that when a = 1 (ie., for an isothermal jet) this becomes equal to the 
critical angle (1.41), which was shown in Sec. 1.3.2 to determine the boundary 
of the “zone of silence” that occurs when a plane wave propagates from a 
moving medium into a stationary medium across a two-dimensional velocity- 
adjustment interface. Thus, there exists a cone centered on the downstream 
jet axis, wherein the far field sound intensity is greatly reduced, but unlike 
the situation that was discussed in Sec. 1.3.2, not equal to zero. 

For 0" < 6 < 6 the exponent of the nth term in &., is purely imaginary 
and therefore only affects the relative phasing between the various modes 
comprising the sum (6.68). Moreover, the factors ,/Q,(ro) which appear in 
the denominators of these terms do not appreciably alter the directional 
character of #,, except in the vicinity of the points at which Q,(ro) = 0— 
where they cause #,, to become infinite. However, this behavior is spurious 
since it occurs at the turning points where, as a result of the invalidity of 
the approximation (6.60), the expression (6.68) is also invalid. In order to 
obtain a uniformly valid solution which remains finite at these points it is 
merely necessary to replace the factor e~'* 


(where r= —ke li ,(°) ir) 


(nx/2)"/2H2)(y) exp ( = 3) . 


by its original value 


12 


Effects of Nonuniform Mean Flow 271 


Thus, the dominant effect of #,, is to drastically reduce the high-frequency 
sound in the zone of silence. 

Since the exponential damping factor (6.70) increases with n, the modes 
with smaller values of n will dominate the sound field within the zone of 
silence. In the actual formula for jet noise, each of these modes will be 
weighted by the amplitude of the corresponding circumferential wave number 
component of the turbulence spectrum so that at angles near 90° to the 
axis the model content of the sound field should more nearly reflect that of 
the turbulence. On the other hand the radical in 0 will become imaginary 
when n becomes larger in absolute magnitude than some critical value, say 
No. But before this occurs the range 0” < @< 6” will have shrunk to zero 
and all terms of &,, with indices greater than ng will be exponentially damped. 
Thus &,, (and, as a consequence, the sound field itself) will contain only a finite 
number of undamped modes. 

The remaining factor in the Phillips’ Green’s function Gf, is the sound 
speed ratio a(ro) = Co(o)/Ca Which appears in the denominator. Since co 
increases as the square root of the absolute temperature, this factor will act 
to decrease the high-frequency sound radiated by hot jets, but only very 
slightly. 

Finally, the Lilley’s Green’s function G* contains an additional Doppler 
factor [1 — M(ro) cos 8] which will combine with the Doppler factors 
(1 — M, cos 0) that were shown in Chap. 2 to arise from source convection 
effects. (At the center of the mixing region the convection Mach number M, 
was shown (in Sec. 2.5.1) to be equal to the local jet Mach number M(ro).) 
Thus, at angles well outside of the zone of silence, the third octave intensity 
should vary like (1 — M,cos 0)" *(1 — M cos 6)~? rather than like (1 — 
M, cos 0)~* as the theory of Chap. 2 would indicate. 

It is worth recalling that the results obtained thus far are only valid 
for subsonic jets with monotonic velocity profiles. When these conditions 
are not satisfied Eq. (6.57) can have several turning points whose relative 
locations can strongly effect the behavior of the solutions. Thus, supersonic 
jets with monotonic velocity profiles will have two turning points whenever 
the Mach number is sufficiently high. These points can be treated more or 
less independently (by the method described above) when their separation 
is large compared with the wavelength. Otherwise they must be treated 
simultaneously. The solution can then be expressed in terms of parabolic 
cylinder functions (or Weber functions) by methods similar to those 
developed in Appendix 6.C. However, the results can be simplified when 
the distance between the points is much less than a wavelength; the solution 
can then be expressed in terms of 1/4th order Bessel functions. In fact, this 
is the problem that was originally considered by Phillips.? The distance 
between the transition points is a function of the angle 6 and the maximum 
Mach number Mo, decreasing with increasing Mo. 

As indicated in Chap. 2, the sound field produced by a moving point 
source is of considerable relevance to the issue of jet noise. The acoustic 
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pressure produced by a moving harmonic source can be found by solving 
1p = c2, e~ (x — y — iU,t), where U, is the source convection velocity. 
The far field solution of this equation can be written as (page 269) 
e~'G'(x|y), provided we (1) interpret the distance R = |x —y| that 
appears in G° to be the distance |R,| (where as usual R, is the vector 
connecting the observation and source points at the time of emission 
of the sound wave; see Sec. 1.8) and (2) replace Q,(r, cos 8) by OQ, (r, cos 0.)/ 
(1 — M, cos 0,), where 0, is the angle that R, makes with the jet axis. 

In a real jet the high-frequency sound is strongly scattered by the 
turbulence and can be significantly influenced by the radial divergence of the 
flow field. There is therefore an upper limit to the range of frequencies 
where these results apply. In fact, there may be no frequencies where they 
are actually valid. Nevertheless, it will be shown in Sec. 6.7.3 that they do 
seem to predict certain experimentally observed trends. Before making such 
comparisons we must deal with the low-frequency solutions. 


Low-frequency solution. Equations (6.50) and (6.51) also possess 
analytical solutions that are valid in the limit kor; +0; n,n finite. We shall 
restrict our attention to the n = 0 mode. Indeed it can be shown***° that 
this mode, if present, will always dominate the radiation field. 

Again, only the solution to Eq. (6.50) will be worked in detail. When 
n= 0, the left side of this equation contains two terms and it might appear 
that the one multiplied by kj can simply be neglected. But when r becomes 
as large as ko’, the first term will be just as small as the one multiplied 
by k3, so that neither can be neglected. However, the mean velocity U 
is effectively zero (and a ~ 1) at these values of r. Thus, ® = 1 and Eq. (6.50) 
(with n = 0) possesses a homogeneous solution 


w, ~ HW(ko./1 — «?r) as ro (6.71) 


which also satisfies the outgoing-wave wave condition (6.55). 
On the other hand the second term can certainly be neglected when r 
is of the order of r,; and Eq. (6.50) then possesses the two homogeneous 


solutions 
dr 
W1 = C1 [or —; w=1 (6.72a, b) 


where c, is an arbitrary constant. The solution w2 obviously satisfies the 
requirement that it remain bounded at r = 0. But, as anticipated, w, cannot 
be made to satisfy the radiation condition (6.55) since it behaves like 


wy~cylnr for r>ry (6.73) 


The correct solution in this region is given by Eq. (6.71). However, suppose 
that there exists some “overlap region” between the domain of validity 
of the “outer solution” (6.71) and the domain where the “inner solution” 
(6.72a) is valid. In such a region, r will be much larger than the jet radius 
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r,, Which is the scale on which the inner solution changes, and much smaller 
than the length kg ' which is the scale on which the outer solution changes. 
This is possible because kor, « 1. Thus, in the overlap region r; « r « (1/ko). 
But for r »r, the behavior of the inner solution is given by Eq. (6.73), 
while for small values of kor the Hankel function in Eq. (6.71) will behave 
like (2i/m) In r. Hence, these two solutions will be identical in the overlap 
region if we take the arbitrary constant c,; in Eq. (6.72a) to be (2i/z). Then 
inserting Eqs. (6.72) into Eq. (6.54) yields 


rwo) =~ 0% 


while inserting this together with Eqs. (6.71) and (6.72b) into Eq. (6.53) yields 
inH(ko./1 — x?r) 


2a*(ro)®*(ro) 


7 iz exp (ikg,/1 — x77) oe 


2kor B?(ro)a?(ro)(1 — «?)1/4 


Go(r| ro) ~ 


where the large-argument expansion for the Hankel function (Reference 25, 
p. 364) was used to obtain the last member. We can now insert this result into 
Eq. (6.49), introduce the polar coordinates (6.65), and (as we did in the high 
frequency case) asymptotically expand the integral over k, for large kor to 
show that 


G3(x| y) 


Go(x|y) = [1 — M(ro) cos 6]? te) 


Moreover, applying a nearly identical procedure to Eq. (6.51) yields 
GB(x|y) = Ga(x|y) 


Thus, for sufficiently low frequencies, the Green’s function for Phillips’ 
equation becomes equal to the free-space Green’s function, while the Green’s 
function for Lilley’s equation differs from it only as a result of the Doppler 
factor [1 — M(ro) cos 0]~ ?. This should have the effect of causing the low- 
frequency sound to be much more concentrated around the downstream jet 
axis than Lighthill’s theory would indicate. 


6.7.2. Approximate Theory for 
Intermediate Frequencies 


We have seen that the Green’s function for Phillips’ equation GJ is the 
same as the free-space Green’s function G® at low frequencies, while at high 
frequencies they differ only as a result of the refraction factor #,,—which 
is mainly important in the zone of silence. Hence, there is some hope that 
these two Green’s functions will not be too different even at intermediate 
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frequencies—at least for angles outside the zone of silence. We might therefore 
attempt to calculate the sound field by inserting the free-space Green’s 
function into Eq. (6.48). But since this equation is only valid when the 
frequency is high enough so that the sound can be attributed to the 
turbulence in the mixing region and since the frequency must also be low 
enough so that refractive effects, turbulent scattering, and even jet spreading 
are not too important, there may be no range of frequencies where this 
result actually applies. The validity of these approximations must therefore 
ultimately be decided by comparing the predictions with ex perimental data. 

When G?, is replaced by G2, Eq. (6.48) will differ from the Fourier 
transform of Eq. (2.8) only in the details of its source term so that the 
methods developed in Chap. 2 to deal with Lighthill’s equation can also 
be applied to this result. Thus after introducing the moving-frame correlation 
tensor (2.26) and neglecting variations in retarded time and mean velocity 
across an “eddy,” we can!? show that the intensity spectrum I,,(x | y) of the 
sound emitted by the unit volume of turbulence located at the point y is 
given by 

4 


Q Po X{X jXEX1 ies n 
32n3c3(1 — M,cos0)?— x® Re\\e ijn AE dt 


T,,(x| y) = 
where 
Q = w(1 — M, cos A) 


is the source frequency 


dU\? 
Rijuly, € 7) = Rij, 1) + 166115 14 2jm 2m (=) Omn(Y, 65 T) 


dU 
6 iS2jm 7 em 
+ 8 1 2; dy> Q ni(Y, §, 7) 
Rijualy, &, T) = UU jUj.U ~ ujM; Ut 
Om, nil Y, Gs T) = Ay UU 


Omn(¥s€,t) = AmAh 


Am is defined by Eq. (6.31), and the remaining quantities are defined in 

Chap. 2. It can also be shown’? that the correlations Q,,,, and Q,,,, can be 

expressed in terms of second and third order velocity correlations to obtain 
dU 


8 2 
| Ris dé = Rijut dé Se 51:5 14(6.276 jg = 5249 jp) (5211s = 52501r) eg 
15 dy2 


8 
x [ cas + Opr€7)Res dE + 3 1% a | (E2Rj,m — €jRo,n) 48 
y2 


provided it can be assumed (as is done in Sec, 2.5.1) that the turbulence 
is locally homogeneous and incompressible. Finally, after introducing the 
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joint normality hypothesis and assuming that the turbulence is isotropic 
(Sec. 2.5.1), we can show that the azimuthally averaged intensity spectrum 
T(x | y)av (Fig. 2.6) defined in Sec. 2.5.1 now becomes 


= O* po me 
Tol [Yaw = 32n°c3(1 — M, cos 0)?x? e | Raa dé dt 
4 2 
«fr 6+ cos? 6 


z 


16 (dU\’ (° ie { 270 
a dy> aoe "1 ESRy1 dé dt 


[ e | Rls dé dt 


in the ratio of the maximum shear noise to the self-noise. Thus when the 
source frequency Q is held constant and the shear noise is neglected (i.e., 
when At is put equal to zero) the power in a one-third octave band, which 
‘js proportional to 1,,(x | y),y@, will vary with angle like (| — M.cos 0)” In 
fact the principal differénce between this result and the corresponding 
equation (i.e., Eq. (2.38)) obtained from Lighthill’s theory is that the convec- 
tion factor is (for the power in a one-third octave band) changed from 
(1 — M, cos §)~> to (1 — M, cos 0)~>. Notice that Eq. (6.75) is at most valid 
over some (probably narrow) range of frequencies. 

By means of a totally different analysis, Jones!> obtained a convection 
factor (1 — M,cos 0)~> for the shear-noise term while still retaining the 
convection factor (1 — M, cos 0)~5 for the self-noise. But since the shear 
noise is always zero at 90° to the jet axis, his results do not agree particularly 


well with experiment. 


40) (6.75) 


where 


AtQ)= 


6.7.3. Comparison with Experiment 


The validity of the formulas developed in the previous section depends on 
the existence of a range of frequencies in which it is possible to satisfy both 
the condition which restricts their validity at high frequencies and the one 
which restricts it at low frequencies. The existence of such a range of 
frequencies can only be established by comparing the results with experi- 
mental data. Thus, Eq. (6.75) implies that the power in a one-third-octave 
band, which is proportional to T,,@, should vary with angle like (1 — 
M, cos 6)~3 when the source frequency 2 = (1 — M.cos 0) is held 
constant— provided we are willing to neglect any small angular variations 
due to the source structure itself. This result is compared in Fig. 6.1 with 
measurements taken by Olsen on a 4-inch-diameter jet at Lewis Research 
Center. Comparisons are presented for three subsonic jet Mach numbers. In 
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Fig. 6.1 Experimental one-third-octave directivity data of Olsen?” plotted at constant source 
frequency Q = w(1 — M,. cos @) where Q/27 is equal to the peak frequency of the spectrum at 
90° from the jet axis. Jet nozzle diameter, D, 10.16 cm (4 in.). Figure prepared by experimenter. 


each case, Q is set equal to the peak frequency of the spectrum at 90° 
from the jet axis (where 2 = w). The level of the curves is adjusted to go 
through the data point at 90° and, as in Chap. 2, M, is put equal to 0.62 U,/co. 
It can be seen that excellent agreement is obtained for all angles greater 
than about 30° from the jet axis, where the experimental intensity begins to 
exhibit the rapid dropoff predicted by the high-frequency solutions developed 
in Sec. 6.7.1. In fact, the measurements show that, in accordance with 
these solutions, increasing the Mach number causes the dropoff in intensity 
to become more pronounced and to occur at progressively larger angles 
to the jet axis. 

One-third-octave intensities are plotted (at the highest jet velocity) for 
several source frequencies in Fig. 6.2. It can be seen that the depth of the 
zone of silence increases with increasing source frequency. Thus, at high 
frequencies, the acoustic behavior in this region is, at least qualitatively, 
predicted by the refraction factor @,, that multiplies and high-frequency 
Green’s functions (6.67) and (6.69). 

One-third-octave data for a low-source frequency are also plotted in 
this figure. Rather than dropping off at small angles to the jet axis, these 
results exhibit a hump in this region. This behavior can probably be 
explained by the additional Doppler factors that appear in the denominator 
of the low-frequency Lilley’s equation Green’s function (6.74). 

If Eq. (6.75) were integrated over all frequencies, the resulting expres- 
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Fig. 6.2 Experimental one-third-octave directivity data of Olsen?’ plotted at constant source 

frequency Q = w(1 = M, cos 0) where f, is the peak frequency of the spectrum at 90° from the 

jet axis. Jet nozzle diameter, D, 10.16 cm (4 in.); jet-exit velocity, Uj, 994 ft/sec. Figure prepared 
by experimenter. 


sion for the average intensity would again vary with angle as(1 — M, cos 0)~°, 
This result is compared with experimental measurements in Figs. 6.3 and 6.4. 
These plots are the same as Figs. 2.14 and 2.15 with additional curves 
corresponding to the new convection factor (1 — M, cos 0)~ 3 included. The 
value of M, remains unchanged. It can be seen that the results obtained in 
this section are in somewhat better agreement with the data. Further 
successful comparisons} with cold jets from coaxial, plug, and slot nozzles 
are given in Reference 14. 

The agreement at angles outside the zone of silence is probably due to 
the fact that the frequencies of the curves shown in Fig. 6.1 are not too 
different from those of the spectral peaks in this region (see Sec. 2.5.1). 
Since most of the acoustic energy is concentrated in a few octave bands 
near its peak frequency, the agreement between experiment and theory 
exhibited in Fig. 6.1 insures that similar agreement will be obtained for 
overall sound pressure levels. The correspondence at angles within the zone 
of silence is probably the result of a fortuitous balance between the increase 
in level of low-frequency sound and the decrease in level of the high-frequency 
sound that occurs in this region. 

The theory implies that most of the sound outside the zone of silence 
originates from the mixing region of the jet while the low-frequency sound 


+ In making these comparisons, A’ was set to zero. oe 

t The total acoustic power spectrum has’a peak frequency which is somewhat lower 
than this because of the strong weighting of its low-frequency end by the energy in the zone 
of silence. 
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Fig. 6.3 Experimental directivity data of Reference 22 of Chap. 2. Jet nozzle diameter, 
5.08 cm (2 in.). 


within the zone of silence (which makes a substantial contribution to the 
total acoustic power radiated by the jet) probably originates downstream of 
this region. 


6.8 FLOWS OF FINITE EXTENT 


All the solutions of the convected wave equations discussed up to now 
have been for transversely sheared unidirectional mean flows, which must 
extend from —oo to +00. However, the relatively slow spreading and 
attendant decay in mean velocity with axial distance that occurs in real 
jets could certainly influence the radiated sound. In order to assess the 
effects of a mean flow on the acoustic field, a number of experimental®:*°~ >? 
and analytical?®.?933 studies have been carried out by Ribner and his 
co-workers at the University of Toronto. 

The experiments consisted of measuring the far-field directivity pattern 
of a harmonic point source placed within the potential coret of an air jet. 


t In some experiments the source was moved to the side of the core to determine the 
effect of this displacement. 
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Fig. 6.4 Experimental directivity data of Reference 23 of Chap. 2. Jet nozzle diameter, 
2.54 cm (1 in.). 


The source was the orifice of a tube (~y¢ in. inside diam) driven through 
a conical coupling by a horn-type loudspeaker driver. With the jet turned 
off the source radiated essentially omnidirectionally—so that any non- 
uniformity of the directivity patterns observed with the jet turned on can 
presumably be attributed to the mean flow.t Typical results obtained with 
the source frequency set equal to the peak frequency of the jet noise are shown 
in Fig. 6.5. These investigations tend to confirm that the observed dropoff, 
or cleft, in the directivity pattern is indeed due to the mean flow. 

The analytical studies were carried out?® “to verify the refraction 
interpretation analytically and at the same time extend the available data.” 
Since these studies were purely numerical, they were able to use mean velocity 
profiles that correspond closely to those observed in an actual jet. Never- 
theless, there have been some objections raised? concerning the fact that the 
wave equation used by Schubert was based on Obukhov’s quasi-potential,** 
which applies only when the mean-flow Mach number is very small. This 
difficulty has been overcome by Mungar, Plumblee, and Doak*° who 
obtained detailed numerical solutions to the complete linearized gas dynamic 
equations. Their results are compared with Grande’s measurements*? in 


} The effects of the turbulence on the emitted sound can probably be neglected for the 
reasons given in Sec. 6.5. 
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Fig. 6.5 Effect of jet velocity on directivity. Jet temperature, ambient; average effective 
source frequency, 3000 hertz (f D/cp = 0.168); source position, on jet axis 2 nozzle diameters 
downstream of nozzle. (From Reference 32.) 


Fig. 6.6. It can be seen that the agreement is excellent. Also shown in the 
figure is a calculation by Tester and Burrin®* based on the Lilley’s equation 
Green’s function discussed in Sec. 6.7.1. It can be seen that this solution 
has a tendency to greatly overpredict the dropoff in intensity within the 


zone of silence. 


6.9 CONCLUDING REMARKS 


We have now developed a number of acoustic analogue theories which 
were designed to account for the effects of mean velocity gradients on the 
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Fig. 6.6 Variation of sound pressure level with angle. Dimensionless frequency, rj/Co: 


0.53; Jet exit Mach number, U/co, 0.9; source location, on Jet axis 2 diameters downstream 
of nozzle. 
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generation of aerodynamic sound. But unlike Lighthill’s theory, they lead 
to equations which are quite difficult to solve analytically. Nevertheless, 
low- and high-frequency asymptotic solutions were obtained and it was 
shown how these results explain, at least qualitatively, many of the observed 
features of subsonic jet noise not explained by Lighthill’s theory. An 
approximate theory which gives good quantitative agreement at angles 
which are not too close to the jet axis was also presented. Finally, it was 
shown that there are real flow effects that limit the validity of even these 
more general theories. 


APPENDIX 6.A 


DERIVATION OF EQUATION (6.26) 


For a parallel shear flow wherein r is given by Eq. (1.14), 


r) y 0 uns) i is ew dU “a 
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which show that Eqs. (6.24) and (6.25) can be put in form 
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where I = DoII/Dt. 


APPENDIX 6.B 


CONSTRUCTION OF ONE-DIMENSIONAL 
GREEN'S FUNCTION 


Any function G(r | ro) as the inhomogeneous equation 


E por) © “hs a(n| G = O(r — ro) (6.B.1) 


on the interval a< r<b can be expressed in terms of two linearly in- 
dependent homogeneous solutions, say w; and wz, by 
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wi(r)wa(ro) 


if r>ro 
G(r|ro) = . (6.B.2) 
wa(r)wi (To) ifrek 
A 
where 
= —p(r)W(r) 
and 


W(r) = wil(r)wa(r) — walr)wi(r) 


is the Wronskian of w, and wy. G will then satisfy the same homogeneous 
boundary conditions as w, and w2 atr = bandr =a, respectively. Moreover, 
Abel's theorem states that A = Constant. 

These results can easily be verified by integrating both sides of Eq. 
(6.B.1) over a small interval about ro, noting that the dominant contribution 
to the left side comes from the first term, and inserting Eq. (6.B.2) into the 
result. 


APPENDIX 6.C 


ASYMPTOTIC SOLUTIONS TO STURM-— 
LIOUVILLE EQUATION 


In this appendix we discuss the asymptotic expansions as k — oo of the 
solutions to the general Sturm—Liouville equation 


v” + [k?q(r) + s(r)]v =0 (6.C.1) 


where q and s are arbitrary functions of r. 


Case1: g(r) >0 


First, consider the case where q(r) is strictly positive. Liouville obtained the 
asymptotic solutions for this case by introducing the new variables 


é= [ve dr 


x= La) ]"*0 

i 
which transform Eq. (6.C.1) into the equation 
d?4 


det ky = B(S)x (6.C.2) 
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where 


a a Sq? 3s 
4q° 16q° q 
and the primes denote differentiation with respect to r. By treating the terms 
on the right side as known, we can solve the remaining linear inhomogeneous 
equation with constant coefficients in the usual way to obtain the Voltera 
integral equation 


y¥ =c, cos ké + cz sin ké + — a [sin k(é — t)]B(t)y(t) at 


where c,,C2, and a are arbitrary constants. The method of successive 
approximations yields a solution to this equation of the form*’ 


ao 
x= 2D mM 
n=0 
where 


Xo = €1 cos kE + cz sin ké 


and 
i 
Anti = i [sin k(€ — t)]B(t)xn(t) dt 


This series converges and also represents an asymptotic expansion of the 
solution in the limit as k — oo. However, the iterated solution becomes 
extremely complicated if one attempts to carry it much beyond the first 
iteration. Still, the first approximation to the solution of Eq. (6.C.1) is 
simply 


o= exfatn}™M cos| | a) ar) + eco sink [ Vat) ar 


(6.C.3) 


Case 2:  q(r;)=0 for some point r; 


The asymptotic solution (6.C.3) will have a singularity at any point r= rs 
where q(r;) = 0. But since r; is not a singular point of Eq. (6.C.1), its 
solution must be non-singular there. Hence, Eq. (6.C.3) cannot be an 
asymptotic representation of the solution to Eq. (6.C.1) in the neighborhood 
of any point where q(r) = 0. rs is called a turning point. 

We consider only the case where q(r) has a simple zero at r;. Thus, 


q(r) ~ a(r — rs) as ror; 
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Then for r near r; Eq. (6.C.1) can be approximated by the equation 
vo’ + ka(r — rs)v = 0 (6.C.4) 


whose solution can be expressed in terms of either Bessel functions of 
order 1/3 or Airy functions. 

Since the solution for case 1 was obtained by transforming Eq. (6.C.1) 
into an equation with approximately constant coefficients, it is natural, in the 
present case, to attempt to find a solution in the neighborhood of r, by 
transforming (6.C.1) approximately into the form (6.C.4). Thus, assume for 
definiteness, that 


d 
= (rs) > 0 


Then upon introducing the new variables 


3 r 2/3 
IG | qo i) for r>rz 
j 3 Ts 2/3 
| = al — q(t) i) for r<rs 


_ [4 
x= dr” 


+ kx = B(e)x (6.C.5) 


and 


Eq. (6.C.1) becomes 
d’y 
de 
where 
1 @Eldr? 3 (Wd)? ss 
BO) = 5 ejay 4 (déjdn® (Ear)? 


The procedure used to obtain the asymptotic solutions of Eq. (6.C.2) can 
also be applied to Eq. (6.C.5) and, if g(r) has no other zeros, the resulting 
expansions will represent the solution over all space. This approach is referred 
to as the WKBJ approximation. The lowest-order iterated solution to 
Eq. (6.C.5) is 


xo = cr" 7HYP (SKEW) + 26"? YS (SKE?) 


where H¥); denote 1/3-order Hankel functions. Hence, the first approxima- 
tion to the solution to Eq. (6.C.1) is 


3/4 
very Se gk) eee ns CT HRGKE) (6.6) 
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INDEX 


Abel’s theorem, 266, 282 
Acoustic analogy, 68-71 
approximate form in transversely sheared 
mean flows, 257 
extended to include surface effects, 116, 192 
extended to sheared mean flows, 250-254 
(See also Generalized acoustic analogy 
equation) 
Acoustic energy flux: 
definition of, 39-40 
in isentropic-irrotational flows, 41-42 
in stationary medium, 42 
Acoustic field, 68 
Acoustic impedance, 249 
of free space, 39 
Acoustic.intensity (see Intensity) 
Acoustic particle velocity, 3, 221 
Acoustic power, 41 
from axial flow turbomachines, 200-201 
definition, 41 
from jets, 93-94 
Acoustic sources : 
compact, 36-37, 70-71, 123 


dipole, 35, 36, 37, 113, 118, 120, 124-126, 
140, 148, 153, 183, 193, 222, 240, 257 
in jets, 84-85, 91-92, 102, 103-104 
location of, 102 
monopole, 36, 53, 113-114, 118 
moving, 45-53, 84, 120-121, 271-272 
multipole, 34, 35, 53 
quadrupole, 36, 37, 53, 70-71, 72, 84, 118, 
120, 126, 173-174, 207-208, 240, 257 
superposition of, 28-34, 120-121, 140-141, 
147 
in transversely sheared mean flows, 257 
volume displacement, 25, 117-118 
volume flow, 2, 25, 45 
Acoustic spectrum: 
produced by helicopter, 169 
produced by supersonic fan, 210 
from subsonic turbomachinery, 196 
Aeolian tones, 145-153 
Aerodynamic forces (see Surface force) 
Air jets, turbulent subsonic, 87-97 
Airfoils, 126, 130, 133, 134, 138, 151-152, 156 
Airy functions, 284 
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Amplitude; 
of harmonic, 54 
of plane wave, 12, 14 
Angle of attack, 132, 136, 202 
Appent mass effects, 135 
Aspect ratio, 161 
Asymptotic expansion, 39n, 135, 138, 139, 
264-273 
Auto-correlation function: 
for function vanishing at infinity, 56 
normalized pressure, 44, 75, 80, 82, 89 
periodic, 44, 55 
stationary, 44, 58 
Average: 
spatial, 2, 59, 85, 178-179 
temporal, 1, 39, 40-41, 43-44, 75, 141, 142, 
149-150, 179 
Average value of stationary function, 44, 57, 58 
Axial flow turbomachinery noise: 
based on linearized theory, 222-239 
basic equation for, 193 
broad band, 208 
due to inlet flow distortion, 206-208 
due to inlet turbulence, 206-207 
due to rotor-stator interaction, 202-206 
effects of steady loading on, 207 
pure tones, 195-208 
at supersonic tip speeds, 208-210 
Axisymmetric mean flow, 6, 259-260 
(See also Transversely sheared mean flow) 


Bessel functions, 66, 135, 139, 158, 160, 165, 
193-194, 198, 202, 213, 230 
generating function for, 158 
Bird tone, 107 
Blade forces (see Surface forces) 
Blade passing frequency tones, 197-198, 206- 
207 
Blade row, 223 
Blade slap, 168, 170 
Boundary conditions: 
for Green’s function, 30-32 
in inviscid uniform mean flows, 131, 132, 
222, 226 
Boundary layer noise, 174, 153, 208 
BPF, 197-198, 206-207 
Branch of square root, 65, 232-233, 241, 266 
Branch point, 231 


Camber, 132, 136 

Cascade, 222 

Cauchy integral, 213 

Cauchy principal value, 231 
Causality, 27, 28, 31, 261 

Clebsch potentials, 44-45 

Coaxial nozzle, 182, 183 
Collocatiun methods, 134n, 230 
Combustion noise, 72n, 110 
Compact source, 36-37, 70-71, 123 
Complex conjugate, 1, 54, 56, 58, 62, 64, 200 


Compressor (see Axial flow turbomachinery 
noise) 
Condensation, 8 
Coning force, 168 
Continuity equation, 2, 69, 118, 250 
for incompressible flow, 118, 131, 256 
linearized, 5, 7, 220 
for steady flow, 3 
Convection factor, 51, 53, 84, 98, 121, 151, 
153, 271, 275, 277 
Convection Mach number of turbulence, 79, 
276 
Convection velocity, 79, 81, 91, 272 
(See also Velocity) 
Convective derivative, 250-254 
Convolution theorem, 57, 174-175, 262 
Correlation length of turbulence, 125, 143- 
145, 179-181, 206 
definition of, 77, 90n 
in fully developed region, 92 
measurements of, 90 
Correlation tensor of turbulence, 78, 84, 143, 
274 
Critical angle, 18, 270 
Cross-correlation function, 126 
of function vanishing at infinity, 56 
periodic, 54, 55 
stationary, 58, 59 
Cross-power spectral density function 
(see Cross-power spectrum) 
Cross-power spectrum : 
of function vanishing at infinity, 56 
stationary, 57, 58 
Curle’s equation, 121 
Cut off: 
of blade passing frequency tone, 206 
of modes, 171, 198-200, 208, 236 
Cylinder, flow about, 146 


Decay time of turbulent eddy: 

in fixed frame, 78 

in moving frame, 79, 90, 180 
Decibel, xvii 
Delta function, 27, 28, 117, 281. 

in cylindrical coordinates, 263 

Fourier transform, 57, 196 

integration over, 26, 46, 119 

in three dimensions, 26, 27, 28 
Density, 2 

fluctuation, 2, 3, 9, 69-70, 74, 114, 190, 191 
Dipole (see Acoustic source) 
Diffraction of sound, 211 
Dirac delta function (see Delta function) 
Directivity pattern: 

for edge noise, 179, 180 

for jet noise, 95-96, 275-279 

for lip noise, 182 

for point source in jet, 278-280 

for propeller noise, 162 

for turbomachinery noise, 214-215 


Dispersion, 261 
Distortion harmonics (see Harmonics) 
Distortion velocity (see Flow distortion) 
Divergence theorem, 25, 59, 73, 115, 191 
Doppler effect, 52, 81, 95, 97, 150 
Doppler factor, 52, 81, 275 
(See also Convection factor) 
Doppler shift, 52, 81, 95, 97, 150 
Drag (see Surface force) 
Drag coefficient, 127-129 
Ducts: 
Green’s function for, 65, 192-194 
sound propagation in, 198-201, 235-236 


Ear, 2, 43 
Eddy, 78, 83, 99, 206, 207 
Edge tones, 106, 107 
Eigenfunctions, 14, 64 
Eigenvalues, 64, 198 
Eikonal, 14, 267 
Energy: 
acoustic: definition of, 39-40 
in far field, 43-44 
formula for, 41 
in isentropic irrotation flow, 41, 42 
of flow, 39 
internal, 251 
Energy equation, 255 
acoustic, 40, 41 
for inviscid non-heat conducting flow, 2, 3, 
5:7 
linearized, 5, 7 
steady, 3 
Energy flux (see Acoustic energy flux) 
Entropy, 2, 42, 72n, 251-253, 255 
fluctuation, 3, 72 
Euler’s equation (see Momentum equation) 


Fan (see Axial flow turbomachinery noise) 
Far field (see Radiation field) 
Ffowcs Williams-Hawking’s equation, 119- 
120 
applications of, 139-171 
derivation of, 116-119 
interpretation of, 120-126 
Flat plate (see Infinite plane surface) 
Flow distortion, 154, 163-168, 199, 201-202, 
206-208, 223-225 
Flow instability : 
behind a cylinder, 146 
amplification of internal noise, 110 
effects on jet noise, 103-104, 109, 261 
in production of edge tones, 106, 107 
relation to “vortex shedding noise”, 152, 
153 
Force on unit volume, 2, 10, 35, 257 
Forward flight effects, 110 
Fourier amplitude (see Harmonic) 
Fourier coefficients (see Harmonic) 
Fourier components, 11 
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Index 


Fourier integral (see Fourier transform) 
Fourier transform, 44, 175, 262 
definition of, 55 
of distribution, 230 
properties of, 56, 57 
of stationary functions, 44, 57, 58. 76, 80, 
81, 86 
Fourier series, 154, 195-196, 223 
properties of, 54, 55 
definition of, 54 
Fourier-Bessel series, 202 
Frequency, 3, 12, 95 
angular, 12, 146, 264 
Doppler shift in (see Doppler shift) 
source, 52, 86, 95, 149-151, 275-276 
Fresnal integral, 138, 176 
Fully developed region, 88, 90 
sound emission from, 92 
Fundamental solution, 28, 114, 191 


Gas constant, 10, 251 
Generalized acoustic analogy equation, 192 
application to fan and compressor 
noise, 192-193 
derivation of, 189-191 
with zero mean flow, 116 
derivation of, 114-116 
Geometric expansion, 243 
Green’s formula, 29 
generalized, 29, 59-61, 114, 191 
Green’s function, 30-32, 174 
for axisymmetric mean flow, 261-273, 276 
calculation of, 61-66 
for classical wave equation, 30, 31 
in free space, 27, 116, 117, 178, 269, 273, 
274 
for half space, 62, 172, 211 
for infinite cylinder, 65, 192-194 
in one dimension, 64, 281-282 
reduced, 27, 63, 175, 262, 269, 273 
for semi-infinite cylinder, 181, 211-213 
for semi-infinite plate, 175 
tailored to geometry, 171-175 
Green’s theorem, 60 
Gust: 
definition of, 127 
harmonic, 134, 225 
Gutin’s mechanism: 
for axial flow fans and compressors, 198, 
208 
for helicopters, 168, 170 
for propellers, 160-163 


Hankel functions, 244, 245, 266, 272, 284 
Harmonic analysis (see Fourier series) 
Harmonic time dependence, 11, 12, 14, 147, 
154, 195-196 
Harmonics: 
of blade forces, 164, 168, 196-197, 201 
of BPF tone, 170, 196, 204, 205, 211 
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of distortion, 167, 170, 201, 202, 205, 225 
of Fourier series, 54, 154, 196, 197, 201, 
211 

of shaft rotational frequency, 198, 208-210 
Heat conduction, 2, 255, 271 
Helicopter noise: 

broad band, 153 

pure tones, 168-170 

spectrum, 169 
Helmholtz equation, 11, 175, 240 
Homentropic flow, 8, 42, 72 


Ideal gas, 10, 251 
speed of sound in, 10 
IGV, 202, 203 
Infinite cascade, 222 
Infinite plane surface: 
Green’s function for, 61-62, 172, 211 
sound generation in viscinity of, 171-174 
Inlet flow distortion (see Flow distortion) 
Inlet guide vanes, 202, 203 
Inner solution, 272 
Instability (see Flow instability) 
Integral equation, 134 
singular, 230, 231 
Voltera, 283 
Intensity : 
and acoustic power, 41 
of Aerolean tones, 150, 151 
definition of, 39 
in far field, 43-44 
of sound from jets, 86-87 
of sound from turbulence in ducts, 208 
in stationary medium, 43, 44 
definition of, 44 
of propeller noise, 161 
of sound from axial flow turbomachines, 
200 
of sound from jets, 86, 94-96, 274-275 
of sound from strut in turbulent stream, 
143, 144 
of sound from turbulence, 80-81 
in third octave bands, 95, 275 
Interblade phase angle, 229, 237, 242, 246 
Intermittentcy, 88 
Irrotational flow, 41 
Isentropic flow, 8, 42, 72 


Jets: 
low velocity, 105-109 
plane, 105-107 
subsonic turbulent, 87-97 
supersonic, 98-105, 271 

Jet engine, 110, 206, 207, 208 

Jet noise: 
directivity pattern of, 95, 96, 275-279 
effects of mean flow, 249, 250, 275-278 
from large scale structure, 103, 104 
Lighthill’s theory of, 68, 83-87, 269, 271, 

275, 276 


at low Reynold’s numbers, 107-109 
scaling laws, 91-93, 100 
spectrum, 94-97, 261-262, 275-277 
supersonic, 98-100, 103-105, 271 
Jet screech, 104, 152 
Jet spreading, 88, 261, 278 
Joint normality hypothesis, 85, 275 
Jordan’s lemma, 232 


Karman vortex street, 146 
Kelvin-Helmholtz instability, 181 
(See also Instability) 
Kernal function, 230-231 
Kirchhoff’s theorem, 34, 259 
Kutta-Joukowski condition, 133, 181, 227, 
229, 230, 231 


Leibniz’s rule, 59, 115, 191, 192 
Lift coefficient, 127-129 
Lighthill parameter, 93 
Lighthill’s equation, 70 
application to turbulent flows, 74-83 
derivation of, 69-70 
interpretation of, 70-71 
for moving medium, 191 
solution of: in free space, 72-74 
in presence of solid boundaries, 114-116 
Lighthill’s stress tensor, 69, 116, 177 
mirror image reflection of, 172 
in moving frame, 190 
Lilley’s equation, 253, 259 
Green’s function for, 260-262, 269, 273, 276 
solution of, 260-273 
Linearized gas dynamic equations, 5, 279 
Lip noise, 181-182 
Loudspeaker driver, 279 


Mach angle, 48 
Mach cone, 48 
Mach number, 16, 18, 46, 125, 138, 206, 208 
effect on cascade blade forces, 237 
relative, 198, 206, 228, 237 
(See also Convection Mach number of 
turbulence) 
Mach waves from jets, 98-99, 102, 103 
Matched asymptotic expansions, 68n, 73n, 272 
(See also Asymptotic expansions) 
Mean square value, of periodic function, 44, 
55 
Method of Eigenfunctions, 32, 62-66 
(See also Green’s function) 
Method of images, 32, 61-62 
(See also Green’s function) 
Microphone, 43, 209 
Mixing layer, 88, 90, 262, 277 
sound emission from, 91 
Mixing region (see Mixing layer) 
Modes, 14, 164-165, 197-200, 202, 267, 271, 
272 
in ducts, 197-199, 201, 215, 234-236 
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Index 


Moiré effect, 165 
Momentum equation, 69, 191, 250, 251, 256 
for inviscid flow, 2 
linearized, 5, 7, 130, 200, 220, 225 
steady, 3 
Monopole source, 36, 53, 113-114, 118 
Moving axis correlation tensor, 79, 274 
Moving coordinate system, 16, 117-119, 154, 
190, 194 
Moving source (see Acoustic source) 
Multiple pure tones, 198, 208-210 
(See also Shock waves) 
Multipole expansion, 34, 35 
Multipole moment, 34 
Multipole sources, 34, 35, 53 


Near field, 36, 178 

Nonuniform mean flow, effects on jet noise, 
249-250, 275-278 

Nozzle, 88, 104, 182 


Obukhov’s quasi-potential, 279 
OGV, 204, 206 

Outer solution, 272 

Outlet guide vanes, 204, 206 
Overlap region, 68n, 272 


Parabolic cylinder functions, 271 
Parallel mean flow, 6, 8, 17-20, 76-77, 257, 
281 
(See also Transversely sheared mean flow) 
Particle velocity, 3n, 221 
Period, 3, 12, 125, 150 
Permutation tensor, 258 
Phase: 
of acoustic signal, 12, 14, 161, 164 
of vortex shedding, 147-148, 150-151 
(See also Phase surface) 
Phase speed, 15, 161, 164, 199-200, 236, 267 
Phasesurface, 12-13, 15, 161, 164, 199-200, 267 
Phase velocity, 15, 161, 164, 199-200, 236, 267 
of plane wave, 13, 16 
Phillips equation, 252 
derivation of, 250-251 
Green’s function for, 269, 271, 273 
solution of, 260-273 
Plane wave: 
propagation of, 12-13 
refraction of, 17-19 
in stationary medium, 12-14 
in uniformly moving medium, 16, 17 
Plemelj formulas, 213n 
Point source, 9, 10, 25, 26 
(See also Acoustic source) 
Poisson’s equation, 67 
Poisson summation formula, 232 
Pole, 231 
Potential core, 88, 278 
Power spectral density function (see Power 
spectrum) 


Power spectral density of fluctuating lift, 142, 
184-185 
Power spectral density tensor for turbulent 
flow, 81-82, 143 
Power spectrum: 
of function vanishing at infinity, 56 
stationary, 58, 44 
Prandtl number, 71 
Prandtl-Glauert coordinates, 228, 240 
Pressure, 2, 251 
dynamic, 174 
fluctuation, 2, 3, 67, 68, 174, 220-222, 227, 
234 
jump, 134, 138, 229-230, 242, 244 
surface, 134, 138, 174 
(See also Surface force) 
Pressure auto-correlation function, 44 
for sound from turbulent flows, 76 
Pressure spectrum of sound from turbulence, 
95, 96 
Propeller noise, 153-168 
basic equation for, 159 
due to flow distortion, 163-166 
Gutin’s theory, 160-163 
Pulsating sphere, 23-26 


Quadrupole noise source: 
in jets (see Acoustic source) 
in turbomachinery, 207-208 


Radiation condition, 24, 27, 227, 261, 264, 272 
Radiation field: 
definition of, 38 
of moving sources, 52, 53 
of multipole sources, 35-36, 53 
properties of acoustic intensity in, 43-44 
Reciprocity of Green’s function, 27, 30, 31, 
181 
Reduced frequency, 135, 136, 204 
Reduced wave equation, 11, 263 
(See also Helmholtz equation) 
Reflection, 173, 174, 211 
Refraction, 18, 97, 267-268 
Refraction factor, 269, 271, 273-274, 276 
Residue theorem, 231-232 
Response function: 
compressible Sears function, 137-139, 144, 
168, 201 
generalized, 139 
for oblique gust, 136, 137, 144 
Sears function, 135-136 
Retarded time: 
for aerodynamic sources, 77-81, 82 
definition of, 26 
for moving sources, 47, 119-120, 123 
variation over blade surfaces, 157, 237 
Reynolds number, 71, 105-106, 107, 146, 151 
Reynolds stress, 71-72, 77, 177, 178, 221 
Rotor-stator interactions, 202-206 
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Scattering : 
of nonpropagating disturbances, 178, 222, 
225 


of sound by turbulence, 255, 272 
Sears’ function, 135-136 
Second law of thermodynamics, 251 
Self-noise, 85, 275 
Semi-infinite duct, 181, 211-215 
Semi-infinite plate, 138 
Green’s function for, 175 
sound generation in viscinity of, 175-181 
Sensitive jets, 109 
Shadow region, 174 
Shear noise, 85, 257, 275 
Shock associated noise, 104 
Shock noise, 104 
Shock waves, 2 
coalescence of, 209 
in ducts, 208-210 
in jets, 101, 104-105 
from projectiles, 123 
Simple source, 36, 53, 113-114, 118 
Slug flow model of jet, 264 
Solid surface effects: 
with uniform mean flow, 189-240 
with zero mean flow, 113-183 
Solidity, 205, 237 
Sonic boom, 123 
Source, 2, 10, 25-26 
(See also Acoustic source) 
Source frequency, 52, 86, 95, 268, 274, 275-276 
Source region, 33-34 
Source strength: 
of aerodynamics sources, 70, 116, 120-121, 
257 
of multipole source, 36 
Specific heats, 251 
ratio of, 10, 251 
Spectrum (see Power spectrum; Pressure 
spectrum) 
Speed of sound (see Velocity) 
Spherical wave, 23-24 
Splitting theorem, 220-222 
Stagger, of blades, 210 
Stagger angle, 160, 168, 198, 201-202, 235 
in Prandtl-Glauert plane, 233, 247 
Stagger distance, 226 
Stationary functions: 
definition of, 57 
in space, 59 
_ in time, 43-44, 57-58, 74-76 
Stationary flows, 74-76 
STOL aircraft, 113 
Stokesian gas, 69 
Stress acting on fluid, 37, 257 
Strip theory, 136-137 
Strouhal number, 95, 105, 146, 152, 182 
Strut in a turbulent flow, sound emission 
from, 140-145, 208 
Sturm-Liouville equation, 282 


Substantive derivative, 250-254 
Summation convention, 69, 250-253, 254 
Supersonic,core, 101-102 
Surface force, 115, 116, 124-125 
acting on fan or compressor, 193, 201-202, 
236-237 
drag component, 193, 201, 236 
thrust component, 193, 201, 236 
acting on propeller, 157, 166-168 
drag component, 157, 158, 168 
thrust component, 157, 158, 168 
based on linearized theory, 130-139, 237 
calculation of, 127-139 
due to vortex shedding, 146-147 
influence of cascade effects, 215n, 236-238 
influence of steady loading, 136 
quasi-steady approximation, 127-130 
viscous, 173, 174, 192 
Surface velocity, 28-29, 59-60, 117, 192 
Surfaces, influence on sound generation, 113- 
183, 189-240 


Taylor’s hypothesis, 78, 221 
Temperature, 10, 71, 251 
Thermal conductivity, 255 
Third octave band sound spectra, 95, 275- 
an 
Thrust (see Surface force) 
Transition region, 88 
sound emission from, 92 
Transversely sheared mean flow, 6, 10, 252, 
255-259 
acoustic equations for, 7-10 
aerodynamic sound generation in, 255-259 
Turbomachinery noise (see Axial flow turbo- 
machinery noise) 
Turbulence: 
axisymmetric, 87 
entering a fan or compressor, 206-207 
fourth order correlation tensor, 84, 274 
incompressible, 83, 85, 274 
interaction with shock waves, 104, 210 
isotropic, 85, 143, 275 
in jets, 88-91, 174 
large scale orderly structure of, 103-104, 
107-108 
locally homogeneous, 83, 274 
near an edge, 178-181 
scattering from, 255, 272 
second order correlation tensor, 78, 84, 
143, 274 
third order correlation tensor, 274 
Turbulent eddy, 78, 83, 99, 206-207 
Turning point, 265, 271, 283-284 


Uniformly moving medium wave equation; 
8, 9, 199, 227 


Vector: 
irrotational, 220-221 
selnoidal, 220-221, 256, 258 
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Vector potential, 258-259, 274 
Velocity : 
angular, 118-119, 153, 194, 195, 222 
of boundary, 28-29, 59-60, 117, 192 
fluctuation, 3, 76-77, 130-134, 220-222, 
225-226 
of fluid, 2, 69, 128 
interface, 21-22, 264 
particle, 3n, 221 
of phase surface, 15, 161, 164, 199-200, 
236, 267 
relative to blades, 167, 201-202, 225, 237— 
238 
rotational, 166-167, 222, 237-238 
scattered, 225 
of sound, 3, 13, 24, 47, 70, 254, 257, 260, 
263, 271 
of source, 45, 124, 147 
turbulent, 84, 90, 179, 254, 256 
vortical, 221 
(See also Convection velocity) 
Velocity correlation tensor: 
in moving frame, 84, 142-143, 274 
for parallel mean flow, 77 
Velocity gradients, of mean flow, 249, 262 
Velocity potential, 45 
Viscosity, 2, 69, 71 
Viscous effects, 2, 69, 71, 173, 174, 192, 255, 
261 
Viscous shear stress, 69, 71, 173 
Viscous stress tensor, 69 
Volume flow source, 2, 25, 45 
Volume displacement effects, 116, 117-118, 
153, 161, 183-184, 193 
Vortex ring, 107, 109 
Vortex shedding: 
behind airfoil, 133-134 


behind cylinder, 146 
from nozzle lip, 182 
from wedge, 106, 108 
Vortex sheet, 22, 131, 133, 134, 225n 
analogy for shear layer, 21-22, 264 
instability of, 181 
Vortex wakes; 
behind airfoil, 133, 152, 227 
behind cylinder, 146 
from nozzle lip, 182 
Vortical velocity, 221, 223 
Vorticity, 41, 221 


Wakes: 
behind airfoils, 133, 152, 227 
behind cylinders, 146, 151 
from rotor, 202-203, 205, 208 
from stator, 203-205 
Wave equation, 9, 69 
for transversely sheared mean flow, 7-10 
for uniformly moving medium, 8, 9, 199, 
227 
Wave front, 14, 161, 164, 199-200, 267 
Wave length: 
acoustic, 12, 17, 20, 36, 38, 74, 177, 181 
of incident gust, 167, 223, 237 
Wave number, 12, 81-82 
Wave number vector, 12 
Wave packets, 108 
Wave propagation in ducts, 198-201, 235-236 
Weber functions, 271 
Wedge, 106-107 
Wiener-Hopf technique, 181 
WKBJ method, 265-266, 282-284 
Wronskian, 263, 266-267, 282 


Zone of silence, 18, 270, 276, 277, 280 


